Bounds for the Two-Dimensional Discrete
Harmonic Green’s Function

By Moshe Mangad

Abstract. Estimation of bounds for the two-dimensional discrete harmonic
Green’s function is obtained. These estimations can then be used to obtain approxi-
mate solutions to two-dimensional boundary problems associated with the har-
monic difference operator.

1. Introduction. In dealing with partial differential operators, it is desirable to
obtain the “free-space” Green’s function (valid in the entire space under con-
sideration) for the Laplacian operator, A, which permits writing solutions for bound-
ary value problems in integral form [4].

A similar situation exists in solving boundary value problems associated with
partial difference operators. It is desirable to find the analog free-space discrete
harmonic Green’s function g(m, n), which permits writing solutions in summation
form for the boundary value problems of the difference equations [1]-[3].

Unlike the two-dimensional continuous case, where the Green’s function is
known to be log 7, an exact estimate for g(m, n) (where m and » are integers and
where the mesh widths are unity) is not available (see [3] and [6]). This is because
the evaluation involves an elliptic integral (see Eqs. (6) and (7)) ; only asymptotic
estimates for g(m, n) are known.

In this paper, we obtain explicit bounds (see Theorem 1) for g(m, n) which yield
very reasonable numerical estimates for intermediate values of m and n. Then,
by making a suitable transformation, similar results are obtained for the discrete
harmonic Green’s function g,(Q), associated with mesh widthsh inz and y (x = mh,
y = nh).

2. Known Results. Let D be the harmonic difference operator; i.e.,
0 Du(m,n) = u(m + 1,n) + u(m — 1, n) + u(m,n 4+ 1)
+ u(m,n — 1) — 4u(m, n),

where m and n are integers. Then, g(m, n) is defined [2] as the unique solution of

(2) Dg(m, n) = 0, except at (0, 0)

(3) Dg(0,0) = —1

(4) 9(0,0) =0

(5) the first differences of g(m, n) — 0ask = (m* + n*)"* - o.

Duffin and Shaffer [3] showed,; by means of an operational calculus based on Fourier
series, that

1 [* "1 — exp [ilmz + ny)]
(6) glm,n) = @r) .[ f_ 4(sin? 2/2 + sin? y/2)
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On the other hand, McCrea and Whipple [6] showed, by considering a two-di-
mensional random walk problem, that

1 ("1 — exp [—| m]| y] cos nx
(7) glm, n) = 5- A Snhy dx.
with
(8) cos ¢ + cosh y = 2.

The asymptotic estimates obtained by [3] and [6] are, respectively

1 3 1
o glm,n) = 2—T[logk+§log2+'y:| +0<’;§>

as k= (m'+ n)'"* > =,

(10) g(m,n)=—1- loglc+§log2+'y:|+o -1—> as k — o,
2 2 k
Here v is the Euler’s constant.

3. Statement of Main Results. The main results of this paper are contained in
the following theorem, which will be proved in Section 5.

TuEoREM 1. If k' = m’ + n’ 5 0 and the mesh widths are unity (i.e., m,n = 0,
+1, £2 etc.), then
—53-6

k2

53:6
122 k2
Let P = (zp, yr), @ = (%o, Ya), and m = (xq — zp)/h, n = (yo — ye)/h. If

p = PQ = ((xq — zp)* + (Yo — yr)?), then the bounds for the Green’s functions
gr(Q) associated with mesh widths h are

53 6h? 3 53-6h 5
o < 2m9p(Q) — logp —5log2 — v = 5 +1—272,p

(11a) =< 2rg(m,n) — logk — glog2 — 7y = +

(11b) = h >0.

Remark. As will be shown later, estimates (11) could be improved to also con-
tain terms of the form O(1/k*) or O(1/p"), O(1/k%) or O(1/5°), ete.

4. Preliminary Results and Lemmas. To obtain explicit bounds for g(m, n), we
shall use representation (7) with the two properties:

(12) g(m) n) = g(n) m)
and

1< 1
(13) g(m, m) = ;;M_—I

obtained in [6]. Next, one notes from Eq. (7) that g(m, n) = g(m, —n) and, hence
(14) g(m: n) = g(m) _n) = g(”) m) = g(ny _m) = g(_m1 n) = g(_m1 _n)°

This means that it is sufficient to consider the behavior of g(m, n) form =2 n = 0
and, without loss of generality, assume that m = 1. In addition, for any given z,
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we shall consider only the non-negative values of y determined by relation (8).
From Eq. (7),

mxT — cOoS NI
)e-""’ dz.

