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By C. R. Cassity 

1. Introduction. Several tables of abscissas and coefficients for the generalized 
Gauss-Laguerre quadrature formula not using the zero ordinate have been issued 
recently [1-5]. Such formulas are all of odd degree of precision, and the error term 
is known [2]. Formulas using the zero ordinate are of even degree of precision; 
abscissas and coefficients have been tabulated only very briefly by Burnett [6] and 
copied by Kopal [7], and more elaborately but only for s = 0 by Krylov and 
Fedenko [8]; no formula for the error term has been published-it is derived in Sec- 
tion 3 below. 

Table I in Section 2 gives abscissas and coefficients for s = 0, - 1/3, -1/2, 
-2/3, with n = 2(1)16, thus complementing three of the tables of [2] and [3] by 
providing the abscissas and coefficients for the quadratures of even degree of pre- 
cision. A less accurate table covering 

s = -.99(.01) -.90, -.80, -.75, -.70(.1) -.3, -.25, -.2, -.1,() 1)10 

may be obtained by requesting reference [9]. All the tables include values of Hjeai 
for convenience in the integration of functions not explicitly containing the factor 

-2 
e . 

In selecting a formula for practical use in numerical integration one is usually 
concerned with two matters: (1) a minimum amount of calculational labor and (2) 
an error which is acceptably small. The amount of calculational labor often is con- 
trolled by the number of times that f(x) must be evaluated, and the only significant 
difference between one evaluation and another is that f(0) may be zero or more 
easily calculated than other values. If the labor of calculatingf(0) may be neglected, 
the number of evaluations of f(x) for the formula using the zero ordinate and of 
degree of precision 2n - 2 is n - 1, the same as the number of evaluations for the 
formula not using the zero ordinate and of lower degree of precision 2n - 3; other- 
wise the number of evaluations is n and equals that not using the zero ordinate of 
degree of precision 2n - 1. Anticipating the result of Section 3, we see that the 
error terms of the degrees of precision 2n - 3, 2n - 2 and 2n - 1 are, respectively 

(n -1)! r(n + S)f( 2n-)(2) (n - 1)! r(n + s + 1)f(2n-1(r) 
(2n-2)! (2n-1)! 

n! r(n + s + 1)f(2)(n) 

(2n)! 

Disregarding the unknown behavior of the higher derivatives, the ratio of the 
second coefficient to the first is (n + s)/(2n - 1); the ratio of the third coefficient 
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to the second is 1/2. Thus, for the values of n and s included in Table I, the first ratio 
is nearly 1/2; the error terms decrease in a uniform way; if the labor to evaluatef(0) 
is negligible, one should select the formula with the zero ordinate, otherwise use 
the formula with the same number of ordinates not including x = 0. For the larger 
values of s, such as some of those in reference [9], the first ratio becomes larger than 
1, and the selection of a most suitable formula cannot be stated so simply. 

2. Numerical Values of Abscissas and Coefficients. The abscissas aj and the 
coefficients Hj given in Table I following are derived from the requirement of maxi- 
mum degree of precision (E = 0 for f(x) a polynomial of as high degree as possible) 
of the quadrature formula 

0~~~~ n 

(1) f x e f(x) dx =Hf(O) + Hif(aj) + E. 

Since the aj and Hi, including H1 but excluding a, = 0, constitute a set of 2n- I 
parameters, the degree of precision is 2n - 2. 

Numerical values have been calculated by using the formulas given by Kopal 
[71. Equivalent formulas may be found in Mineur [10] and in Krylov and Fedenko 
[8]. (Facile comparison of formulas and numerical values is impeded by differences 
of notation. E. g., Kopal's HI does not include the factor 1 + s which is included by 
Krylov and Fedenko and in formula (1) herein; Krylov and Fedenko began formula 
(1) with Af(O) and run the summation from 1 to n so that their n is one smaller 
than the present n which is the same as Kopal's.) Krylov and Fedenko [8] have 
observed that the aj F 0 of (1) are the same as the aj of the formula not using the 
zero ordinate, but for a value of s increased by unity: 

fx+ etf(x)dx = Ex Kf(a,) 
i 2 

and that K, = Hjaj (j=2, ,n). 
The abscissas of (1) are roots of the polynomial 

(2) An (x) Ln'(x) - (n + s)Ln_1(x) = 0, 

where LnJ(x) represents the generalized Laguerre (or Sonine) polynomial. As given 
in [7], 

