Computation of the Riemann Function for the
Operator 4"/6z19z: -+ 82 + a(z1, 72, -+, T)

By H. M. Sternberg and J. B. Diaz

1. Introduction. Riemann’s method [1] is, in principle, well suited for the nu-
merical solution of boundary value problems for the hyperbolic differential equation

(1.1) 3"u/01,022 + a(x1, T2)u = F(x1, 2).

One first finds the Riemann function, which is the solution of a homogeneous
adjoint equation subject to simple boundary conditions that are independent of
the given boundary data. The solution of (1.1), for any appropriate boundary data,
can then be obtained by evaluating a definite integral, where the Riemann function
and the boundary data appear in the integrand.

The main obstacle to the use of this method for numerical computation has been
the difficulty in finding the Riemann function. It was pointed out in a 1947 paper by
Cohn [2] that, aside from a(z;, z.) = constant and a(z1, ) = k(k — 1)
- (x1 4 z2)”?, which was treated by Riemann, there are very few cases where expres-
sions for the Riemann function have been obtained. One can, of course, use the
Picard method of successive approximations, but this is usually not practical. In
this paper we derive a simple recurrence formula for the Riemann function, for the
case where a(z1, 22) can be expanded in a Taylor series about the point where the
solution is sought.

We consider here the Riemann function for the operator L in the n dimensional
analogue of (1.1),

(1.2) L(u) = 8"u/8210%s « - - 0%n + (21, T2, -+« , Tn)u = F(x1, 2, -+, Tn).

It was shown by Bianchi [3], [4], [5] and Niccoletti [6], who treated the more
general linear hyperbolic equation containing pure mixed derivatives of all orders
through the nth, that Riemann’s method can be extended to this case. The solutions
of the characteristic value and the Cauchy problem for (1.2) are discussed in detail
in [7]. The Riemann function v for the operator L in (1.2) can be defined by the
integral equation

0(T1, T2y o Tnl PBry B2y vy Ba)

(13) =1—f:[:~~f“a(.§1,£2,~~,£n)

n

’v(Elyfza "",En: ﬂl,ﬂz, e ,ﬂn) dEldfz s df,.,

The solution of the characteristic value problem for (1.2) can, for example, be
written

u(ﬁlaﬂ2"",ﬁn)=1z(ﬂlaﬂ27"'yﬁn)
81 B2 Bn
(1°4) +/ ‘/; "'/ v(xl)x2;"'yxnzﬁl)ﬁ2y""ﬂn)

. [F—aﬂ](xl::@: te yxn) dxydzs -+ dan,
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where 4 is the solution of 9"u/dz:9x, - - - dx, = O satisfying the data given on the
hyperplanes z; = ;.
The present discussion is confined to the case where the function

a(xy, 22, -+, x,) is expandable about the point (8, 82, - - - , 8.) in a Taylor series
valid in the region |z; — B:| < r/. This is equivalent to the assumption that
a(xy, 22, - -+, Z,) is an analytic function of n complex variables. The Taylor series

for » then has the same region of convergence as the series for a (Section 4). Less
stringent regularity conditions can be applied to the function F and the given
boundary data.

2. The Recurrence Formula. To fix the ideas, the recurrence formula for v will
be obtained for the one dimensional case first. Suppose v is expandable in the
Taylor series

152 )
1 9

I

SIH

(2.1) v =1+ ;fi(x )

From (1.3),
0v/0z)mp = [a(2)0(2:8)]emp = a(B),
(2.2) 8%/92 e = 0(a0)/0%)pmp = [adv/0x + v0a/0%)emsp ,
0%/8z o = 0" N (a0) /32" op = a(B) 0/02 Vop + -

This method for finding the coeflicient f; in (2.1), from the previous ones, was
proposed by du Bois Reymond [8] for the two dimensional case.

Since all the derivatives 9'a/dz" are required in (2.2), one might as well use the
essentially identical, but simpler, procedure which consists of taking

- i 1 a"a
(23) 0@ = Lt -0,  a=42e]
together with (2.1), inserting these in (1.3) and equating coefficients. The result is
the recurrence formula

=1

(24) ’L:f,' = k;o a,'_l_kfk .

