The Autocorrelation and Joint Distribution

. | a.l \a ..
Functions of the Sequences 3—"3 j s, 3m G+ $

By David L. Jagerman

1. Introduction. The present day extensive use of Monte-Carlo procedures
necessitates the careful investigation of methods for the generation of random
numbers. In its simplest form, the underlying principle of many Monte-Carlo
procedures finds its expression in the following theorem [1].

THEOREM. Let (x;):" be a sequence equidistributed over (0, 1) and let f(x) be a
Sfunction Riemann integrable on (0, 1), then

i) ~ N f f(x) da.

Thus, the theorem states that sample averages approximate the value of an integral.
It is to be noted that the only property of the sequence (z;);” employed is its
equidistribution.

In applications, one may employ several equidistributed sequences simul-
taneously; accordingly, new requirements may arise. The sequences may be em-
ployed, for example, as bases for decision, in which case it may be required that
they be independent. Thus depending on the Monte-Carlo problem considered,
equidistributed sequences may be required to possess other random number char-
acteristics. Let the sequences (x;):°, (z;4-)1” be designated respectively by z, z,
in which 7 is a non-zero integer, then an additional desirable characteristic is the
statistical independence of z, ™. A sequence exhibiting such characteristics is
({ag} ), in which « is an irrational number [2]. The symbol {z} is employed to
designate the fractional part of .

However, from the viewpoint of the practical utilization of the sequence sug-
gested above by means of a digital computer, it is necessary to replace a by a
rational number, and hence, to lose some of the precision with which the character-
istics discussed above are satisfied. Accordingly, the sequences which will be studied

are
(@A (oo

The integers a, m are taken relatively prime. Of particular interest will be the
deviation of the characteristics of these sequences from the ideal random number
characteristics.

Let p(x) be given by p(z) = 1 — {z}, then the autocorrelation function ¢(r)
of a sequence (x;),” is defined by

W) = lim £ 3 o) (assr).
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For the sequence to be studied, this takes the form

v = L5 (L7) (% G+ ).
It will be shown that, uniformly in 7 for the range
1<7<m,
the autocorrelation function is small; that is, quantitatively
[¢(r)] < m ™ [81(2 + v/2)"™ In® m + 33(4 + 24/2)"™ In m],
provided (a, m) = 1 and m = 36. The function »(m) is the number of distinct

prime divisors of m. Thus, the sequence <{% j2}>o'"_1 is approximately uncorrelated.

Let H,(z) be given by Ho(xz) = o + p(z) — p(xz — ), that is, in the initial
period,

H.(z) =1, 0=2<a,
=z <],
then the joint distribution function G(a, 8) of the sequences x, " is given by

L1 &
G, B) = lim — > Ha(x;) Hg(wj4r).
N—>ooN j=1

= 0, o

For the sequence <{%j2}>0"‘_1, this takes the form

Gla, B) = %g H, (%, f) Hp <(:T1, G+ T)Z>'

It will be shown that, uniformly in 7 for the same range stated above, and under
the same conditions on a, m,

[G(a, B) — aB| < m™3.24(2 + v/2)’™ In* m + 392(4 + 2/2)"™ Inm].

Thus, the sequences <{% j2}>0"‘_1, <{% (F+ 7)21>0"‘_1 are approximately independ-

ently equidistributed over (0, 1).

The above enumerated properties show the possible applicability of the se-
quences <{%_z j2}>0"‘_1, <{% (7 + 7-)2}>0"‘_1 as random numbers in Monte-Carlo pro-
cedures. However, an important question is the behavior, from the viewpoint of
random number characteristics, of consecutive portions of the complete sequences.
This is being studied by the author, and an investigation of the question will
appear in another paper.

2. Analytical Discussion. The proofs of the main theorems require the establish-
ment of several lemmas.
Lemma 1.2 = 1

sin 27hx . 1
- 1
= (@) 15%<:  wh 7 min ( " 2mt || x H)
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where
[n] <1

and in which || x| denotes the distance from x to the nearest integer. Itts understood
that when x is an integer, the estimate 1 is used.
Progf. The Fourier series for p(z) is

(2.1) p(x) — Z sin 2wha
=1 wh

hence, it is necessary to establish

sin 27he
>t wh

(2.2)

< min <1, m>

The following standard theorem derived from Abel’s transformation of series will
be used:

