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In a recent note [1], the senior author evaluated the Weierstrass' elliptic func- 
tion at half periods to 16D for the case of rectangular primitive period-parallelo- 
gram, i.e., the three functions 

(1) el= d(i1), e2 - (W2), e3= (W3) 

with double periods 2w1 = 1 and 2W2 = ai; L03 being defined by 

(2) Wl + 2 + 2?3 = ?- 

In this note, these three functions will be evaluated, also to 16D, for the case of 
rhombic primitive period-parallelogram. Two methods of evaluation are given. 
One is similar to that described previously [1] and the other is in terms of Jacobian 
Theta functions. As no generality is lost, here the double periods are represented 
by 2X1 = 1 and 2CO2 = I + ci, where c is a positive real quantity. 

It is known that these three functions form a set of distinct roots of the follow- 
ing cubic [2], 

(3) x3- (15f4)x - (35o-6) = 0 

where, in the case under consideration, 
00 
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00 00 

+ 2 E E j . k. 

The accent on the first summation sign denotes the omission of simultaneous 
zeros of m and n. The cubic (3) indicates that the sum of the three functions van- 
ishes identically, i.e., 

(5) el + e2 + e3 = 0. 

In a similar manner as described previously [1], it can be shown that 

Received October 11, 1963. 

433 



434 CHIH-BING LING AND CHEN-PENG TSAI 

1 1? 1 2 1 
jr4 M--- (m + ix)4 3 sinh2 7rX sinh4 7rx' 

z 
0 1 2 1 1 

(6)6 M=-- (m + ix)6 15 sinh2 7rx sinh4 7rX sinh6 7rx' 
(6) 10 1 2 1 

m (m + 2 + iX)4 3 cosh2 irx cosh4 irx' 

1 00 1 2 1 1 
m-o (m + 2 + ix)" 15 cosh2 irx cosh4 irx cosh" irx 

Consequently, we have 

(7) 4 3 ( + K1 + K3) =6 - -K2_ + K4 
3W 

1 
5 (12-6 

2? 

where 
00 

13 

n =2 Z6, (sinh'2 nc +2 sinh4 nlrc)' 

(8) K2 n=2,46,..' (sinh n7rc + 2 sinh4 n7rC + 2 sinh6 nrc)' 

K3 n=143,5,... ( 7re 2 cosh24 wire)' 

K4 n~ri-=1,*** (cosh4 n7rc 2 cosh4 n7rc + 2 cosh" n,rc) 

The evaluation of el, e2, and e3 requires the solution of the cubic (3). The real 
root gives the value of el and the pair of complex conjugate roots the values of e2 and 
e3. The former can be found from the cubic (3) directly by using Newton's method 
and the latter from the depressed equation of the cubic. 

A second method of evaluation may be as follows. It is known that [3]* 

12w 2el= 2(o34 + 04), 

(9) 1l2co,e2 = _2 (024 + 03'), 

12O12e3 = 2(024 - 0 4) 

where 02, 03 , and 04 are Jacobian Theta functions defined by 

02 2q 4 qf , 
n=O 

(10) 03 = 1 + 2Z q , 
n=l 

04 = 1 + 2Z (-1)nqn2 
n =1 

in which 

* e2 and e3 have been permuted to conform with the present notation. co, is identified with 
X in [3]. 
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(11) q = exp ( i7rC2/C1l ) v 

It is noted that the preceding three Theta functions are not all independent but 
are connected by the relation 

(12) 02 + 04- 03 

Now denote 
-7rC p =e 

(13) A 1 + p4 + p16 36 + 

B = p + p9 + p25 + 

We then find, for CW2/CW1 l + ci, 

e 32w2 (A4- 6A2B2 + BJ4) 
3 

(14) e2 = - e1 - 647r2 (AB - AB3) i, 

e3= - el + 647r2(A3B - AB3)i. 

TABLE 1 

C 0'4 06 

0.05 2.16464 64674 10478 X 104 -2.03468 61239 92188 X 106 
0.1 1.35285 51098 10968 X 10O -3.17943 85391 87710 X 104 
0.15 2.65424 44894 89441 X 102 -2.83086 37451 64231 X 103 
0.2 7.67059 68640 15799 X 10 -5.92699 26236 38137 X 102 
0.25 1.93710 87114 46967 X 10 -2.45332 24175 29611 X 102 