For the higher dimensional cases, the analogue of (2.4) is a convenient and practical
way to get the Riemann function. Its merit lies in the fact that the same coefficients
are not computed over and over again, as in the method of successive approxima-
tions.

For the Taylor series expansion of v in the n dimensional case let

(2.5) bay, o, -, xn) = (—1)"Ma(zy, 20, -+, Ta),

so that, from (1.3)

(2.6) Vy12..m = bv, V(Ta, o,y Tica, Biy Titay * * TniP1, P2y oo e, Bn) = L.
Let

0

@n b=3 3 - Z., Birigoin(@1 — B1) (@2 — B2) -+ (20 — Ba)™,

11=0 i9=0
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and

(28) v= 2 2 - ;z‘;of“'vzw..(xx — B)" (@2 — B2)" - (Ta — Ba)™,

11==0 19=0
where
1 air’-i ot -+i,,b

A I A B R ol o T o

and
i tigte 4,
(2.10) firigeovin = = = ‘1 — i‘? : 1.2 v 5 ]
T T2l vt Il axfail?gz e ax,," k=B k=1,2, +++ 1 0

Here, from (1.3), fw... = 1, and any other f;,,...;, vanishes if at least one of the 7’s

is zero.
The multiplication of (2.7) and (2.8) and the insertion of the result in (2.6)
leads to the recurrence formula for the coefficients in (2.8), namely,

i3—1 ig—1 in—1
(2.11) R 1,.f.‘1.'2....'n = Z Z te Z b‘il—-l—kl,ig“l"kg""yi”-l_k"fklkzﬂ-kn .
k1=0 ko=0 kn=0

Once the Riemann function, corresponding to a particular function
a(zy, T2, -+, Ta), 18 known, the characteristic boundary value problem, for ex-
ample, is reduced to one of evaluating a multiple integral [see (1.4)]. The numerical
computation proceeds as follows: For a fixed point (81, 82, - -+, 8.) at which the
solution is sought, the coefficients fi,s,...;, are calculated, to any desired accuracy,
from the recurrence formula (2.11). In general, these coefficients will be functions of
Bi, B2, Bn. The grid points (1, %2, *++, 2,) to be used in evaluating the
integral in (1.4) are then selected. For each of these points v(x1, x2, -+, z. : B,
Bz, -+, Bx) is calculated, using (2.8), and stored. The solution of (1.2) at the
point (81, Bz, -, Bx) is then obtained for any appropriate set of boundary data,
by the numerical integration of (1.4), using the stored values of ». The same » can
also be used for the solution of the Cauchy problem for (1.2). Here, too, the solution
can be expressed in terms of an integral containing v [7].

3. Examples.
A. To test the method, the recurrence formula (2.11) is used here to calculate
the Riemann function v for a case where v is known explicitly, namely,

(3.1) L(u) = d"u/ondzs — (2/(21 + 72)*)u.

Here, the Riemann function, which must satisfy

(3'2) a2v/axlax2 - [2/(%1 + x2)2]v = 07 U(xl ) 32:31 ) 62) = v(ﬁl ) xQ:Bl ’ 62) = 1.
is

(z2 + B) (21 + B2) 1
(@1 + 22)(B1+ Be) '

For comparison with (3.3), (2.11) and (2.7) were used to calculate v(x;, 2211, 1)