!
alz0, |> b =B
p=M
(2.3) B
=|> ab|ZaxB
=M
Also standard is the following estimate:
!
. 1
24 sin 27px | = .
(24) 2 Sin 2| S 5y

Applying the inequalities of Equations (2.3) and (2.4), one has

1 1

sin 27he < < .
= 2a([t] + Dzl ~ 2nt |2

>t wh

(2.5)

If 27t | z || > 1,then Equation (2.2) has been established. Consider now the case
2nt ||z || £ 1, then

sin 2rha sin 2mha sin 2rhx
2. —_— = — .
(26) >t wh ; wh 1§hzgt wh
Thus
sin 2rha <1 n sin 2rhx <1 n |sin 27k ||z || |
(27) >t wh -2 1<hzt wh T2 1T wh
’ 1 11
< = <= -
_2+2||x]]t_2+ﬂ_< 1.

Equation (2.2) is now established. The Fourier series for p(z) does not equal p(z)
when r is an integer, however, with the understanding stated in the lemma, the
lemma remains correct also in this case.

LemMa 2.| 2, sm__21r_hx <3
1<h<t wh 2
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Proof. One has

(238) sin 2rhe _ i sin 2rhy sin 27rhx'
17t wh - wh >t wh
Hence
( sin 2rhx 1 sin 2rhx 3
2. <= kb 2.
(2.9) 1<h<t wh -2 + ; wh < 2
The inequality of Lemma 1 was used.
LEmMA 3.t = 1
@) = X3 sin 27rhxz‘s1n 2rly
15hst 1S7<¢ w2hl
5 . 1 . 1
+ = |:m1n (1, —-> + min (1, —>:|,
2" 2nt (=] 2t [yl
where
In| <1

Proof. Use of Lemma, 1 yields

_ sin 2rha - sin 2xly
p(2)ply) = 1§Zh:§t 1§Zz:§t w2hl
sin 2rhe . 1 sin 2xly
2.10 . 1, ————
(210) T 15hse wh mm( ’27rt|ly||> t 157<e wl

1 2 . 1 . 1
-min|{ 1 ) -+ 7 min (1, ————) min <1, )
( 2T VA 2t o] 2t [yl

Lemma 2 allows one to write

p(x)p(y) = sin 2rha-sin 2rly

< t w2hl

gt =
L3 ‘ L
(211) +57 [ min (1’ St @ ||> o (1’ Wﬂ

1 1
+ #° min <1 ) (1, __>
! *2omt @ || 2t [y /-
Observing that

. 1 . 1 . 1
1, ———— l, ——— ) = 1, —
m‘“( * 2t [ n> m‘“( "omt [y u> = m‘“( ot @ n)
. 1 . 1
< min (1, —) -+ min <1, —————>
2t | @ || 2nt [y I/’
the lemma follows.

Let (), g(j) be given functions of the integral variable j. Define e(x) by
(2.13) e(z) = €™,

1<h 1

(2.12)
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R by
(2.14) R= 2 o(f())elg(h)),
a<j<b
Sh,z by
(2.15) S = <]Z<be(hf<j) + lg(5)),
and S; by
1
2.16 S; =
(2.16) 1 Zm“( > 2t [ 1(7) n>
then
Lemma 4.1 = 1
1 Sh.1 1
:IRI S G 27r 1szh<t 1i<t W T 2—7r2 1Sh<t 1<I<t

Proof. Observing that
(2.17)  sin 2rha sin 27ly = % cos 2w (he — ly) — 1 cos 2w (ha + ly),

one obtains from Lemma 3

cos 2r(hr — ly)
t hl T<t

_1
27%,
cos 2r(hx + ly) l: ( > < 1 >:|
hi +2’7 min 2t|| +min (L o5/ -
Replacing = by f(7), v by g(j), and summing with respect to j, Equation 2.18 yields

R=2L7r2 > X L cos2e(hf() — ()

1
1shst 1SIZE hl o a<lj<bh

p()p(y) = 57

1<h<t 1<1

IA
II/\
II/\

t1

IA

(2.18)

(2.19) -

- L > L3 eos 2 + (D)) + a8y + 5,).

