Estimates of Weights in Gauss-Type Quadrature
By E. L. Whitney

1. Introduction. It may readily be verified that the angular distance
Ab = 0;4:,, — 0;., between the zeros 6, , of the Legendre polynomial P,(cos ) in
cos 0 is roughly constant for large n. From the quadrature formula itself the weights
may be estimated to a corresponding degree of accuracy. Dircct asymptotic esti-
mates of the weights corresponding to cos 8 = 0 in the (2n + 1)-point Gaussian
quadrature are all available from Stirling’s formula in the cases considered below.
We here replace the P, by C,}, the Gegenbauer polynomials (effectively, tesseral
harmonics or ultraspherical polynomials) of order A > 0, and the H, in the single
limiting set of Hermite polynomials. Explicit formulas are derived: but the esti-
mates for the general weights have a precision limited by the corresponding pre-
cision of the estimates of the zeros.

2. The Quadrature Formula. The Lagrange interpolation formula

- P(x)f(x:) N -
(1) f(x) —Zm, P(z;) =0,

P'(z:) # 0, i=1,2+-,n,

algebraically valid for polynomials f of degree v < n, the degree of P, has a rather
limited direct use in polynomial approximation theory. Combined with various re-
strictions on P to be in a basis of a set of polynomials with suitable properties, it
becomes more useful.

Let P*(z) be of degree n + 1, so that P*(z) = azP(z) — bP(z) — cPx(z) for
constants a, b, and ¢, P« representing a polynomial of degree v < n. We set

P*(z)P(t) — P*(t)P(a:)

r—1

K(z,t) = K(t,z) =
a polynomial of degree n in z for each ¢, so that

K(z,t) = aP(z)P(t) + cKx(zx,t),

K « being defined in terms of P and P exactly as K is determined by P* and P. In
particular, K (z, z) = P(z)P*(z) — P*(z)P’(z); and (1) is modified to become

2) @) =% If((x’“")f()

A suitable normalization with respect to a fixed integrable weight function w, es-
sentially positive over the interval I of integration, is

fK(x, z)w(z) doz = 1,
I
so that (2) becomes

(3) f Jeyu(z) ds = T f@Ws,
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where

1

(4) VVz=m

is the formula for the weights.
From the above,

Ku(z, t) = iZ;a,-p,-(x)m(t),

the indices j indicating the degrees of the polynomials p;. Referring to (1), for
example, we set

n—1

pn(t) = kntn - ;Cj,ﬂpi(t)) n = 1; 2; 33 Tt

where
1
() =k >0, [u(®)dt= L.
(5) [ppuw a=0,  0sj<n,
and

f;{pn(t)fw(t) dt = 1.

The inductive definition is complete if we assume k., > 0. Indeed, for an arbitrary
polynomial P,

(5") P(t) = Z; akit’ = ’Eo a; api(t),
= =

the a; ., being determined uniquely by the a; and k; , where [, kit'pi(H)w(t) dt =1,
8o that

kn-— n—2
- ! paa(z) + Z.; bj . pi(z)

(6) zp.(z) = ki:‘;pnﬂ(x) + bapa(z) +

in any case, with b;, = 0 by (5). Then
K. (z,t) = Eo pi(2)p;(¢)
=

_ b penn(@)pa(t) — pa(@)pan(t)

Forn pop , and

n

(7) Ku(z,z) = 2 {pi(2)}’

7=0

kx
kn+l

- f (Ka(z, )}'w(t) dt,

these being the standard Christoffel formulae (see [1]).

(Prtr(@)Pa(z) — Pa () Prta(2)}
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If f is of degree 2n — 1 or less, the quotient @ of f by p, is uniquely determined,
with remainder p«(t) = f(t) — Q({)p.(t) of degreen — 1 orless. Then, if p.(x:) = 0,
n being fixed,

[ 20w @t = [ su() d, by 5), and
(8)
[ 1w dt = = wis),

as before. (The formulae (7) guarantee the separation of n distinct zeros in I.)

3. Sums of Squares. The Cesaro-one sums
n—1
0',,(17, t) = ]_-Z Kj(x, t)
n =0

are expressed in the way suggested by Christoffel’s method as follows:

n—1l g,
n(x — )’oulz, t) = 2, —— ks (b; — b)) {pim(2)pi() + pin(Dpi(x)}

=0 k1+l

(9) + ;‘;.";1 {Parr(2)pra(t) + p,.—l(x)pnﬂ(t)}

kn—t b3 ’ ki-r)’
-2 i p,.(x)pn(t) + 2 Z p,(x)p;(t) “\% )
J+l i)

where b; = [; t{p;(t)}’w(t) dt and k_; = 0.

Beginning with ks(by — bo)/k1 = c1,2, we see that b; = b,y for all j if and only
if w is symmetric over I. After a translation, we may assume in this case that the
pi(t) are alternately even and odd polynomials. We assume that this condition holds
in the sequel.