(33) v(@r, 222 B, Be) = 2



565

COMPUTATION OF THE RIEMANN FUNCTION

6298L260° 628€L360° L208CL80° ¥20L€9L0° —| 61960190° FI0V9E¥0° L¥998920° SLLTVETO" 18G88%00" 929.6000° 0 01
628ELT60° TE€061860° 1€061860° 629S9160° ¥¢cGe8L0° 08%2¥090° 026820%0" 992L6130° 9068.800° CT€S6100° 0 6
L808¢2.80° TE061860° 898LYOT " 8982701 —| 696L9960° 0%995080° GLE6G8S0" GZ9818E0° 00629ST10° G2906€00° 0 8
¥20L£920° 6CV¥9160° €898LY0T " L6C6LCIT" L6C6LCIT" 90685301 " GcI1€0C80° 0G.L89%50° GLEVELTO" SPCI8L00° 0 L
61960190° ¥$2Ccgee8L0° 696.9960° 26T6L311" —| L8LVOSTT” L89%0€CT " 006.€60T " GC180280° 00G289%0° 00G29S10° 0 9
$I079€30° 08¥2¥090° 0%995080° 9068S20T " L89%082T " GL8TLIET" GL8TLIET" 0GL8TLIT" 0082180 000621€0° 0 g
L¥998920° 02€850¥0° GL869850° GTT1E0280° —| 00SLE60T" GL8TLIET" 000G29ST” 000S29ST” 00000831 " 00005290 0 4
8LLEVETO’ 992L6130° GCIS1CE0" 0G.89%50° GC1E0280" 0GL8TLIT" 000SG9ST” 0000SL8T" 0000G8T" 00000S3T” 0 €
18288%00° 9068.800° 00829S10° QLEYELTO" —| 00GL89T0° 00SC18L0° 00000521 0000581 " 000000SG 000000S3 " 0 4
96926000° CTE€S6100° 62906800° 062I8L00° 00G29S10° 000S3180° 00005290° 00000831 " 000000SG” 0000000¢° 0 1
0 0 0 0 0 0 0 0 0 0 1 0

3

01 6 8 L 9 g i 4 g 4 T 0 :

-
B9

ayp 40f (1 ‘1:%2 ‘1T)a

(3% + 12) /g — xeire/.0 L01miado

uooUNf uuDWILY oy} fo UowUDdLs oY) UL “2f 811200 Yy T,

I FIEV],



566 H. M. STERNBERG AND J. B. DIAZ

TaBLE II

The nth partial sums and the exact values of the Riemann function v(z:, z2: 1, 1)
for the operator 9%/3:0xs — 2/(x1 + x2)%.

(:121 ’ x2)

(.8, .8) (.6, .6) (4, 4) (.2, .2)
n=1 1.020000 1.080000 1.180000 1.320000
2 1.024400 1.118400 1.320400 1.678400
3 1.024932 1.129408 1.390708 1.952832
4 1.024992 1.132326 1.423464 2.151078
5 1.024999 1.133078 1.438273 2.290932
6 1.025000 1.133269 1.444859 2.388318
7 1.025000 1.133317 1.447759 2.455571
8 1.025000 1.133329 1.449027 2.501749
9 1.025000 1.133332 1.449579 2.533320
10 1.025000 1.133333 1.449818 2.554834
Exact value 1.025000 1.133333 1.450000 2.600000

for several points (21, x2). In two dimensions, the recurrence formula (2.11; is
i1—1 ip—1

(3.4) Tiafiye, = kZO kZo biy1-ky,i0-1—k oSk 1ks »
R 1=0 ko=

Jo=1,  foj =fio=0 for j==0.
For b = 2/(x, + z)* the coefficients in (2.7) are
(35) by = 2(=1)™MG + j + D)YY1(6 + 62)*.

The coefficients fi,;, in the expansion (2.8) for v(x;, x2:1, 1) are listed for
1, 72 £ 10 in Table I. In Table II, the exact values of v(x, z2:1, 1), obtained with
(3.3), are listed for several values of (z;, z»), together with the nth partial sums
calculated from
(3.6) o™ =1+ .21 Zlfilig(xl — 1)z, — 1)

11==1 19==

B. It is evident from (1.4), and the analogous formula for the solution of the
Cauchy problem [7], that the value of the solution of (1.2) at the single point
(81, B2, ,PBx) can be found, for any appropriate boundary data, if the Riemann
function » is known for that point. Consider the operator

(3.7) 3"/0x10z2 - - - 3z, + a(o),

where

(3.8) G =Ty Tn

To find the Riemann function v for (81, B2, -+ -, B8.) = (0,0, ---,0) let
(3.9) b(e) = (=1)""a(0),

(3.10) b= 53 bio',

=0
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and
(3.11) r=14 2 fo'
=1
For this special case, the recurrence formula (2.11) becomes
i—1
(3.12) ifs = Z bic1—fe .
=
Now suppose
K,
1 =
(3.13) b 1— Ko
where K; and K, are constants. Here, the coefficients in (3.10) are
(314) b,‘ = Klei, lKga’l < 1.
From (3.14) and the recurrence formula (3.12),
(3.15) 'l'nfi = [K] + Kz(’l: - l)n]fi_.l .

