Economical Evaluation of
Runge-Kutta Formulae

By David J. Fyfe

1. Gill {1] and Blum [2] have produced special versions of the Runge-Kutta
fourth order method for the solution of N simultaneous first order differential equa-
tions which require 3N + P storage locations against the normal 4N + P, where P
is the storage required by the program. It is shown below that it is possible to
arrange all such methods in a form which requires 3N + P storage locations. Gill’s
method for reducing round off error is also extended.

2. The Runge-Kutta fourth order methods for solving the N equations

’

Y =fi("v7y17y27 "'7yN>7
yi(x0> = Yio, 1= 1) 27 "')N7
are usually written in the form (y:; = y: (z;))

Yije1 = Yij + akio + bka + ckie + dkis,
where

kio = hfi(x;, vy, Yoj, - 5 Yni)s
ka = hfi(z; + mh, yr; + mbw, -, yn; + mhw),
" ki = hfi(x; + nh, yi; + (0 — )k + 1k, -, yni + (0 — v)kno + vka1),
kiy = hfi(x; + ph, yyy + (p — s — Ok + sku + thi, -+, +yn;
+ (p — s — Okno + skwr + thyz),
t=1,2--- N.
The a, b, ¢, d, m, n, p, r, s, t satisfy the following eight equations
a+b+c+d=1,
bm +cn 4+ dp = %,
bm® + cn’ + dp* = %,
cmr + dnt + dms = %,
(2 bm® + en’® + dp* = &,
cmnr + dntp + dmsp = %,

em’r 4+ dn't + dm’s = &,

Il
|

dmrt
The computation with the formulae arranged in this form requires 4N + P storage
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locations. It is now shown that by splitting the computation into four stages it is
possible to obtain the solution by storing 3N quantities at each stage.
Let
Zia = Yij,
Za Yi; + mhio
Ziz = Yij + (n —_ 7')]0,'0 + 7']0,'1,
Ziy = Yi; + (p — 8 — Dkio + ska + th,
Yiipr = Zu = Yi5 + akio + bl + ckis + dis .

Expressing each Z; in terms of the previous value we obtain

Zin = Yij,

Zaa = Tio + mhia,

Zio=Zuy+ (n—m -+ r)kio + 7k,

Zis=Zo+ (p—s—t—n-+rkio+ (s — r)ka+ tha,
Ziu=Zs+ (a—p+ s+ ko + (b — s)ka + (¢ — t)kix + dks .

Let Pio = ]C,'o = hf,'(l‘j, Zlo, e, ZN()), then Zil = Zi() + um .

Let Qil = Pio , and Pil = kil = hfi(:cj + mh, Zu y Tty ZNI), then Z.~2 = Z,:l +
(n—m—71)Qu + rPa.

The P;; and Z., are stored in the locations occupied by P and Z;; as the latter
are no longer required.

Let Qiz = Qi + APy, and Py = kip + BP; . If A and B are chosen so that

(3) p—s—t—n+rAd+iB=(s—r),

then Zyy = Ziw+ (p — s —t — n 4 r)Qu + tP:; . Again thenew P; , Q:, Z; replace
the previous triplet.
Let Qizs = Qi2, and Py = kis + CPy . If A) B, C are chosen so that

(4) (a—p+s+t)A +dBC = (b —s)
and
(5) dC = (¢ —t)

then Zy = Zis + (@ — p 4+ s 4 £)Qis + dPis . In the above equations each triplet
Z, P, Q is expressed in terms of the previous triplet only and so only 3N storage
locations are required.
Solving (3), (4) and (5) we obtain
(e=t)(s—=1r)—t(b—5s)

c—t)p—s—t—n+r)—tla—p+s+t)
B=s—r_(p—s—t—n+r)A

14 t ’

A=

(d = 0ort = 0isimpossible from (2)).
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Thus if the equations are arranged as follows only 3N + P storage locations
are required:

Zio = Yij,
Pi = hfxj, Zro, -+, Zno);

Zia = L+ mPy,

Qu = P,

Py = hfi(x; + mhy Zu, -+, Zn1);
Zio=Za+ (n—m— 1r)Qi + 7Py,

Q2 = Qu + AP,

Py = hfi(z; + nh, Zyo, -+, Zy2) + BPi;

(6)

L = Zig + (p —s—t—mn +7”)Qi2+ tPi,
Qi3 = Qi2 ,
Pi; = hfi(évj + ph, le, Tty ZN3) + CP,s 5

Yij1 = Ziu = Zis+ (@ — p + s+ 1)Qu + dPs;.

3. Gill’s method of reducing round-off error is now applied to Equations (6).
In this method artificial round-off errors are introduced to minimize the actual
round-off error. This is possible because the quantities P; and @; are of order &
and so in general can be stored to a higher degree of accuracy than the Z,. This
is done automatically if floating point arithmetic is used. In the first equation of
each triplet in Equations (6) (i.e. the calculation of Z;) we are concerned with
adding quantities of order & to quantities of order 1. We will show below that, by
introducing appropriate modifications in the terms of order h(Q;), it is possible to
compensate almost exactly for the errors in Z; . If we let the round-off error in the
calculation of Py, Zi, ---, be e(Pw), e(Zi), ---, which we suppose are easily
available when these quantities are computed, the total round-off error accumulated
in one step is

E; = e(Za) + e(Ziz) + e(Zis) + e(Zu)
(7) + ae(Pi) + be(Pi) + ce(Piz) + de(Pis)
4+ (@ —m)e(Qu) + (a —n 4+ r)e(Qiz) + (a — p + s + )e(Q:z).

