Estimates for Some Computational Techniques
in Linear Algebra

By Shmuel Kaniel*

1. In this paper we shall be concerned with two methods. The first one is that
of conjugate gradients or least squares used for approximate computation of Az = f
where A is a positive definite (symmetric) n X n matrix [2, 3, 6, 11]. It amounts to
minimizing (with respect to the a;) the expression:

(1.1) HA’Z;WA‘J’—J'

where k is a predetermined integer (usually much smaller than n) and where || ||
denotes the L’ norm. Then g = Y .*_: a;A'f is taken as an approximate solution.

The second method is the generalized gradient or minimal iteration method used
for an approximate computation of eigenvalues and eigenfunctions [3, 5].

It can be described as follows: Denote by H;, the subspace spanned by the vectors
f, Af, --- , A*f; denote by P the orthogonal projection on Hj and by B the restric-
tion of PA to H; (it is a well-defined £ + 1 X k 4 1 matrix). Then g, , the largest
eigenvalue of B is an approximation t0 M.y , the largest eigenvalue of A4, likewise
Emin ApProximates Amin (we exclude here certain singular cases). There are, though,
quite a few computational techniques for a numerical solution of this problem.

In Section 2 we shall discuss the matrix B. In Section 3 we shall establish a
minimax property of general positive measure that will be needed in Sections 4
and 5.

In Section 4 we shall derive estimates for the conjugate gradients method. In
Section 5 we shall discuss the rate of convergence of the generalized gradient method
in terms of \; (the eigenvalues of A). It turns out that we get fast convergence for
the leading eigenvalues of A (positive or negative); the convergence process for the
positive eigenvalues is not perturbed so much by the existence of negative eigen-
values having large modulus and the effect of having two close eigenvaluesis limited.

Let us note that there are some global estimates of the error that do not depend
on the initial function f nor on the distribution of the eigenvalues of A. These
estimates depend on % and || 4 || only [9]. However the “guaranteed” rate of con-
vergence is very slow and can not serve as a basis for computational techniques.
In these estimates the convergence is not necessarily towards the largest or smallest
eigenvalue.

The reader will notice that the order of the matrix A does not play any role.
Therefore the estimates presented in this paper can be carried to the more general
case where 4 is a Hilbert space operator. The theorems and proofs are exactly
the same.

2. The Auxiliary Matrix B.
ProposiTioN 2.1. Let p(z) be a polynomial satisfying | p(\:) | < € where \; are
the eigenvalues of A then for any vector f € H: || p(A)f || £ €| f].
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ProposiTion 2.2. If for some p and f: || Af — uf || = € f | then there exists )
etgenvalue of A so that |\ — u| = e.

These two propositions are a direct consequence of the spectral decompositio
theorem.

Let us prove now:
TuroreM 2.1. Let p(z) be a polynomial of degree at most k satisfying | p(u:) | <
where u; are the eigenvalues of B then:

(2.1) I 2(Af] = €l FlI-
Proof. B operates in H, C H so for any ¢(z): ¢(B)f is well defined and belong
to Ié\?é shall prove inductively that for¢ = 0, 1, --- , k, A’f = BY. Indeed:
A'f = PAYf = PAA™'Yf = PA(PA)"'f = BB"'f = BY.
Therefore if p(x) has degree at most & then p(A4)f = p(B)f. Now by Proposition 1
Ip(B)f || £ ¢ from which (2.1) follows.

PropostTION 2.3. If \* is the ith largest eigenvalue of A; u.* theith largest eigen
palue of B; \;~ the ith smallest eigenvalue of A; u: the ith smallest eigenvalue of B then

(2.2) Al 2Nzt
(2.3) —[A EN = ui.
These inequalities are direct consequences of the minimax principle. For example
A= min max (—ALL]:-)—
Sirde i1 SLénda b ”f”
> min max ——(Af /) fe€ H,

b i1 SLéde b ”f”l ’

. (Af, 1)
= min max ,
|20 2N 20 S K ZTLERN 2 31 “fH2

f € H;

where ¢; = P¢; . If (¢1, -+ -, ¢i_1) get all possible values in H then (1, - -+, ¢¥iq)
get all possible values in Hy . Moreover for f ¢ H; we have by the definition of
B: (Af,f) = (Bf,f) so by the minimax principle the last expression is ..

