Minimising Truncation Error in Finite Difference
Approximations to Ordinary Differential
Equations

By M. R. Osborne

Abstract. It is shown that the error in setting up a class of finite difference
approximations is of two kinds: a quadrature error and an interpolation error. In
many applications the quadrature error is dominant, and it is possible to take steps
to reduce it. In the concluding section an attempt is made to answer the question
of how to find a finite difference formula which is best in the sense of minimising the
work which has to be done to obtain an answer to within a specified tolerance.

1. Introduction. This paper has two main aims:

(i) to provide general schemes for generating difference approximations which
make best use of available information in the sense of minimising truncation error,
and

(ii) to provide a criterion for comparing the utility of particular difference
approximations.

Consideration is restricted to finite difference approximations to ordinary linear
differential equations, and to difference approximations which require only values
of the coefficients in the differential equation for their construction. Difference
approximations are called classical if they are satisfied exactly whenever the solu-
tion to the differential equation is a polynomial of sufficiently low degree.

The first aim was motivated by the recent appearance of several papers in which
Gaussian-type quadrature formulae were used to reduce the truncation error in
finite difference approximations to special differential equations (see for example
[1]). The author has proposed [2] a scheme for generating classical finite difference
approximations, and the question whether Gaussian-type quadrature formulae
could be used naturally suggested itself. The answer is developed in Sections 2, 3
and 4. First, a slight generalisation of the author’s scheme and a brief resume of the
error analysis are given. It is shown that the error falls into two parts called the
quadrature error and the interpolation error, and that the quadrature error is
dominant. In Section 3 the term quadrature error is justified by deriving an explicit
form for the appropriate quadrature. This turns out to be an integral containing a
positive weight function. This suggests Gaussian quadrature, and its use is exempli-
fied in Section 4.

An interesting feature of the author’s scheme is that it has a natural generalisa-
tion which permits the construction of a range of nonclassical approximations.
Particular examples of these have been produced before by several authors—for
example, by Hersch [4] and Rose [5] who effectively rediscovers Hersch’s work.
This generalisation is discussed in Section 5.

In the final section a basis for comparing the utility of particular difference
schemes is suggested. This is applied to discuss several of the difference equations
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constructed in previous sections. The conclusion to be drawn would seem to be that
the law of diminishing returns applies to the search for difference approximations of
high accuracy, and that comparatively simple formulae are most useful.

A characteristic feature of the references quoted above is that they restrict
attention to difference approximations having the same order as the differential
equation to which they approximate. Such approximations have proved popular in
particular for the numerical solution of boundary-value problems. Here finite differ-
ence approximations of this type only are considered, but this should not be thought
of as implying any restriction on the methods used.

2. The Scheme for Difference Approximation. In this section an outline is given
of a technique for constructing finite-difference approximations to the differential
equation

(2.1) L(y) = % + "20 ai(x)g—xyi = f().

A more detailed account can be found in [2]. The approximation is classical as it is
found by first fitting an interpolation polynomial to ¥, and then finding a difference
equation satisfied by the interpolation polynomial.

Let S; be the set of points x;, 22, -+, Xpqy1 Where x, < z,if p < ¢, and z, 1 —
x1 = nh. The quantity & defines the scale of the difference mesh. Also let S; be the
set of points & , £, - - -, £, where S; and S, need not be disjoint. Let z be the inter-
polation polynomial to y which satisfies the conditions

(1) A(lyzy e, + 1)Z= A(lyzy SRR s o 1):1/,7' = Ov L ---y,n— 1.

(Here A(1, 2, ---, p) is the divided difference operator defined on the points
of S; whose suffices are indicated. When p = 1 the corresponding operator is the
identity.)

(i) Lz) (&) = f&),i=1,2,---,ns + L

Provided only that & is small enough, z can be found by

(a) fitting a polynomial to 2™ (¢;),7 = 1,2, --- , m (regarding them as formal
parameters) and integrating n times,

(b) finding the constants of integration using the conditions (i), and

(¢) using the conditions (ii) to determine actual values for the formal param-
eters 2™ (£,).

To carry out stage (c) note that for every p = 0,1, --- ,n — 1,and 7 = 1, 2,

-, m, 27 (&) is expressible as a linear combination of the values of z on Sy and
2™ on S,. Let w(z) be the vector whose components are the values of z on S,
then the vector z® whose components are the values of z” on S, permits a repre-
sentation having the form

2.2) z” = B,w() + C, z”
where B, has (m) rows and (n + 1) columns, and C, has (m) rows and (m) col-
umns, p = 0, 1, ---, n — 1. Note that the components of C, are obtained by

integrating the interpolation polynomial for 2™ so that they are O (h""?) as h — 0.
The conditions (ii) can be written in matrix form

n—1

2.3) 2" = —3 A 20 4+ f
i=0
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where the A; are diagonal matrices. Combining Egs. (2.2) and (2.3) gives
n—1 n—1

(24) (I + 2 A a) 2" = — (Z 4; Bi) w(z) + f
=0 i=0

and this equation determines z™ provided A is small enough as the components of
the C; tend to zero as h — 0 (noted above).