Now, from (3.15),
(7 — )i = [Ky + Ko(i — 2)"fie,

(1 — 2)fis = [K1 + Ku(4 — 3)"fos,
(3.16) e
2f = (K1 + Ko)fi,
fi =K.
Multiplication of the terms in (3.15) and (3.16) leads to the coefficients in the ex-
pansion for v(z;, 22, +++, 2,20, 0, - -+, 0), namely,

(3.17)  fi= Ki(Ki + K2) (K 4+ 2°Ks) -+ (K1 + (¢ — 1)"Ky)/[iY"

The substitution v = »(¢) in (2.6), with a = (—1)""K,/(1 — Kus), results in
an ordinary differential equation for which

(3.18) v=1+ Z_)l fa',
with f; given by (3.17), is a particular solution. For example, in two dimensions
(3.18) is the solution of the hypergeometric equation
dv | dv K,
7 do? + de 1 — Kio
and for n = 3, (3.18) is the solution of
2 dav K1

dv | dv
(3-20) a@+3aa?2+d_a‘+mv—0, U(O)—l.

(3.19) v=0, v(0)=1,

4. The Convergence of the Expansion for the Riemann Function. The series
(2.8) for the Riemann function will converge in the open region about
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(B1, B2, -+, Ba) where (2.7), the expansion for b, converges. This can be shown as
follows: Suppose that (2.7) converges in the region | z; — 8;| < r/. Let M be the
maximum | by, ..., | in this region and let

M

(4.1) B=[l_xx—Bx:”:l_xz—ﬂz]m[l__xn—ﬂﬂ:l’
7 T2 Tn

where 0 < r; < .. Denote the expansion for B in | z; — 8;| < r; by

(42) B= Z Z: Z Biyige.in(®1 — B1) (22 — B2) - -+ (20 — Ba)™,

211=0 $3=0

and confine the discussion to the region | x: — B | < r: < r/.Here (4.2) dominates
(2.7), ie.,

(4.3) Bipgonn = boyiyia| -

The solution of

v .

3"V /ox0z; - - - 0z, = BV,
(4.4)
V(wy, 2oy ooy Ticey Biy Tigry o0 5 TaiPr, Boy oo 4Bn) = 1

can, in its domain of convergence, be written

(45) V=1+ Z Z Z Ftne 1n(x1 61)1'1(582 - ﬁz)i2 e (T — Bn)i”-

11=1 i=1

The coefficients in (4.5) are obtained from (2.11) as

13—1 79—1 ip—1
(48) Gty GaFiignn = 20 2 o0 20 BiikyietokgeesiictnF kg b -
k1=0 ko=0 kp,=0

Since the coefficients B;,,...;, are positive, it follows from (4.3) and (4.6) that (4.5)
dominates (2.8), i.e.,

(4.7) Firigeiin 2 | fivigein] -
To find the region of convergence of (4.5), consider the constant coefficient equation
(4.8) "V/0kdk - - 8k = MV.

Bianchi [3] obtained the solution of (4.8) as
V(gl’ £2) ) En:ﬁly 62’ 7Bn)

4.9 hd . .
(49) =1 3G =~ 806~ B (8 — BTG

This result, (4.9), is also evident as a special case of Example B, Section 3, with
K, = 0. The transformations

( T T ﬂi)k
(4.10) £ — Bi= —r;In [1 - T] Z xkr =1

k=1

convert (4.8) into (4.4). From (4.9) and (4.10), the solution of (4.4) can be written
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(411) V =1+ fé{a/j:)"[(—l)wm, coora I In (1 - ”i_“ﬁ)]’}

=1 ri

Since (4.5) is equivalent to (4.11), it converges in the region |z; — 8:| < r;.
The series (2.8) for the Riemann function, since it is dominated by (4.5), must
therefore converge in the region | z; — 8;| < r: < 7;.
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