TrrorEM 2.2. If B has a multiple eigenvalue then A is invariant in H, and B s
the restriction of A to Hy . In this case if A™'f exists it belongs to H, and the eigenvalues
of B coincide with some etgenvalues of A.

Proof. It is sufficient to prove that A is invariant in H, because then for any
g € H., Ag = PAg = Bg and the other properties are well-known properties of
invariant subspaces. This can be restated as proving that for any j:

1

(24) A'f = ;)a,-jAff, I <k,
which will be proved by induction.

Let g1 and g» be two different eigenfunctions that correspond to the same eigen-
value u. g1 = Z',Lo BAf; go = Z'Lo v:A"f. There exists a linear combination of

k—1

g1 and g, that satisfiesg = D "3 a:A'f. We have by the definition of P:
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k—1 k—1 k—1 k—1

0 = PAg — ug = PAY, aidf — u) Al = DA™ — u > asA'f.
i=0 =0 ] 7=0

7=

So for some I < k we have:
l

(2.5) A™Y = 3 aand.
=0

Suppose now that (2.4) holds for j:

-1

1
Aj+lf = AAJf = AZa.,Atf = Zoaiin-Flf + aszl-Hf
i=0 i=

-1 1

= ; aﬁAHlf + aljgo a{z+1A':f.

The last expression can be regrouped as in (2.4) to complete the induction and the
proof of the theorem.

TrEOREM 2.3. The conclusions of Theorem 2.2 remain valid if some eigenfunction
of A belongs to Hy, .

Proof. In view of the proof of Theorem 2.2 it is sufficient to establish (2.5).
Indeed, since we can express the eigenfunction g asg = 2 +_oa:A"f where | < k
it follows that the equation Ag — A\g = 0 can be written in the desired form.

3. A Minimax Property for Measures.

TuEOREM 3.1. Let V be a positive measure supported by the interval [, 8] and
satisfying: | V| = [%dV = C. Let v be outside [a, B8]. Let q(z) be polynomialsof
degree not more than k that satisfy q(v) = 1. Then:

B 12 _ N\
@) min ([t @) = [ (2 D) ]

where Tr(x) is the Tchebisheff polynomaial of order k i.e.
To(z) = 3z + (& = D' + (@ = @ = D',

Proof. Without loss of generality we can transform a« to —1 and 8 to 1. This
way v will be transformed tov = (2y — (8 + «))/(8 — ).

Let us allow the function under the integral sign to be any polynomial p(z)
of degree 2k that is nonnegative on [— 1, 1] and satisfies p(») = 1. This set is
convex and compact. The set of all positive measures ¥V on [—1, 1] that satisfy
| V| = Cis convex and compact in the weak™ topology of C(—1, 1) (uniform con-
vergence). Moreover:

[ i) + = 0pae)} ¥ = ¢ [ @) a7 + (1= 0) [ () av.

1 1 1
[ @ am+a—ovi=t[ p@avi+ -0 [ pe)av..
These are the standard conditions [10] that insure:

sup min [ p(z) dV = min max fp(x) av, p(») = 1.

|v|=c p(z) p(z) |V]|=C
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For any fixed polynomial the measure that maximized the integral is Cé(z,) where
%o is a maximum for p(z). Hence:

min max fp(x) dV = min max p(z)-C, p(y) = 1.

»(z) |V|=C p(z) —1<z<1
It is well known that this minimum is attained for the polynomial [T%(z)/T%(»)]".
Thus the proof is complete.
Remark. The theorem can be inferred from [13]. We believe that our proof,

though not elementary, is shorter.

4, The Conjugate Gradients Method. In this section we shall use the theory of
polynomials of best approximation.

Definition. Let f(2) be a continuous function on a closed set of complex numbers
D. Let k be a fixed integer.

A polynomial ¢(z) of degree at most & is said to be the polynomial of best approxi-
mation to f(x) on D if:

rgﬂgl t(z) —f2) | = a

while for any polynomial 7(z) 5 {(z) of degree at most k:
max [ r(z) — f(2) | > a.
2¢D

If D contains at least £ 4+ 1 points then ¢(z) exists and is unique.

We shall use the following particular case:

TueorEM 4.1. Letx; ,7 = 1, --- , k + 2, be real numbers satisfying: 1 < 2z - - -
< Tipz and let {y},7 =1, - -+ , k + 2 be any sequence of real numbers then the poly-
nomial t(x) of degree k that comes closest to y; on x; satisfies:

(4.1) tx:) — yi = (—1)"na

where n = *1.