H. = _r(n)r(n + s) 
(n + s){L'n_(aj)12' 

but the present notation incorporates the factor 1 + s into H1. 
For each combination of n and s, the accuracy of calculated a's and H's has been 

checked by the relations 

, aj = (n -l (n + s), + +a= and EHj=r(s+1). 
i-i j=2 PF(s + 2) 1 

In no case do the calculated and theoretical values differ in more than the last two 
digits. Since there are obvious cases (e.g., H1 at s = 0, n = 11) in which the calcu- 
lated values are incorrect in the last two digits, it is expected that only 14 digits of 
H are reliable. The a's are probably good to 15 digits. 
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For s 0, comparison with the 8-place tables of [8] discloses that 17 of 240 
entries therein are incorrect in the 8th digit, presumably due to rounding, and 4 
cases (in their notation: A2 of n = 6, As of n = 12, A12 of n = 14, X15 of n = 15) 
of misprints or errors. Among the 24 possible comparisons with s = 1 of [1], there 
are 5 cases in which, rounding their a's to 16 figures, our last digits are in error by 
1 unit; there are 4 cases in which their weights and our ajs .Hj differ by one when 
rounded to 14 digits. Since reference [5] is known to the author only via Mathe- 
matical Reviews, comparison with it cannot be made. 

3. The Error Term. Since published formulas do not include that for the error 
term, this term is derived below, some of the essential ideas being found in [6]. 

If f(x) is a polynomial of degree 2n - 2 or less, it can be written 
n-2 Z~A n) 

(3) f(x) = An8(x). Z A Ar8(z) + E B An'(X) 
r=O k=1 x -ak 

where Ao0(x) = 1 and the B's are to be evaluated from 

(4) f(aj) = BjEd ( = 1, A , n 

and the A's are to be determined from the requirements 

_d n-2 n 

f(aj) [dAlnS(x)l i Arlr(aj) + Z (Bk + Bj) 
(5) Ax X=a k=1 ;kpdj 

An (X) 

(x - aj) (x - ak) x=aj 
( 2* n). 

Thus the left and right members of (3) are polynomials of degree 2n - 2 or less 
coinciding at the n points x = a3 and with equal derivatives at n - 1 points x= 
a3 # 0, hence are identical. 

If f(x) is not a polynomial of degree 2n - 2 or less, then (3) will not be exact, 
but must contain a remainder term: 

(6) f(x) = Ans W E A are(x) + AE Bk 8(x)+ R ( ) 
r=0 k= x X - ak 

and some form for R2n-1(x) is to be sought. We examine the possibility that 

(7) R2n-1(x) = KW() 

Let the right member of (3) be denoted by 0(x), and consider the function 

'(P) = f(X) - 0() -R2n-1(x) 

With A's and B's determined by (4) and (5), and with R in the form (7), 4(x) 
has zeros at x aj and vanishing first derivative at x = aj # 0. Then, selecting 
some arbitrary x = x different from all a3 , K(x) can be determined so that (4G) = 0. 
Then 4(x) has double zeros at x - aj (j = 2, * * *, n) and simple zeros at x = 0 
and x = x. Hence, by (2n - 1)-fold application of Rolle's Theorem, 

t>(2n-1)() _= f(2n-l)() 
- K(x) * (2n - 1) ! = 0 for some . 
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This permits writing the remainder term in the form 

R2n_1(X) = flln-1(t)! [Anf (x)1 X ?5 S : 5, max (aj , x). 

When (6) is substituted into the left member of (1), the terms of the first summa- 
tion vanish because they are orthogonal with respect to the weight function; the 
terms of the second summation become the nonremainder terms of the right mem- 
ber; the integral of R2n1(x) becomes E as follows: 

E = f seeX (f2n-)! [( dx, 0 5 t 5 max (a , x), 

f(E ) 

( 

2n) 

- 

___________ = f(2n 
-(17) Go1 ;8+1e -[An (X)]2 dx 0 < v o 

f(2nl-07) p0 8+1 - 

= - (21) o x 8+e- [As+t'(x)]2dx, 0 5 v OOA 

f(2n -1) (27)1 

= f(2n -1)! * (n - 1)! r(n + s + 1), 0 $ 0 ? cO. 
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