272 1Shet 157<t Bl o SG<0 2
Thus
R| <5 LIS s 20 (f(5) — Zg(j>>|
272 15h<t 157<e Bl | oSG2

(220) 1 1 5 5

+ 5 B, 2 i angb cos 2w (hf(5) + lg(5)) ‘ +3 Sy + 5 S, .
Since

IMZ< cos 2r(hf(j) — lg(7))| = | Sh—l,

(2.21) -

| 2, cos2n(hf(5) + lgG)I= | Sual,

the lemma follows.
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For the sequence given by

(2.22) ;= {3 f},

it is necessary to estimate

(2.23) R = Zp< J —a) (%(j+r)2—6>,
in which «, 8 satisfy 0 = a < 1,0 < 8 < 1. Let

(2.24) 1G) = =5 =

(2.25) 0() = = (j+ 1) — 8,

then,

LeEmMmA 5. (a, m) = 1,
= Sl = Vomh + 1, m)
Proof. One has

m—1
(2.26) [ Sl = | 2 (% B+ 2 U+ ))}
Let
d = (h,1,m),
B = h/d,
(2.27) ,
I =1/d,
m = m/d,
then
m—1 ’ ’
St = |5 e (B + L G+ r)
(2.28) -
=d
Let
(2.29) ; ( — 7 +—(]+ ))
then
7 m =l 2al7' .
(2.30) |8 ] = ; (h + )" + .
One has

m —1 m’'—1

& (al al’
.2 . 3
DB+ L)

(a,m) = 1,

(231) &P = Zze(—<h+z>u k>+2“l’<'—k>>,

k=0 ;=0
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and

m’—1 m'—1+4k

(39 1S7=2 % (LW +0G -8+ G-0),

m/

Let
(2.33) i=k+»,

in which » is a new summation variable, then

m'—1m’'—1 ’
(230) [8]'= X 2 e(f—n? W + z’m)e(i (K + )+ 22T )

! ’ 14
»=0 - m m
and hence,
’ nd | S 2a ’ Y
(2.35) |8 < 2_“6 Ige(W(h +l)uk>\.
Let )
7 !
(2.36) b= (W +10,m), b=" ‘6”, w ="
then
m’—1 m’—1 m'’—1
2a ’ ’ _ 2ab _ 2ab
(2.37) ; e<W (h +l)uk> = 2_: e(Wuk> =5 kgo e(va>.
Thus one obtains
m'—1im''—1
(2.38) ISF=s6 2| 2 e(%“f’-yk)l
=0 | k=0 m

By direct summation, one has

"~ (2ab ”
(2.39) 2 e (W v70> =0, m” t 2aby
=m’, m” | 2ab.
Since
(2.40) (ab,m”) = 1,
m” | 2aby at most 26 times and hence,
(2.41) | 8" |* < 28°m” = 2om.

Equations (2.28), (2.29), and (2.41) now yield
(242) | Swi; S dNVBm = V/2dm! = \/26dm = \/2m(h + 1, m).

Lemma 5 yields a trivial estimate when applied to S, . It will be important
to determine an accurate estimate for this quantity.

LEMMA6.1§T<m 1=hstm>2t

20 =

= Sh,—h = 0.
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Proof. One hus

(243) | Spen | =

S (P -+ )| -

J=

()l

Since (a, m) = 1, the sum in Equation 2.43 is zero when m { 2hr. One has, for

1§T<g,l§h§t,m>2t,

(2.44) 2 £ 2hr £ 2tr < m.
Thus, m 4 2hr and consequently, S _» = O.

LEMMA 7.0 2 1,m> 2,1 = r<

2t
= |R| < Vm 2 N )
\/—7;- 157t 157t Al
v'm 1 5 5
+\/—7r2 1575t 1 lélétm\/(h—l,M)-l-ESf-l-ng.
»

Proof. The lemma, follows immediately from Lemmas 4, 5, and 6.
LemMmA 8. For t = 3, one has

vm >
’\/—ﬂ' 1<hst 120<t hl

in which v(m) denotes the number of distinct prime divisors of m.
Proof. In abbreviation, define S as follows.

v'm
(2.45> 5= \/27r lth<t 1<Zl<t hl \/(h + l m)

Let h, I be restricted so that (A + I, m) = d, then

‘/’"(7 101n*¢ 4+ 5.26In¢-Inm) (2 + 4/2)"™,

(h + 1, m)

1
(2.46) §=V" S i Y =
\2r it g}(»hgtl%zdéthl
+1ym)=

The set of integers h, [ for which (h + [, m) = d is included in the set for which
d|h + 1, hence