(15) 2xlg(m,n) — g(m, m)] = jod (cos sinh g

When m is large, the important part of the integral above occurs with small values
of z. Accordingly, we divide the range of integration at e, defined by ¢ = m™".

Next, define

a0
COS MT — COS NI
A= f ( )e""’ dz;
o z

[
COS mr — COSnNx
B =f ( ) ¢ d
€

X ]
(16) i
0 - f (cos mz — cos nx) ™ das
. sinh y
€ e-m:/ e-mt
D = f [cos mx — cos nx][ - — :Idx.
o sinh y z

Then, by relation (15) and by letting A* = A 4 2rg(m, n), there results
(17) A* — |B| — |C| — |D| £ 2rg(m,n) = A* + |B| 4+ |C| + |D]|
4.1. Bounds for A* and | B |. By using Laplace transforms,
A = Llog (m* + n*)/2n’.
Next, it is well known [5] that

(2° — 1)B,

- 1 1 B
(18) Z-—.————§('Y+logn)+log2+8_n2 STt

+ o

where the B,’s are Bernouli-type numbers given by B; = %, B: = 4%, ete. Combining
results, therefore, we have the following bounds for A*:

3 1
< A* — -2 —y £ — >
(19) 04 log k 2log2 Y S g m =1
Finally, by recalling B from Eq. (16), it is easily deduced that
(20) | B| < 2m™® exp [—m™"?), m = 1.

4.2. Bounds for | C |. To find bounds for | C |, the following lemma is needed:

LEmMA 1. If e S 2 < 7, where 0 < € < 1, then y > 9¢/10.

Proof. By considering the series for cosh y = 2 — cosx and cosh 9¢/10, it can
easily be shown that cosh y > cosh 9¢/10, so that y > 9¢/10.

Using Lemma 1 and the fact that 1/sinh y < 1/y < 10/9¢for0 < e = 1, ¢ <
z < =, one obtains, after neglecting negative valued terms,

(21) | C| < 22rm'® exp [—9m™*/10], m

v
—
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4.3. Bounds for | D |. To obtain bounds for | D |, the intermediary imequalities
contained in the following lemma are needed:
Lemma 2. If 0 < z £ 1, then

(22) czyzz—a/10
(23) sinh y = 92/10

(24) sinh z < 62/5

(25) cosh z < 8/5.

Proof. cosh y = 1 + */2! 4+ 4*/4! 4+ ... =2 1 + 4*/2 and cosh y = 2 —
cos z £ 1 4+ */2. Therefore, y < z. Next,
2 4

z x
= —_ .Z _——
coshy = 2 cos'c__1+2 31
and
3 2 4 2 4
z = R L ¢
cosh(x T) l=cosht—1 2+ 4[1+5-6+5-6~7~8+ }
£ £t ] £ 25t
S_ —_ —_ —_ PEREY = — —— =
_2+24|:1+52+54+ 2+24(25—t2)
_2t 20— 200" | 10% — 40002° + 6002° — 40z° 4+ o _ | _ o' 9
2 200 962500 — 10022 -+ 20z* — 28 = =2 200
Hence
x3 2 9z 2 2
— )= — ——_—_ < — — — <
cosh<x 10>=1+2 200—1+2 24_coshy
and, therefore
3
z
> — 2
vy=*" 10"
Now
3
. z z 9x
>Sy>p—2_ > — 2 =2
sinhy 2y =2z 10=x 0= 10"
Therefore,
3 5
. x z z z
. _x(ez—l)<6x
= zsinh1l = 5 =5
Finally
36 z 36 61

2 = 1 2 S ’-—"—S S= = arF
coshz=14sinh"z =1+ 95 = 35 = a5
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80 that

coshz < &.