The constants of integration appear in z only in terms of degree <n — 1. There-
fore

(2.5) A2, - n 4 Dz = 22" (&) = v 2"
=1

where the v, depend only on the points of S; and S, and satisfy Srav = 1/nl,
whence

(26) A(l, 2, R (2 + 1)2 = —VT <I + 21 A.z C«;)—l{<21 Az B,) W(Z) - f}.

Eq. (2.6) is a difference equation which is satisfied exactly by the interpolation
polynomial z. It is the desired finite-difference approximation to Eq. (2.1).

To examine the error in Eq. (2.6) write y = ¢ 4+ R where ¢ consists of the
first ns + n + 1 terms of the Taylor series for y, and R is the remainder. Making
use of the fact that ¢ satisfies Eq. (2.5) it follows after some manipulation that

n—1 —1 n—1
AL 2, -+ ,n+ 1y + VT<I + 2 A Ci) {(Z AiBi>W(y) - f}
i=0 =0
n—1 -1
(2.7 =A(1,2 - ,n+ 1)R — v'R™ —v" <I+ZA,~C,~>
=0

n—l
{ZO A,(R® — B;w(R) — C; R("))}.

This equation shows that the error in using Eq. (2.6) as an approximate dif-
ference equation is a linear combination of the errors in the Egs. (2.2) and (2.5).
The errors introduced by Eq. (2.2) are called the interpolation errors. In general
they will be O(h™*"?),j = 0,1, ---, n — 1. The error introduced by Eq. (2.5)
is called the quadrature error. The significance of this term will be made clear in
the next section. It can be expected to be O (h™) so that usually it will dominate
the interpolation errors.

It would appear that little can be done about reducing the interpolation errors,
but the actual contribution of these terms in any actual case depends on the non-
zero coefficients in Eq. (2.1). For example if a,_; is nonzero then the interpolation
error contains terms O (A™*"), but if only ao is nonzero then the interpolation errors
are O (h™*™). A difference equation in which the error has the same order of magni-
tude as the interpolation error will be called optimum.

There is little scope for optimisation in the general case, and specifications of
S; and Sy, such that the quadrature error is O (h"*") provided ns is even, are
given in [2]. In this case the quadrature and interpolation errors are of the same
order of magnitude so that these formulae are already optimum. T'o obtain difference
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Jormulae of substantially higher accuracy it is necessary to specialise the differential
equation.

3. The Quadrature Formula. In this section it is shown that the quadrature
error is identical with the error in the numerical evaluation of an integral representa-
tion of the divided difference defined on the points of S; . This integral representa-
tion has the form

(3.1) A(L 2, -+ ,n+ 1)y = f Ty™ dx

where T is defined by

() T=0,z <arandz > 2,41,

(i) 7,7, -, T continuous on S,

(iii) T = 0 except on S, and

(iv) an appropriate scaling condition.

Eq. (3.1) is readily verified. First the right-hand side obviously vanishes when
y is a polynomial of degree < n. Second, by Green’s theorem,

n+1

f Ty dt = f yT™ do = 3 s y(a)
as T vanishes except at the points x; where T has (possibly) discontinuous
(n — 1)st derivative so that 7' is expressible as a linear combination of § func-
tions with peaks on S; .
From the conditions (i)-(iii) specifying T it follows that (for certain con-
stants K; to be determined)

T=FKf(@—z)"" m=z<ua,
=Ki(x — 21)"" + Ka(x — x)", 2 £ <z,
n+1

S.Ki(x — )"t =0, T = Tpyr.
=1

If coefficients of powers of z are equated to zero in this last equation there results

n+1
(3.2) > Kal=0, r=0,1--,n—1,
i=1

which shows that the K, are proportional to the coefficients in the divided-differ-
ence operator defined on the points of S; . Therefore
n+1

(3.3) Ki=w~/ Il (@i—=)

8=1;851

where v is a scale factor to be determined.
To calculate y put ¥ = =" in Bq. (3.1). Then

Znt1
A(l,---,n—i—l)x":n!f " T dx

E3Y

Tnt1 e n
2 [ e AL nd D2
z n!
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But, by direct calculation,

Tt n+1 Tp4l
[Tra-Y & [ @-aa

zy =1
n+l

= Z {’Yf—t (xu+1 - x‘)n

=
n+l

=g§<mﬂ-awgurw@

%A(l, 2, -, 4 1) (Zer — )"

=%(—1)"A(1, 2, - ,n+ 1)z"

whence
_ (="
(3.4) ¥ = (n——-_l_)_l .
Example. In the casen = 2,21 = —h, 2, = 0,13 = h,
B b @
(3.5) A(L,2,3)y = 5 5y(0) = [h Ty dx
where
T = (h+2)/28, —-h=<z<0,

Il

(h — z)/28), O =z <h.