. 1
(247) - \/<1r Zm\/—1<h<t 1<Zzst—l
T AT T
All integers fall into d residue classes modulo d. If » denotes one of the integers,
0,1,2, -+, d — 1, then when h belongs to the residue class represented by r, I
belongs to the class in which d — r is member. Let S, denote the following sum
(248) S, = 1
1£h<t 157 bl
h=r(modd)
l=d—r(modd)

and S'(d) denote
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(2.49) =y > L
1<het 121<t bl
d|h+1
then
S < ‘/_’"i > Vds'(d),
(2.50) /2 i
* d—1
S'(d) =28,
r=0

From the symmetry of the sum in Equation (2.48), it follows that

(2.51) Sy = Sa_r,

and hence

(2.52) S'd)y£S+2 2 8.
1<r=<d/2

Setting h = c¢dand | = ed in which ¢ = 1, ¢ = 1 are new independent summation

variables, one has
1 1y _ 1 1\’
(253) s=5(Z.0) =a(Z.0)

<c<t/d C

IIA

Since, for t = 3,

t
(2.54) Z}<1+/d—x=1+lnt<2lnt,
1<cgt C 1 2
one obtains
41In*t
(2.55) Sy < ; .
Forrsatisfying 1= r < g, leth =cd+ rand l = ed — r, then h = 1 implies ¢ = 0,

! = 1implies e = 1, and

1 1
. S, <
(256) T osesir e T ured — 7
="=4d == 4d
One has
t—r
: 1 1y e de 110 1, Int
(257) 0<cz<:t_rcd+r<}+,o ad + r r+dlnr=r+d'
="="gq
Also, one has
1 1 1 1
= - <=
(2.58) 1<ez<:t+_red—r 0<e<t_—ﬂ_1ed+d""7'_d0<e§t+_r_le+%’
="="q ="=4 == 4

in which the inequality » = g was used; further,
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t+r
1 1 da
2.59) < d < 27 +Int < 3.7 Int.
( &Z<:-i—le+%_2+'£ v+ 3
Oges d

Thus, one has

1 3.71nt¢
(2.60) L d 7

==7

Equations 2.56, 2.57, and 2.60 yield
37Int  3.71n¢

(2.61) S, < 220 et T
Equation 2.52 now takes the form
2
(2.62) §'(d) < 41In’ t+3.71n ¢ +7.41nt 3 l
d? d d [ an
=7=3
Since
4In"t _ 41In"¢
il il
(2.63) 5 ==
and
a
(2.64) > L 1+[2%?=1+1ng<.31+1nm,
1

1<r<

in which the inequalities In 2 > .69 and d < m were used, one obtains

2
(2.65) 8'(d) < 10(1in t 74 ln; In m

Thus, Equation (2.50) yields

v '\/T'n
2.66 S < 10 In* ¢ 741Int-1 .
(2.66) o ( + n nm)dzl;n\/d

Let 6(a) be a multiplicative function of the integral variable a, and let
(2.67) a = p-pt o,

be the canonical factorization of a, then the following identity holds [3].

(2.68) d%e(d) = H“ + 0(p) + 0(p") + -+ + 6(p%)].

Employing Equation (2.68) with ﬁ(d) = 1/4/d, a = m, one obtains
1 1

2.69 - = — 4,

aw =T Uttt (\/p)“:l

and hence

(2.70) z;n — <11

de: \/p+

(\/5
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Since p = 2, one has v/p/(V/p — 1) £ 2 + /2, and hence,

(271) > < @+vo
dlm \/a
Equations 2.66 and 2.71 now yield
(2.72) 3//_"3 (10In° ¢t + 74 1Int-In m) (2 + /2)"™.

Finally, use of the inequality 1/4/2 < .71 yields the result of the lemma.
LemMma 9. For ¢ = 3, one has

i |
—'\/EZ 1<hst 1<I<t h (h - l ”)n)

Ryl

A
*~ﬂ
g

(8521n° ¢t + 2.84In t-In m) (2 4+ /2)"™.

Proof. In abbreviation, define S by
S - \'m

\Vor 1405 1SS \/(h — 1, m).

(2.73)

bl

As in the proof of the preceding lemma, one may write

S = V’“z\/d > > L

(2.74) dm 15h<t157<t Al

Define S'(d) by

S'(d) =

(2.75) 15h T<t hl’

1
I3

hl

st
d

A

then, since the class of integers satisfying (h — [, m) = d is included in the class
d|h — 1, one has

(2.76) < Vm .2 A/d S(d).