Conversely if t(x) satisfies (4.1) for some a then it 1s the polynomial of best approxi-
mation to y; on x; .

This is a well-known theorem. For the proof ef. [15].

Now we can restate the minimization problem as follows: Find the polynomial
p(z) that has degree at most k and satisfies p(0) = —1so that || p(4)f || is minimal.
We can estimate the error || p(4)f| by estimating || ¢(A)f || where ¢(z) is any
polynomial satisfying: ¢(0) = —1. In view of Theorem 2.1 a good choice of ¢(z)
will be the polynomial that has least deviation from zero on u; . In order to find it
let us consider the polynomial of best approximation to —1 on 0 and to 0 on pu:,
i=1,2, ---,k+ 1 (k -+ 2 points in total). Define a polynomial r(z):

k+1 H (z — ,Uri)
r(z) =2 (-1 2.
i=1 I Gy — o)
]
It is easy to see that 7(g;) = (—1)7 and that ¢(z) = —r(x)/r(0) is the desired
polynomial so we have:
TrEOREM 4.2. Let g be the approximate solution of Ax = f which is constructed by
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-1
> sl
where w; are the eigenvalues of B.

If we define T'(z) to be the polynomial that has the least deviation from 0 on
the interval [umin , umax] and satisfies T(0) = —1 we can use it to get a simpler
estimate than (4.2). If the deviation from zero is ¢, then | T(u:) | £ ¢ and we may
apply Theorem 2.2. It is well known that:

—1
—T(x) =T (I"max + Umin _ 2 x)[Tk <Iltmax + ”mln)]
Mmax — Mmin Mmax — Mmin Mmax — Mmin
and that the deviation e is the last factor. So we get:
TaEOREM 4.3. Under the hypotheses of Theorem 3.2 the following s true:

(43) 49 =51 & [ (e D) [T

max — Mmin

the conjugate gradients method. Then:

I wi

ij

H (wi — )
i

kt+1

(4.2) |49 —fl = <Z

=1

Itis obvious that (4.3) is worse than (4.2). If we use inequality (2.2) we can reduce
(4.3) to:

@y ag—gi s [n (e [Ty,

)\max - )\min

This result is known [13]. It can be established without using the auxiliary matrix
B. It follows directly from Proposition 2.1. Certainly (4.4) is worse than (4.3).
In the general case one can hope that (4.2) is considerably better than (4.4) as the
following example shows:

E-'l;ampl& If >\min/>\max 8 Small, Bmin = p1 < M2 < 0 < M2ktl = Mmax and Mit1 —
wi = d, then estimate (4.2) yields:

g = 1 <[ ()] gl g

Mmax Mmin

Estimate (4.4) results in:
149~ 71 s [m (R B2 [Py sn (12 (B ) ) ™ g,

)\max - )\min

The first estimate is obtained by taking into account only the middle term of
(4.2), while the second estimate is obtained by approximating T%(1 4 §) by
1 1/2\k
(1 + (26)7)"

We did not assume a particularly favorable distribution. A look at (4.2) reveals
that if two eigenvalues are close one to the other, then the right-hand side of (4.2)
is very small. In the limiting case where the two eigenvalues coincide we get
Il Ag — f || = 0. This result can be inferred from Theorem (2.2).

Nevertheless, estimate (4.4) cannot be improved. This fact is known [13]. Let
us use Theorem 3.1 in order to prove it. By the spectral decomposition theorem we
can find for any operator A and any function f € H a positive measure V so that:
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)‘max )‘max
Vi=[Tav =10 e = [ la@ay
for any polynomial g(z). So if we substitute in Theorem 3.1 Apin for @, Mn.x for
B and 0 for v we get that the right-hand side is equal to

Tk(()\max + )\min)()\max - )\min))

proving (4.4) and showing that it is the best possible.

Still we have:

THEOREM 4.4. If in (4.4) the equality sign holds for k = m then we get an exact
solution for k = m + 1.

Proof. If the equality sign holds it follows that pmax = Amax - Let Bh = umax h
hence:

(AR, h)

)\max = Mmax = W .
Therefore by the minimax principle A4 is an eigenfunction of A. By Theorem 2.3 it
follows that A is invariant in H; therefore there exists ¢ € Hy so that Ag = f,
(Observe that in (1.1) we minimize the expression || Ah — f|| where h € Hy_.)