Let

ki
Ai(z) = ;Tlpz W(z) — —-—Pm(x)
J
so that

4%?&1(96)1’:'—1(%) = 2 {p()}’ = (8@}
j+1

Then, for suitable constants ¢, , we set

La(z) = (¢ — ) {pa(@)}* + {Aul2)}’

(10) =4 Z {pi(z)}* {( ]H)z - (’%)2} + {cf -4 (k"~l>} {pa(2)}"

To make this formulation of sums of squares useful, the weight function w is further
restricted.

4. Gegenbauer Polynomials. See [1].
The expansion of p = (1 —2rt 47 )™ as a power series in r,

(1 =) 1 — 1) = =Zo O
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subject to
24+ 2 =2t =2cosb, 22 =1, 0=r<l,

determines the Gegenbauer polynomials C," of order A > 0. If y is any successively
differentiable function of p,

2 2 2
rza_y-l—a_g:rzd_y

ar? ot? dp*’
In the above case, y = p ™, so d'y/dp’ + ((2\ + 1)/p)(dy/dp) = 0, and so
26_29 ] 2 iy . dy
r672+(2)\+1)rar+(1 t)ﬁ—(2)\+l)t5t—.

Comparing coefficients in the power series, we have

A
(11) gt {(1 — gy ‘%ﬁ} = —n(n 4+ 20(1 — &2 0).

Multiplying by C;(t), alternating the indices n and j, and subtracting, then inte-
grating from { = —1 to ¢ = 1, we have

Ci(t) = vhps(t),
the {p;} being orthogonal (with property (5)) with respect to w,
w(t) = (1 — H

Here,
[:l (Cr) Y w(t) dt = by,

easily calculated explicitly. From the definition above, using the series and the
binomial theorem,

n AN+ —I\/AA+n—7—1
¢, (cosh) = Z cos (n — 2j9),
= j n—j

SO

IIA

2+ n —1
[CM | £ (1) =< ) -1=st=s1,

n

if x> 0.
We may make direct use of the Christoffel formulae (7), comparison of termsin a
linear expansion, and induction, to obtain

n+22—-1
Qhako(n 4+ A) = A ,

n

4<gc£1>2_ n(n + 2\ — 1)
k) (N0 - T4\
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and
2+ n —1
(12) AP (n + M) =7 A\ Hpa (D)}
n
Also,
kn— k.
7"2 pn—l(O) = —kn+l pn+1(0),
so that
(13) lim (psa(0)) = 2
and
. - 2 2'21
}‘1_1;2 pn(l)(n+>\) = ;(2)\)'1

the relative errors in the corresponding approximations being of (order)
O(1/(n + A\)?) uniformly in n for fixed \ by Stirling’s formula.
Weset z = (1 — £/)pa(t), and find

g_j = (n 4+ N1 — OV,

using (6) and (11). If

La(t) = {pa())*(1 = &) + {Aa(D)},
(11) becomes
oo =n
- n -+ A (1
From the above quadratic relation, and (6),

2\/(1 — t2)| pn(t)An(t)i = Ln(t)'
Differentiating the logarithm of L, , and integrating, we have
La(t) (o o=l MA@ =N ] |t

In particular, im, . Lo () (1 — &) = 2/m, =1 < t < 1.

However, relation (10) now reads as follows:

S A1 = N {pi()}? _ A= Dm0}
L) = =2 L e T NG NG FTEN o P = D F 0’

ay) S - e B pu(D)An(0),

whence
L)1 — &7 = {pa() A — &) + (M)} — &)
A1 — N {p.(0)}’(Q = O
(n+Mmn+ 2+ 1)
= A1 = N {p))a = O

2 L GoTFNGEONGFIFN

_2_
™

(15)

+
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The maximum of 2> = {p,(¢)}’(1 — #)* in any subinterval of I with endpoints
t = z;0ort = =1, corresponds only to A,(t) = 0, so that if
[A(1 =)

€

m+MNr+rx+1DA -8 2

PO -1+ <2,

and, otherwise,
pa(1)(1 — &)
is uniformly bounded, by (12) and (13).
On the other hand, if p,(z:;) = 0,
21 -\ ¥ {pj(z)}’(1 = )
1=z i —1+NG+HNG+HT+N’

(Alz) (1 — 22 = 2 4
™

where
{p;(2)}*(1 — 2 < 1+ e
(=1 4+NMNGT+MNG+1 4N " w4+ )2
and limp.oe,’ = 0, if [ =1 + | > 5, any fixed positive number. That is, if
| £1 + z:| > 4,

1 _ oY An(xi)pn,(xi) _n+2 {An(xi)}2
(16) W, = Kﬂ(xijx‘l) = ) = 5 1— z2 y
and for such zeros z = z;,
~_ T RN
(17) Wz=n+x(l xt))
with a relative-error estimate
[N = N)|

(18) (n + N1 — z?)

for both upper and lower bounds.
If n is an odd number, and z; = 0, we easily compute

1 _n+2 AL —N) A1 =)’

using Stirling’s formula, for the corresponding median weight W;. The precision
of the estimate here is easily controlled; but in the general case the sums of squares
seem difficult to handle with precision.