7r dlm

When h belongs to the residue class represented by r, then I belongs to the same
residue class. Let S, denote the following sum.

1
8, = €1
() S
=r(mod d)

e
LY

then

(2.78) S'(d) = dZ_ls,.

r=0
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Setting h = cd, l = ed, the inequalities 1 S h < t,1 <l < timply 1 £ ¢ = t/d,
1 =<e=t/d and

1 1\’ _ 4In’t
; S = = = .
(2.79) = (lécZéwc) <z
Forl=r<dleth=cd+r,l=ed+r,thenl =h =<t 1=1=timply0 =
¢ é t—r t—r y and
8, = 2 .
(2.80) r reigtr g i r (cd + r)(ed + 1r)°
dc;ée d
Due to the symmetry of the sum in Equation 2.80
1 1
S, £2 e ¢
(2.81) = OSE trcd + 7 158;1.—1' ed + r’

Equation 2.57 yields

1 1  Int
(282) L arr<rtg
== 4d
further
1 1 1 1 2 lnt

- <1 il

(2.83) lsest_-_red+r<d1§e§te (1 +n) <=
== d
and hence,
4Int | 41n*t

Since 1 = d < m and

d—1 1
(2.85) Z; <1+ Inm,

r=1
Equations 2.78 and 2.84 yield

2
(2.86) S (d) <12ln t+41ntlnm.
d d
From Equations 2.76 and 2.86, one now has
’\/*_

2.87 2 (1210t +41Int-lnm —_—

Equation 2.71 and the inequality 1/4/2 < .71 yield the result of the lemma.
Let A,(m) designate the number of solutions of the congruence

(2.88) aj” = r(mod m)
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then Lemma 10 provides an estimate for A,(m) which is needed in the estimation
of the sums S;, S, .
LEmMma 10. (o, m) = 1

= A,(m) £ 2N (r, m).

Proof. Let A designate the number of solutions of the congruence

(2.89) 7* = o(mod m),
and let
(2.90) m = 9°P,. .. P

be the canonical factorization of m with
(2.91) a =0, a; > 0, 151k
and the P; odd primes. Then by the Chinese remainder theorem,

k
(2.92) A=TIIT,
=1

in which 7'; is the number of solutions of > = ¢(mod p;**), and T is the number of
solutions of ;° = o(mod 2%). Consider the congruence

(2.93) 7 = o(mod p*).

If p° | ¢ then the congruence has one solution i.e.j = 0(mod p%). Accordingly, let
(2.94) (o, p°) = ™", 0<s6=1,
in which it is now supposed that 2y + & < 8. Divide Equation 2.93 by p”, then
(2.95) 7% = ¢'(mod )

in which

(2.96) i=2%, o=7p".

One must have § = 0; otherwise, let 6 = 1then ¢ = pg, p+ ¢, 8 — 2y = 2, and
(2.97) 7%= pg(mod p*).

Sin p | pg, p | p*, one has p | j*; hence p’| j'2.,A1so, since p’| p’g’_27 it follows that
p’| pg which is impossible. Thus § = 0 and (o', p) = 1. Let jo be a solution of
Equation 2.95 then

(2.98) (G + ") = o (mod p°)

where ¢ is an arbitrary integer. Multiplying Equation 2.98 by p”, one obtains
(2.99) (o 4+ ") = o(mod p°)

in which

(2.100) jo = 2%,

and

(2.101) jo& = o(mod p°).
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Since for all ¢ satisfying 0 < ¢ < p’, one obtains solutions of Equation 2.93, there
are p” solutions of Equation 2.93 for each solution of Equation 2.95. Since (¢, p) =
1, the number of solutions of Equation 2.95 does not exceed 2 when p is odd, and
does not exceed 4 when p = 2 [3]. Thus

T, = 2277, B =au,
T<4.2, B=a
From Equation 2.94, one has
(2.103) P = V(e p);
thus, Equation 2.102 may be written
Ti = 2/ (o, ),
T = 4/(q, 29).