5. The Generalized Gradient Method. This method uses moments so like any
other method of its kind [1] it detects only the eigenfunctions that are not orthogonal
to the initial vector f. This means that we compute the eigenvalues of the restriction
of A to some invariant subspace of H. In order to simplify the notations let us keep
the same letter A for the reduced matrix. Therefore, we may assume that the eigen-
values of A are simple and that f is not orthogonal to any eigenfunction.

Let us denote the eigenfunctions of A corresponding to ;" and \,” by ¢," and
¢ , respectively. We shall also denote the eigenfunctions of B = PA corresponding
to u:t and ui” by i and ¢, First of all let us establish an estimate for the approxi-
mation of the largest (smallest) eigenvalue.

TurOREM 5.1. Let d denote the distance between Amax and the rest of the eigenvalues.
Let f be normalized: || f || = 1 and let b denote (f, dmax)- Let k be chosen and B be con-
structed. Then:

—2
(5.1)  Mmox 2 fimer = Apay — ez Amin [Tk (A“‘“" — Min + d>] .

b2 )\max - )\min - d

Proof. By the spectral decomposition theorem there exists a positive measure
V that is supported by the interval [Amin , Amax — d] and the point Ama.x so that:

1

Apax—d
2 _ _ A2
= 1vi=v+ [ v,

| q(A)fI?

)‘mnx
COmt + [ (@) V.
Let us try to estimate Amax by constructing a polynomial p(z) that has the degree
at most k, satisfies: p(Amax) = 1 and minimizes the expression fﬁ,’:}‘:-d | p(z) |*dV.
Hence we have to use Theorem 3.1 for @ = Amin, 8 = Amax — @, ¥ = Amax and
C=|fI*— b to get:
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62 [T p@rars (g - o (e e 20T

min max =~ )\min -
Define now & = p(B)f. We have:

)‘max_d
z|p()[*dV

min

v+ [ pray

min

N 0 + f
_(4g,9) o (4R h) _ \
Moo = X T = TR x

Amax—d

()\max - )\min) f lp(x)P av
A
X .

= )\max - max—d
vt [T @ Py
Taking (5.2) into account we get the right-hand side of (5.1). The left-hand side
is obvious.

Remark. Observe, as in Section 4, that for small d the rate of convergence is
about (1 + (d/| Amax )% 7%

We need now a lemma that will enable us to take advantage of a particular
distribution of the eigenvalues.

LemMaA 5.1. Let the eigenvalues of A be divided into three sets: L having l elements;
M and the set consisting of \;* only. Let any eigenvalue in M satisfy:

<N N EM.

Let us denote by d; the distance between \;* and M and by Ymim the smallest eigenvalu®
belonging to M. Let b; denote (f, ¢;). Let k be chosen and H}, be constructed. Under these
conditions there existsg € Hy : || g || = 1 so that:

A _
( 9 g) > )\j+ —_— (>\j+ - 'Ymin)[bj )‘I;IL ()\i+ - )"‘)] ’

gl =
. [Tlc—l <)\j+ — Ymin + dj>:l—2
)‘J'+ — Ymin — di '

Proof. Consider f, = ez (4 — NI)f and consider the iterates A%, . For
any j and any 7: \; € L, A’f;, is orthogonal to ¢; . Therefore we may consider in-
stead of H the subspace H which is the orthogonal complement of all ¢; : \; € L
and A the restriction of A to H. Denote by Hy(L) the span of {f, Afr, ---,
A*¥Y.}; by Py the projection on H(L) and by By the restriction of P14 to Hy(L).

We substitute now in Theorem 5.1 A for 4 ; fy, for f; k — I for k; Hy(L) for H,
and By for B. By the proof of Theorem 5.1 we get that there exists ¢ € Hy(L)
satisfying (5.3). Since H;(L) is composed of linear combinations of A*f,0 < ¢ < k,
it follows that H,(L) < Hj . Thus the proof is complete.

Let us illustrate the use of Lemma 5.1 in the following:

THEOREM 5.2. Let e denote the distance between max and \s'; let d denote the dis-
tance between \max and the rest of the eigenvalues then

(5.3)

)\max - )\min + d>:|—2

A ax >\min
~4 max ; max ; max "~ e . —
(54) A B Ama o [Tk 1<xmx . —
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Proof. Take the set L to be A\, and substitute in Lemma 5.1.