5. Spacing of Zeros. Let v = p, (t)/pa(t). Using (11), we find
(1-1¢8) % =@+ Dt — n(n +220) — (1 — &)

Combining this with the Christoffel formulae, using induction and the result
[ pa(t) | = pa(1), we have

p. (1) _ n(n + 2))

v < =
= p(1) 28+ 1

if z. <t =1,
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z = z, being the zero of p,(t) nearest t = 1. Since (pn(zn) — Pu(1))/ (20 — 1) <
p. (1), wehavez, < 1 — (2\ + 1)/(n(n + 2))).
In general, if we set ¢ = sin ¢, the equivalent differential relation

d A (D)
~ {a“’w“ [p‘,,a)\/(f““— ﬁ)]}

g M=) (@)

n+ A L.(@t) ’
gives us the necessary information concerning the spacing of the zeros. We have

An(t) AL —\) [ {pa(D)}
VI =B “,

n + A b3 Ln(t)
where z; = sin ¢; and A¢; = ¢y — ¢: .

2 <t < Ziya,

r=A arctan[ ] = (n + NAg: +

6. Hermite Polynomials. From the defining formulas, we easily obtain
a\" AN+m—1
(Ez) (.0} = 2° ChIn(®)
m

by induction on m. Among other results, relations between the tesseral harmonics of
Legendre,

m 2\m/2 d "
P = (= & (4) (2o,

P.(t) = C,)@®) for A= —;—,

and the Gegenbauer polynomials follow. Formally, the trigonometric basis is given
byA=0and A = 1.
If £ = s*/2)\, s being fixed, and A — o, we have
w(t) — e
For the bounded 7 and s,
C(t) 7 H,(s), if A—> =,

the corresponding Hermite polynomial.
Let

L HWE) = —Hea™, HO = 1,

forn = 0,1,2, --- . Then
H,'(t) = nH.(1),
by Leibnitz’ rule for successive differentiation. It follows immediately that

n
Hu(z) = 2. ( .)(—l)jCjwn_Z’

j<(nt+1)/2 2]
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for a single set of coefficients {C;}. Since
tH,(t) = nHo,a(t) + Hpna(2)
from the pair of relations given above, we have the Christoffel formulae

- i H,(:C)H,(t) - Hn+l(x)Hn(t) - Hn(x)Hn-Fl(t)
=0 ! nl(z — t)

H,(z,t)

and

Ho(z,2) = ;0 H; (x) (n + 1)H, (z) —n!nH,,ﬂ(x)H,,_,(x)

= g 22
= 7(275[” Hi(z, t)e dt.

To arrive at the last result, we make use of
f f e T gudt = 2r,
or the limits given above. Since
\/(21‘_)‘3-:2/2 - ‘[: e—t2/2+mtn dt
we have
V(@r)Hy(z)e™ " = (—i)" [: ¢ gy,

Let 2 = ¢ “/*H,(t), so that

de _ g {an—x(t) - %H,.(t)}

dt

and

d’z £

iz z<n+§ E)
Then

dz ’ —2/2
(tz) ai = 4ne Hn-l(t)Hn+l(t),
so that
Jn = H; (x) lH (:1:)} — H; (0) 1}1”2(0) 17 _ep H()

from the Christoffel formula. We do not obtain different results from the formula-
tion of the Cesaro-one sums, in this case. We define

L(z) = 2 {fH (2) 1H,,2(x)}’

i=0 2 n!
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so that
lim L,(0) = 1/2
n—>%0 T
Then, also,
~2?/2 H, (t) el
L.(z)e ™" = L.(0) — 2\/nft dt,
80 here
—i2/2 1 dz 2 1 t2 2
valLa(t)e ‘m{(ai) +(”+§ )7
and

lim L,.(ay;)e_“’z'2 = /‘/g
n ™

The formula for the weights W, corresponding to H.(z;) = 0 becomes

1 —_—
W

w(i, 2:) = v/nLla(x:),

™ —;2/2
W- ~/ —_—
i = 5 ’

2
X

2n — &

with a relative error estimate

if 2’ < 2(1 + 8).

If we consider the Fourier sine expansion over the interval (a, a + 7/k) be-
tween zerosz = a,z = b = a + w/k, of H,(x)e™" “, we have

[ {(gf) K 2} dt > 0.

Now
b 2 2'
[ -God-Ddan
so that
27
bre> Tt @)

Otherwise, dz/dt < 0 if £ = 4n + 2. We cannot have z = 0 there, since z > 0 if
t — oo for fixed n. Then

b < 4n + 2.
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We may point out that the estimates, for Cesaro-one and related sums, remain
useful in establishing convergence properties of the expansions of functions (e.g.,
of bounded variation) as series of orthogonal polynomials.
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