(2.102)

(2.104)
Let m be odd, then

k % I
(2.105) A=]]T. <2 1/11 (o, pi*t) = 2"/ (s, m).
=1 =1

If m is even, then

k k —_—
(2106) A = T ] 70 < 2 ¢/ (0,2 I] (o, ) = 2"V (o, m).
= 1=1

Thus in all cases

(2.107) A = 2/ (6,m).
Since (a, m) = 1, one has
(2.108) (o, m) = (r, m)

and hence the estimate of the lemma.
LemMa 11. (g, m) = 1,02 a < 1,0 =28 <1, m = 2xni

=8, < 8(4 + 24/2)"™ [\/'n? 4o m]

7t

S, < 8(4 + 24/2)"™ [\/% pmin ’"}

wl
Proof. Consider, in the sum

m—1
(2.109) S; = 2 min <1, —1—>
=0 a .

regrouping the terms so that all j for which
(2.110) aj’ = r(mod m), 0=r<m
constitute a group indexed by r, then

m—1
(2.111) S, = S A (m)minf1, — .
=0 2wt

r
- — o
m
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The estimate of Lemma 10 yields

(2.112) Sy = mH Z A/ (r, m) min <1 —-——1——> .

27rtHL —a
m

Let r be restricted so that (r, m) = d, then

(2.113) Sy WY d X mm<1 ___1~__>
2wt

dim 0<r<m

(r,m)=d — —
m
The set of integers r satisfying (r, m) = d is included in the set d | r, hence
(2114) A D IRV DY min< __1__>.
dim 0<r<m r
B 2rt||— — «

Introducing the summation variable ¢ by » = dec and setting d = m/d, one has

(2115) S; < 2™ 3" A/d D min <1, +>
27t

aTm 0<e<d’
d—, —
Let
(2.116) S= Y min <1, _——1—>
0<c<d’ [
= 2wt 7 a

Then the sum S will be estimated by consideration of four cases.

c 1
_ L < =
Case 1. —1 < 7= "5
One has
(2.117) é—a =1+d—",—a,

. 1
min (1, ——<
0<e<d (a—3) < 27rt<1 +d_c’ — a))

d’(a—l)
<14 f 1, ! dz,
(2.118) ( + == a)
;o 1
<1l1+4d fo min <1, 271_7) du,

<14 d ln_ll
7t

Case 2. % é—a§0.
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One has
C C
(2.119) 7 a! a = 5
and
1 d'a 1
minf{l, ———— _\ =1 -I—f min, 1, ——————\dz,
0<c=<d’a ot (a _ (%) 0 27t (a — E’)
1
(2.120) <1+ d'f min< ! )du
o ’ Omrt
!
<1 +d In 27rt‘
i
Case 3 0< 5 —a= !
. d/ o = 2
One has
C Cc
(2121) d_, « a‘/ «a,
and
. 1 ¢ 1 E—— 1
,Z,mlnl—‘—§1+ o omin {1, . dz,
d'a<c<d 27I't c _ a) ' 27I't - a>
d d
(2.122) <1+d f m1n< : )du,
oy
<1 +d In 27rt‘
i
Case 4 L <S¢ _ax<1
. 2 d/ [0 .
One has
c C
(2.123) 7 ¥ ~l-gte

1
> ~min | 1, P
@’ (a+})<e<d 2t (1 - + a)
1

oy
1 -l—/ min [ 1, - dz,
a’ (a+d)
(2.124) ¢ ot (1 — 5+ a>
4 1
4 .
l—l-d];mm( 2t>du,

d' In wt
wt

IA

IA

<1+
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Thus combining the estimates obtained in the above four cases, one has

4
(2.125) S < 4 4 44 In2nt
7t
and hence
(2.126) S < 82™ 3 \/d [1 4 min m]
dlm wid

where use was made of the inequality m = 2xt. Equation 2.68 permits the following
transformation of the sum Y gm v/d

(2.127) aﬁ?\f:ﬂ[1+\/;,+\/;+...+\/5;]

in which the product is over the prime divisors p of m. Since

1+\/5+\/1?+...+\/{,‘&=ip_aﬂ__l

p—1
(2.128) V'p )
<vVE-YP <24 VR
\/p —1
one obtains
Thus
v(m) 1
(2.130) Sy < 8(4 4 2/2)™ /m + 827r___’;_“ﬂ‘d o
|m
Use of Equation 2.71 yields
(2.131) Sy < 8(4 + 2\/§)V(m) l: m 3:; ’m] .