-v3/6 0 -1.58301 85572 24858 X 101 
0.3 -3.62453 58222 15253 - 1.40825 71800 11392 X 102 
0.35 -1.29338 25507 01956 X 10 -8.18148 86969 71514 X 10 
0.4 -1.55320 57313 46534 X 10 -4.14353 39381 59347 X 10 
0.45 -1.47955 79359 61305 X 10 - 1.52034 34879 06628 X 10 
0.5 -1.26048 48008 61559 X 10 0 
0.6 -7.49518 25513 33490 1.04695 23857 33236 X 10 
0.7 -3.54385 93824 64415 9.96973 81357 38993 
0.8 -1.04685 36509 89181 7.37508 83157 10668 

V/3/2 0 5.86303 16934 25402 
0.9 4.02787 83609 98395 X 10-1 5.22023 89750 45370 
1 1.21069 29446 54355 3.83331 62773 90017 
1.25 1.96367 27971 88045 2.42769 61786 42181 
1.5 2.12275 22872 98572 2.11722 17565 99152 
1.75 2.15593 25105 11680 2.05187 98601 55075 
2 2.16283 47970 89782 2.03826 19185 60751 
2.5 2.16456 81756 97548 2.03484 06650 80135 
3 2.16464 30841 25693 2.03469 28023 27625 
4 2.16464 64611 04163 2.03468 61364 40353 
5 2.16464 64674 10478 2.03468 61239 92188 
6 2.16464 64674 22254 2.03468 61239 68942 

Xc 2.16464 64674 22276 2.03468 61239 68898 
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a4 and ap may be found from the relations 

0:4 = -3(el' + e2 + e3 2) 

(15) 1 
06 = --5ele2e3 

Values of J4 and o-6 are computed by the first method and those of el, e2, e3 
by the second method for c = 0.05(0.05)0.5(0.1)1(0.25)2(0.5)3(1)6 and m. 
They are then checked by (15). A separate check is also made on the imaginary 
part of e2 or e3, of which the numerical value is alternately equal to 87r2p04 by vir- 
tue of (12), where 

(16) C =1p2-p6+ pl2 _ p 30 

Those for c = V/3/6 and c = V3/2 are also computed. In both such cases, the 
value of 0-4 vanishes identically. The results to 16D are shown in Tables 1-2. In 
performing the computation, auxiliary tables of e1ra and e a with adequate guard- 
ing figures are first prepared for a = 0.1(0.1)10. Besides, the following values are 
prepared. 

e = 1.51909 37703 74778 01395 X 10, 

(17) eV3r/2 - 6.58287 21011 29665 13439 X 102. 

It is thought that the tables of e7a and e -a nmay be of use elsewhere and therefore 
they are also shown here in Table 3 to 21D. 

If 2ok and es are expressed as functions of c, the following relations hold. 

18) U4(C )= (2c)4 U4(c), 

(18) 06(C') -(2c)6 06(C) 

and 

el(c') = (2c)2el(c), 

(19) e2(c') = -(2c)2e3(c), 

e3(c') - (2c)2e2(c) 

where 

(20) cc - 

It is noted that here the pair of double periods may alternately be represented 
by the pair be-ia and be'a, in which 

(21) b = ( + C2)1/2, a = tan-' 2c. 

It appears that the rectangular and rhombic primitive period-parallelograms 
are the only cases in which U4 and 06 are both real. 

The authors wish to express their thanks to Dr. Dean N. Arden, visiting pro- 
fessor, Electronic Graduate School, National Chiao-Tung University, Taiwan, 
for his help in preparing Table 3 by using an IBM-650 electronic computer. The 
authors are grateful to National Council on Science Development, Taiwan, China, 
for its support of the work. 
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TABLE 3 

a era e-a 

0.1 1.36910 77706 24846 88484 7.30402 69104 86456 10873 (-1)* 
0.2 1.87445 60875 85338 35057 5.33488 09109 11032 51176 (-1) 
0.3 2.56633 23952 08135 32094 3.89661 13737 53467 94902 (-1) 
0.4 3.51358 56242 85733 63770 2.84609 54333 60292 80116 (-1) 
0.5 4.81047 73809 65351 65547 2.07879 57635 07619 08547 (-1) 

0.6 6.58606 19626 94724 85836 1.51835 80198 06488 86883 (-1) 
0.7 9.01702 86109 42078 24233 1.10901 27836 41952 22245 (-1) 
0.8 1.23452 83939 18736 85795 (1) 8.10025 92157 94312 88095 (-2) 
0.9 1.69020 24171 71154 60199 (1) 5.91645 11294 07757 88852 (-2) 
1.0 2.31406 92632 77926 90057 (1) 4.32139 18263 77224 97744 (-2) 

1.1 3.16821 02101 17924 35952 (1) 3.15635 62190 61546 64985 (-2) 
1.2 4.33762 12176 45429 13719 (1) 2.30541 10763 10682 04408 (-2) 
1.3 5.93867 09151 05567 24216 (1) 1.68387 84541 10676 64716 (-2) 
1.4 8.13068 04970 54802 50287 (1) 1.22990 93542 81271 53095 (-2) 
1.5 1.11317 77848 98562 26027 (2) 8.98329 10211 29427 88966 (-3) 