We see in this example that if \,™ is close t0 Amax then the rate of convergence is
measured in terms of the distance to A\;7. We start, of course, with a large initial
€rror.

As another application of Lemma 5.1 let us consider the approximation to the
few largest eigenvalues. For that we need the following.

Lemma 5.2. Let ¢ = .t + ni where || n:|| = e, let g € Hy:||g| = 1 beor-

thogonal to &1, ¢t -+, ¢iy . Then:

Jji—1 Jj—1
(5.5) Nz ot = (4g,9) — ;u#ef = (4g,9) — ; Ael.

Proof. Express g as: g = g1 + > imiaai” where gy L ¢, i =1, -+ ,5 — L
Taking scalar product with ¥," we have:

las| =1(g, M) = (g =) =[(g,n) ]| S e
Since ;' satisfy (A¢:", h) = (uy:T, h) for any b € H, we have:

=1
Z #i+6¥i2

(Ag, 9) — (Agr, ¢0) | = (Ag, g1) & +o2
i e P i e P ST

Since g1 € Hy, and is orthogonal to ¢.* we have by the minimax principle: ((Ag: ,g1)
|l g1 ) < p;" from which the right-hand side of (5.5) follows. The left-hand side
of (5.5) was proved in Section 2.

We see that (5.5) involves errors in the eigenfunctions so we need a lemma that
relates the errors in the eigenfunctions to the errors in the eigenvalues.

LemMA 5.3. Let ¢:" = " + n. where || n: || = e, denote by d; the distance between
N and the smaller eigenvalues, and let §; denote the error in the jth largest eigenvalues
i.e. 6; = >\j+ - ﬂj+- Then

=1
6; + > (N — VA PR
(5.6) e < =1 ; + 3
i =1

Proof. Express ;" by:¢;7 = > aup:". In a similar way to the proof of Lemma
52 wehavefori =75 —1

o] = | W5 e) | =1 WHe +0) | =] @WhHhn)| Sea.

So:
o = N — wit = N ) — (AT )
j—1
= SO = ANl + X (T = ADed
=1 1>]
Therefore:
=1
6; + > Ot — NDad
o é =1 .
i>7 d;

Noting that e/ = 2 :z; ;" We get the desired result.
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Remark. Observe that (5.5) and (5.6) relate errors in the eigenvalues to squares of
errors in the eigenfunctions.

Combining Lemmas 5.1, 5.2 and 5.3 we get:

TrEOREM 5.3. Under the conditions of Lemma 5.1 the following estimate holds:

i—1 —2
P W (YA W [b,-- _I_Il Ot — xﬁ)]

)\'+ - )\min d; — & 2

. I:Tk—i‘H <)\———————Z —— -|__ dj):l - ; Ated,

Proof. Take in Lemma 5.1 the set L to consist of the eigenvalues \;* for ¢ < 7.

The function g defined in (5.3) satisfies the requirements of Lemma 5.2. Therefore
combining (5.3) and (5.5) we get the desired result.

Let us compute these estimates in the following example: Amax = 1.00, \2™ = 0.99,

AT = 0.96, \; £ 0.9 for 7 > 3 and Ain = 0. Suppose, furthermore, that the com-

ponents of f on the first three eigenfunctions have the absolute value 0.01. Then for
k = 52 we have:

(5.7)

—2
pmax = 1 — (0.01-0.01-0.04) ™ T (if—g:D

=1-—16"10%2-(1.9)™ > 1 — 107%,
Hence 5, < 107%; & < 107
1 — 0.09
=099 — 97110 (1.78) ™ > 0.99 — 107%,
Hence 3 < 107%; & < 3.107%

—2
> 0.99 — (0.01-0.01-0.03)2 T (L()")g) — 107

1%

—2
wt = 0.96 — (0.01-0.03-0.04)™ Ty (%{_9__06> — 107 — 3107

0.06
=096 — 1272.10”-(1.6)™ > 0.96 — 107,

Hence 6 < 107" &’ < 2.107%

If we use the power method we get 8 < 107°. Therefore the method described
in this paper may be considered wherever the matrices are large and the computation
of the few largest (or smallest) eigenvalues is needed.
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