For the sum S, , one has

(2132) 8§, = mz_i min [ 1, 1 Z min ——————l———
= 2nt &G + 72— g EN R

and hence, the estimate obtained for S; above applies also to S, . It is now possible
to state the first main theorem.
TaEOREM 1. (0, m) = 1,m =2 36,1 £ 7<vVm0=a<1,0=<8<1,

m—1
Zp< J —a>p<7%(j+r)2 —ﬁ)l

< V/ml[81(2 +2)"™ In’ m + 33(4 + 24/2)"™ In m].
Proof. Lemmas 7, 8, 9, and 11 yield

|R| <\/m[15 62 In* ¢ + 8.10 In ¢-1n m](2 + /2)"™

(2.133)
+ 40(4 4 20/2)™ [

m In m]
7 )
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Since =° > 9.85, one also has

|R| < A/ml1.59 In® t + 823 In ¢-In m](2 + 1/2)"™

(2.134) _ _
+ 40(4 + 24/2)"™ [\/m +7 1‘; m]
T
Choose
(2.135) t=3V'm,

then, since In { < # In m and = > 3.14,
|R| < AvV/ml81(2 +2)™ In*m + 404 + 24/2)'™

(2.136)
+ 26(4 4+ 24/2)"™ In m].
One has
40(4 4+ 24/2)"™ 4 26(4 4+ 24/2)™ Inm
(2.137) =4 +2v2)" Inm - <1f"0n7 + 26>.

Since m = 36,1ln m = In 36 > 5.88, one has
(2.138 ) (40 + 26 In m)(4 + 24/2)’™ < 33(4 + 24/2)™ In m,
and hence

(2.139) | R| < V/ml81(2 + v/2)™ In®m + 33(4 + 20/2)"™ Inm].

Thg conditions { = 3, m = 2=t are both met by the condition m = 36. Since m/2( =
v/m, the condition 1 < 7 < m/2¢ becomes 1 < r < 4/m. The theorem is now
established.

The autocorrelation function of the sequence x; = {%f} is obtained immediately

from Theorem 1 by setting o = 0, 8 = 0, and recalling that ¢(v) = R/m. Hence,
one has B
THEOREM 2. (@, m) = 1,m = 36,1 <7 < vVm

= |¢(r)| < m81(2 + vV2)™ In® m + 33(4 + 24/2)"™ In m).

Consider the simultaneous Diophantine inequalities

(2.140) 0= {% j2} < q 0= {1% (7 + 7)2} <B, 0=j<m.
Let the number of solutions of the inequalities be designated by 7(«, 8), then
(2.141) Gla, B) = T(“Tﬁ)

is the joint distribution function of the sequences {7% j2}, {7% (7 + 7)2}. If the

sequences {1% jZ},{:i (7 + 7)2} were independently equidistributed over (0, 1),

one would have G(a, 8) = af. It is the present object to determine the devia-
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tion of G(«a, B) from the desired joint distribution «8. For this purpose, let
(2.142) Ho(z) = a+ p(z) — p(z — a),

then H,(x) is a periodic function with Period 1 and, within the initial period,

H,(z) =1, 0=z<aq,
(2.143)
= 0, [0 é r < 1-
In view of the above properties of H,(z), the enumeration 7' (e, 8) is given by
m—1
(2.144) T(a, 8) = 2 Ha (ﬂ f) H; (9 U+ T>2> :
=0 m m
LEmmaA 12.
m—1 a . ' m—1 a .
T(e, B) = aBm-l-ﬁZp(—f) —B2 el —a
=0 m =0 m

m—1

+at=i0p(%(j+7)2>—a;p<%(j+r)2—ﬁ>

m—1 m—1 /
a o a ;. 2\ _ ﬂ 2 ﬂ . 2
-l-;)p(%J)p(%(J-l-T)) ;}p<mj a>p<m(J+T)>
m—1 m—1
a .o a . 2 a o a . 2
—;p<%y>p<%u +7) —B> +];0p<%] - a>p<;1<1 + ) —B>.
Proof. Use of Equations 2.142 and 2.144.
LemMa 13. (a,m) = 1,m = 36,1 <7 < /'m0

| m—1
= |T(a, B) — afm| < 2 Zp<f’—f>‘

=0 m
m—1 a s m—1 a s >‘
(=) + 5o (it -5

+ vVm[324(2 + v2)"™ In* m 4 132(4 + 24/2)"™ In m].