1.6 1.52406 03553 91575 92353 (2) 6.56141 99363 06069 66927 (-3) 
1.7 2.08660 28754 67872 35481 (2) 4.79247 87785 78186 16706 (-3) 
1.8 2.85678 42110 11213 73297 (2) 3.50043 93966 67033 38810 (-3) 
1.9 3.91124 54622 93824 99384 (2) 2.55673 03551 78298 63043 (-3) 
2.0 5.35491 65552 47647 36503 (2) 1.86744 27317 07988 81443 (-3) 

2.1 7.33145 78668 37191 20979 (2) 1.36398 51966 18748 94871 (-3) 
2.2 1.00375 55935 49546 24197 (3) 9.96258 45816 08502 26303 (-4) 
2.3 1.37424 95829 36839 19562 (3) 7.27669 85882 06595 17424 (-4) 
2.4 1.88149 57827 76781 53285 (3) 5.31492 02307 75977 42717 (-4) 
2.5 2.57597 04965 97570 55092 (3) 3.88203 20392 67662 47233 (-4) 

2.6 3.52678 12237 92079 54462 (3) 2.83544 66482 18162 15904 (-4) 
2.7 4.82854 35787 87543 23018 (3) 2.07101 78621 83408 03034 (-4) 
2.8 6.61079 65345 18733 02916 (3) 1.51267 70197 48574 28994 (-4) 
2.9 9.05089 29054 29406 22166 (3) 1.10486 33659 11803 90247 (-4) 
3.0 1.23916 47807 91669 74815 (4) 8.06995 17570 30459 92392 (-5) 

3.1 1.69655 01304 66510 05654 (4) 5.89431 44799 67793 83033 (-5) 
3.2 2.32275 99668 76296 70719 (4) 4.30522 31580 55474 73556 (-5) 
3.3 3.18010 87199 46649 78016 (4) 3.14454 65802 08667 28460 (-5) 
3.4 4.35391 15599 10793 22659 (4) 2.29678 52843 12226 31551 (-5) 
3.5 5.96097 41492 87215 58845 (4) 1.67757 81524 22578 70825 (-5) 

3.6 8.16121 60282 82962 95159 (4) 1.22530 75969 73866 47167 (-5) 
3.7 1.11735 84282 07025 47474 (5) 8.94967 96619 20613 64147 (-6) 
3.8 1.52978 41066 31403 67916 (5) 6.53687 01090 90149 06637 (-6) 
3.9 2.09443 93077 67444 13665 (5) 4.77454 75187 14898 47932 (-6) 
4.0 2.86751 31313 66532 99747 (5) 3.48734 23562 08995 49178 (-6) 

4.1 3.92593 45105 22707 69216 (5) 2.54716 42415 82974 76484 (-6) 
4.2 5.37502 74453 20893 81174 (5) 1.86045 56165 95087 22855 (-6) 
4.3 7.35899 18427 10655 01612 (5) 1.35888 17889 37618 96908 (-6) 
4.4 1.00752 52915 82001 87728 (6) 9.92530 91545 70345 60877 (-7) 
4.5 1.37941 07058 05983 40218 (6) 7.24947 25159 87938 10837 (-7) 
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TABLE 3-Continued 

a era e-a 

4.6 1.88856 19162 02076 47085 (6) 5.29503 42343 60785 53694 (-7) 
4.7 2.58564 47947 78413 81653 (6) 3.86750 72539 71822 59597 (-7) 
4.8 3.54002 63806 06813 87980 (6) 2.82483 77059 51176 91520 (- 7) 
4.9 4.84667 76259 05740 65394 (6) 2.06326 90622 02422 28930 (-7) 
5.0 6.63562 39993 41134 23327 (6) 1.50701 72753 90064 61075 (-7) 

5.1 9.08488 43804 42670 74431 (6) 1.10072 94734 01701 04231 (-7) 
5.2 1.24381 85800 49235 82598 (7) 8.03975 76948 91610 22921 (-8) 
5.3 1.70292 16831 92971 91696 (7) 5.87226 06557 27887 98907 (-8) 
5.4 2.33148 33092 25041 56976 (7) 4.28911 49854 82733 65777 (-8) 
5.5 3.19205 19157 42137 17455 (7) 3.13278 11276 13661 21624 (-8) 