This completes the proof of Lemma 2.
Now, from Eq. (16)

€ —my —mz
ID| <2 f € _ ¢ \a
o | sinh y x
However
e™ _e™| _| ™ _ €¢™ sinhuz
sinh y z sinhy sinhz =z
_ e——my _ e—mz 1+x'2+1:4+“'
sinhy sinhz 317 5!
e—my e—-mz e—mz x? z i }
sinhy sinha smhx( + +7_+”.>'
Therefore,
€ —my —mx
lD l = 2(d1 + dz), where dy = f —— '——‘-‘—e
o |sinhy sinhz
and

€ —mz 2 4 6
e A A
@‘£5ﬁ3%+5+ﬂ+“)“
We shall first consider d; . Let f(z) = ¢ "*/sinh z, so that d, = [o° | f(z) — f(y) | dx.
Since m = 1 is assumed in all of these estimates of g(m, n), we need only to con-

sider z in the range 0 < z < 1 (as in Lemma 2). By the Mean Value Theorem, we
have

m:l%x—wlﬂalm

where

y=tse
Now

L)) = o hze (m sinh £ + cosh £)

and, since

y=§=rx,
we have

sinh y < sinh ¢ < sinhx and cosh ¢ £ cosh z.

Therefore

_my

I = (m sinh £ 4+ cosh z).
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But from Egs. (22) through (25), we have

—m —m(z—z —m(z—2 —9mz . 811:
e y§e ( 3/10)§e ¢ /10)=69/10, Smhzy—loo 5_,
and
m sinh x + cosh z =< 6%—]—%
Therefore
—9mz (10
' <€ (6mzx + 8)
lf) | = i
and, hence
€ 3 —9mz/10 €
< T e (6mz + 8) 3m 2 —9mz/10 1 f —9mz/10
dy = L 10 i dx = 30 z'e dr + 5 xe dx.
Substituting e = m ™" then, after droppmg negative valued terms, there results
160
(26) b S s, mz 1.
In considering d, , let
2 & 2 z’
where
2 4 2 4
T z x T 16 16
= A T S DU Yo oo = 2 < 2
S l—i_4~5_l-4-.5'>-6~7_l- _1+42+44+ 16 — 22 = 1
Hence,
2
?8 8 _a*
31 = 5 -5

Furthermore, by Eqgs. (22) and (23), sinh z = 92/10 and, therefore,

dy < 2/9 [ ze " dx < 2/9m’, m = 1 (after negative terms have been dropped

and ¢ = m * has been substltuted) Combining the above results, we obtain

2 (160 2 9
(27) D] =20+ d) = w(m%)gw’ mz L

5. Proof of Theorem 1. Letting

2/3
F(m) = 2m " exp [—m®"] + ?L)Im/ exp [_ 9m :|+ 9

and
G(m) = m’F(m)
one notes that

g—G-<O for m = 8.
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Therefore, G(m) is a monotonic decreasing function for m = 8 i.e.,
G(8) > G(m), m = 9, 10, 11, ete.
One may also verify that

max [G(1), G(2), ---, G(8)] = G(8) = 26-80.

Hence
G 26-
(28) |Bl+|C|+|D]| = (§)=—2i0.
m m
Combining this with Egs. (17) and (19), one obtains
_G@B) _ _ _3 < 1 G(8)
(29) = 27g(m,n) — logk 5 log2 — v = S + i
where
m=zn and m=1,2,3,---.
Finally, since m* + n’* = 2n’, we are led to
53-60 3 5360 1
(30) - §21rg(m,n)—logk—ilogQ—'yé—kz——+1—2—E.

This completes the verification of estimate (11a). As for estimate (11b), it follows
from the definition
Dgr(@) == L P =g 0if P = Q

and from the fact that

9:(@) = g(m,n) + §1~ log h.
™
To verify the remark following estimates (11), we shall make use of Eq. (18)
by taking more terms in that series. The estimates for | B |, | C' |, and | D | remain
unchanged, while only A* changes. For example, by taking an additional term in
Eq. (18), one is led to

1 7 * 3 1
—_—_ < — - = - YT
(31) 513~ o0 = A log k& 5 log2 — v < Sam?
and, hence
1 53-60 7 3
si T g foow = 2m0(®DP) —logk —glog2 —y
(32) 53.60 1
< 2y -
== T

This process of taking more terms in relation (18) may be continued indefinitely.
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