Proof. Theorem 1 enables the estimation of the sums of products of the p-func-
tions to be effected. Also observing that

=a<1,0=28<1,

- +

—1

(2.145) hop <3 f) =¥ (% G+ >)

= \m =0
and
m—1 m—1
a o _ g . 2
(2.146) JE:‘O p <171 J B) = ];0 (m G+ ﬁ),
the lemma follows.

In order to estimate the sum of the p-functions in Lemma 13, the following
lemmas are required.

LemMmA 14. (a,m) = 1,0 £ a < 1,
1

e(—j —@‘éVW,m).
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Proof. Let
(h,m) =d
, h
(2.147) b=
m, = 717'
d b
and
m—1
(2.148) S=2e (ﬁ i = ha>,
7=0 m
then
(2.149) |S|=\mile<—hg ’2> =dmfe(’ﬁ 2)
’ = \m J = m’
One has

2 2m'—l m'—1 h,a . h/a
sp-ey g e(brr - o)

(2.150) w1 w1t ,
LRSS (e ey,

m

Introduce a new summation variable » by

(2.151) i=k+v,
then
m'—1 m'—1 / 'm'—1 | m'—1 /
(2152) | S = 3 3 e (2’“1 >e<’i‘-,’-u2> X530 e<2h,avk>’.
y=0 k=0 m y=0 k=0 m
By direct summation, one obtains
m’—1 ’
2h
(2.153) Z ¢ ( T ”k> =0 't 2Wa,
=m m’ | 20 ap.
Since (h'a, m') = 1, m’ |2k av if and only if m’ |2» which may occur at most
twice. Hence,
(2.154) | S| < 2d'm’ = 2md.

The lemma follows on taking the square root.
LEmMa 15. (a,m) = 1, m = 36,0 < a < 1,

f”(gzjz‘ )l<—fm > \/(h m) + 64.7/m(4 + 24/2)"™ Inm.

i=0 1<R<

=

Proof. Use of Lemma 1 yields
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m—1 m—1

a o ha 2
2ol=s —a e|—

(2.155) m—1
+ 3 min (1,— ).
= 27t ] —«
m

Setting t = % +/m and using Lemma 11, one obtains

(=)l < Boml 5o ()

<Zi

15h<t Th

1 Sikyym h
(2.156) =r=
+8(4 + 2/2)™v/m [1 +2mn m]
Since m = 36, one has In m > 5.88, hence
S(ﬁ '2—a> < _1_ ”fg(@ '2>
(2.157) 1s=0 m’ oty | 20 \m Y

+64.7vm(4 + 24/2)"™ln m

The lemma now follows on employing Lemma 14.
LemmA 16. (a,m) = 1,m = 36,0 £ o < 1,

NSRS

Proof. One has

< 64.9vm(4 + 24/2)"™ In m.

V2m 1 r— 71 1
™ 1§h§%\/m}_l (h, m Zm é é%\/ﬁﬁ
(hym)=d
(2.158)
< VIS \/a 1
T am 1ghZiva h
dih
Let h = cd, then,
Vo oy L Voms 1 1
T dm 1igiye h T Vd 1=:Zhvm ¢
(2.159) an
< vm(.15 +.27lnm) —.
Tm \/d

Use of Equation 2.71 now yields

(2.160) @ \/(h m) < vV/m(15 +.271nm)(2 + /2)"™.

1<h

IA
n|..

Since m = 36, one has
(2.161) 15 4+ 27 Inm < .296 In m,

and hence
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(2.162) \/3’” %\/(h_, my < 2960/ m(2 ++/2)"" nm,
vVm
Lemma 15 now yields

WZ_I p <‘3‘- i = a)j < 296/m(2 + 242" ™ Inm

=0 m

(2.163)
+ 647/ m(4 4+ 24/2)"™ In m.

Since

(2.164) 206(2 + V/2)"™ + 64.7(4 + 20/2)"™ < 64.9(4 + 24/2)"™

The lemma follows. ‘
THEOREM 3. (a, m) = 1,m = 36,1 < 7 < \/m,

= |G, B) — aB| < mH[3.24(2 + +/2)"™ In* m + 392(4 + 24/2)"™ In m].
Proof. Use of Lemmas 13 and 16.
Theorem 3 thus demonstrates that the sequences{ m } { G+ 7 }are approxi-
mately independently equidistributed over (0, 1).
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