5.6 4.37026 30820 80489 01787 (7) 2.28819 17660 75428 61239 (-8) 
5.7 5.98336 11453 51290 55253 (7) 1.67130 14235 76846 05372 (-8) 
5.8 8.19186 62385 55235 84751 (7) 1.22072 30573 33960 68163 (-8) 
5.9 1.12155 47723 12530 90732 (8) 8.91619 40610 18549 86382 (-9) 
6.0 1.53552 93539 54466 93923 (8) 6.51241 21360 79900 72821 (-9) 

6.1 2.10230 51705 21611 64610 (8) 4.75668 33494 10617 94951 (-9) 
6.2 2.87828 23451 85932 29437 (8) 3.47429 431,88 75800 38156 (-9) 
6.3 3.94067 87248 46367 75598 (8) 2.53763 39200 01905 86296 (-9) 
6.4 5.39521 38637 23174 97636 (8) 1.85349 46440 65715 51964 (-9) 
6.5 7.38662 92250 06302 56497 (8) 1.35379 74758 69850 17560 (-9) 

6.6 1.01130 91470 68071 94014 (9) 9.88817 31951 02024 39235 (-10) 
6.7 1.38459 12117 54883 38231 (9) 7.22234 83112 57602 86121 (-10) 
6.8 1.89565 45871 52483 67960 (9) 5.27592 26422 33194 26958 (-10) 
6.9 2.59535 54256 91101 44405 (9) 3.85303 68137 67871 77194 (-10) 
7.0 3.55332 12808 47044 35970 (9) 2.81426 84574 85552 72109 (-10) 

7.1 4.86487 97771 34322 34756 (9) 2.05554 92546 80768 60938 (-10) 
7.2 6.66054 47060 30274 03357 (9) 1.50137 87072 01871 18741 (-10) 
7.3 9.11900 35136 20234 64547 (9) 1.09661 10480 23383 27988 (-10) 
7.4 1.24848 98570 85274 50206 (10) 8.00967 66050 99546 92873 (-11) 
7.5 1.70931 71648 81753 87131 (10) 5.85028 93467 94089 01097 (-11) 

7.6 2.34023 94129 02041 86211 (10) 4.27306 70823 11625 73556 (- 11) 
7.7 3.20403 99653 26715 06920 (10) 3.12105 96959 51795 89636 (-11) 
7.8 4.38667 60139 21370 58104 (10) 2.27963 04008 46659 38446 (-11) 
7.9 6.00583 22178 73377 47364 (10) 1.66504 81793 74702 70619 (- 11) 
8.0 8.22263 15585 59499 52750 (10) 1.21615 56709 40930 83974 (-11) 

8.1 1.12576 68761 80890 65249 (11) 8.88283 37478 93270 22920 (-12) 
8.2 1.54129 61780 91317 24348 (11) 6.48804 56735 98971 03015 (-12) 
8.3 2.11020 05742 59200 32308 (11) 4.73888 60196 43211 04041 (-12) 
8.4 2.88909 20037 95285 41152 (11) 3.46129 51013 20206 20908 (-12) 
8.5 3.95547 83124 46234 88485 (11) 2.52813 92565 17773 08240 (-12) 

8.6 5.41547 60941 08196 18967 (11) 1.84655 97163 06303 62722 (-12) 
8.7 7.41437 04020 76625 99127 (11) 1.34873 21859 72147 77499 (-12) 
8.8 1.01510 72131 77397 90288 (12) 9.85117 61813 79790 86996 (-13) 
8.9 1.38979 11735 78508 43714 (12) 7.19532 55928 74119 82759 (-13) 
9.0 1.90277 38952 92161 29169 (12) 5.25548 51760 06448 55522 (-13) 
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TABLE 3-Continued 

a e7a e-a 

9.1 2.60510 25257 86606 78556 (12) 3.83862 05153 21374 94491 (-13) 
9.2 3.56666 61113 28858 90997 (12) 2.80373 87543 05271 02946 (-13) 
9.3 4.88315 02882 44645 96778 (12) 2.04785 83311 41947 37983 (-13) 
9.4 6.68555 90047 64705 70119 (12) 1.49576 12359 52466 78871 (-13) 
9.5 9.15325 07843 94276 31478 (12) 1.09250 80319 05929 90960 (-13) 

9.6 1.25317 86775 39217 86849 (13) 7.97970 80649 63507 85426 (-14) 
9.7 1.71573 66654 00312 45627 (13) 5.82840 02444 31926 72695 (-14) 
9.8 2.34902 84009 45530 65488 (13) 4.25707 92230 41663 13798 (-14) 
9.9 3.21607 30371 52984 44509 (13) 3.10938 21205 16908 18044 (-14) 

10.0 4.40315 05860 63202 90114 (13) 2.27110 10683 24093 83868 (-14) 

* (n) at the end of the number stands for the factor 10. 
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