We now introduce modifications ¢'(Q:) in the Q; to compensate almost exactly for
the errors in Z, i.e. put

(a —m)e(Qu) = —e(Zu),
(8) (@ —n + 7‘)6,(Qi2) = —€<Zi2)a
(6 —p+ s+ ) (Qu) = —e(Zis).

In order to introduce these modifications we define quantities Ri, R, R as
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follows:
Ra=7Za— Zio=mPy+ e(Ray),

(9) Rio=Zp—Za=(n—m—71)Qa~+ rPa + e(R.),
Riy=Zy3y—Zso=(p—s—1—n4+1r)Qi + tPx + e(Ri),

where e(Ri;) = e(Zy;),] = 1, 2, 3.
We thus introduce ¢ (Qa), €' (Qs), ¢ (Qs) such that

(a — m)e'(Qn) = —6(Ri1) = "'(Ril - mPiO),
(@ —n+1)e(Qn) = —e(Ra) = —(Ra— (n — m — 1)Qa — rPa),
(a—p+s+1)e(Qi) = —e(Ris) = —(Rs— (p—s—t—n+1)Qiu — tPy)

which almost exactly compensate for the errors in Z;, Zi», Zi; . Therefore, re-
define Qi1 , Q2 , Qs as follows: Qf; = Qi + €(Q:),j = 1,2, 3.

’ 1
Qﬂ=< a-)ﬂw—a — Ra,

a — m -
’ a—m ’ r 1
Qiz —(m)Qil‘l‘(A‘l‘m)Pn_mRiz,
o a—mn-+r ’ ¢ o 1 .
Qw_(m)&z—‘_a—p-l—s-l—tp” a—p+s+tR'3'

Making the above change requires only one additional storage location as the R,’s
are used temporarily in the formation of the Z; and Q.". The primes on Q; will now
be dropped for convenience. The only large error term remaining is e(Z:). In order
to eliminate this introduce Qi , R: and Q. , where Q.4 at one step becomes Q;
at the next.

Define:

Ry=24y— Zy = (a - P + s+ t)Qi3 + dPi; + G(Rm),
Qu = 6(Ri4) =Ry — (a - P + s+ t)Qi3 — (lPiI},
Qw = [Qi4]x=:cj .

Q4 is the round-off error in Z, .
Since Ziy = ¥:; , the best available estimate would appear to be [Zix — Qites;
which gives

Ri=74-— Yij = Zia— Zy+ Qi()-
Thus we redefine Ri; and consequently @ as follows:
Ry = mPiw — Qi + 6(Ri1)

and

1 1
m=(“>m— Qu — Ra.

a — m

However, it will now be shown, following Gill [1], that it is slightly better to let
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Ria = mPy — inO + e(Ril),
where
2a(a — m)

e i S e Fds F db)

Table 1 shows the errors in each quantity R:, Z;, @; within one step of errors
e(Rw), e(Ra), e(Ri2), e(Ri3), where Rig = [Ris—s; . The error in ;11 due to errors
in the P; caused by errors in Z; is given by

E(yiin1) = ali(Pi) + bE(Pu) + cE(Pw) + dE(Py),

where E(Pi) represents the total error in Pj etc. If we assume that the partial
derivatives ofi/dy., k = 1, 2, ---, N, are constant over one step

Eyin) = h ; Zf’ (aB(Zia) + bE(Zuy) + cB(Zi) + dB(Zi)},

=h Z ik {Se(Rio) + Te(Ri) + Ue(Ri2) + Ve(Rys)},

k=1 OYk

a+(1_w>[b+c<a_—_w>+d<a_:p_+§it>],
a—m a —m

- a—n-+r a—p-+s+t
B R =)}

where

o
I

m a—m
U=cid (uj'_iit)
a—mn-+r
V =d
Assuming the e(R;) are randomly distributed between —2 unit and 421 unit,

the standard deviation in y.;,; from this source is & minimum 1f S = 0, which leads
to the optimum value

_ ala — m)
el e T T da—nF Nt da—pFsFD’
2a(a — m)

=14+ (from Equation (2)).

2a(1 — a) — 1 + 2(cr + ds + dt)
The final formulae are therefore:

Zio = yii, Qi = [Quisle=s;,

Py = Wfi(xj, Zu, -, Zao);

Ra = mPiy — wQyn + e(Ra),

Zia = Zyn + Ra,

1
Qu=< a >Pm— Qo— — R,

a—m a—m a —m

P, = hfi(xj + ’mh, Zu, Tty ZNI);
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Ry = (n - m — 7’)Qi1 + rPa + e(Rﬂ);
Ziy = Zy + Ra,

a—m r 1
@ = (25 @+ (44 =) o (=) o
Py = hfi(xj + nh, Z12, "',Zm) + BPﬂ;

Rz=(p—s—1t—mn+7)Qs+ tPs+ e(Rs),
Zis = Zs + Ra,

_ a—mn-+r ' I - 1 ‘
Qi3—<____‘_a—p+s+t>Qz2+<a—p—|—s+t)P12 a—*———p—l—s—l-tR's’
c—1

Py = hfi(x; + ph, Zss, -+, Zys) + ]

P;;

Ris=(a—p+ s+ Qs+ dPs + e(Ri),
Yijin = Ziu = Ziz + Ru,
Qi =Ry — (a—p + s+ t)Qis — dPss.
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