If the interpolation polynomial z is inserted in Eq. (3.1) and the integrations
carried out, there is obtained the result

(3.6) A(L,2, - ,n+ 1)z = f Tz dt = }:lv,. 2V (E).
fm QO Jn

The numbers v; are identical with those in Eq. (2.5). This follows at once be-
cause the 2™ (£;) can be chosen arbitrarily. Thus Eq. (2.5) can be interpreted as a
quadrature formula for the integral in Eq. (3.1).

The use of Gaussian quadrature with 7' as weight function to improve the ac-
curacy of Eq. (2.5) now suggests itself. For this it is sufficient that T be positive,
and this will now be demonstrated. (I am indebted to the referee for this proof.)

Assume T < Oforty Sz S ¢,.

Let K = max |T],and ¥ = ¢/K, 11 S 2 < 1,8, < 2 £ Zapr, = ¢/K +
n(x — th)({ts — z),th £ z < ly, where e and 5 are > 0.

Note that ¥ > 0 and continuous in [z, , Z.41]. It can obviously be modified
to be arbitrarily many times differentiable as well. For this ' we have by the
standard properties of divided differences

A, 2, -, 4 )y = ¢ () /n!

where ¢ is a mean value in [z1 , Z,41].
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ZTnt1

(37) fo<y®@m= [Ty =1 +1
zy

where I; = {[% + [im) Ty dt and I, = [i* Ty" dt.

Now | I | < ¢ and I, < 0. Further | I, | can be made as large as desired by
choosing 5 large enough. Therefore the right-hand side of (3.7) can be made nega-
tive by suitable choice of ¢ and . This is a contradiction so that ' = 0 in [z,
xn+l]-

The decision to use Gaussian quadrature fixes the points of S, as the zeros of the
orthogonal polynomial of degree m with respect to T as weight function. The
corresponding quadrature formula will be exact for polynomials of degree 2m — 1
(i.e., whenever y is a polynomial of degree 2m 4 n — 1) so that the error in the
optimised form of (2.5) will be O (A*") as T = O (k") and the range of integration
is O (h). The error in the optimised quadrature formula is (for m > 1) smaller than
the interpolation error.

4. Some Examples. In all but very special cases the construction of difference
approximations rapidly becomes extremely tedious as the order of the differential
equations increases, and for this reason the examples considered in this section refer
to the equation

(4.1) dy/da’ + f(2)y = g(x).
Let S; consist of the points £; = —hy, 22 = 0, 23 = hy, then
42) T = (x4 h)/hh + h), —h =22 <0,
= (he — x)/he(la + h2), 0=z <he,
and
ho . 1 r+1 1\t
(48) I SV E) - -Zz(-!- ilu) "

Even in the case s = 1, the problem of computing the quadrature points for
the weight function T requires the solution of three nonlinear equations in three
unknowns. This presents little difficulty on a computer, but does not make for ease
of presentation. However the most important special case (where hy = hy = k) is
readily soluble. The quadrature points will be the zeros of a cubic polynomial
P = 2 + A2’ + Bz + C where P must satisfy the orthogonality conditions

1
thde — 0= AR/6 + C,

It

h
f TPz ds = 0 =H'/15 + B/S,

h
f TP da = 0 = AI'/15 + C/6,

(4.4) A=C=0, B= —2h/5 and P = z(2* — 2h°/5).
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Thus the points of Sy are & = —h(2)"% & = 0, & = h(2)"%. The quadrature weights
are vy = v3 = 5/48, v, = 7/24.

The difference equation can now be derived using the method of Section 2.
However, in this case, it is easy to write down an interpolation polynomial which
has an error O (h®) as the values of y® are given on S; by the differential equation.
Writing y(xz;) = y; this interpolation polynomial is

2 2 3 4

(45) Q= ys + xh_lpﬁ <y2 _ h_ y2(2)> + T yz(z) + z h“lpbyzm + T h—aszyz(z)

6 2 6 24
giving the difference equation

A(I’ 2, 3)y = (h_2/2)82y2
(4.6) = — 1/48{5f(— ()""n)Q(— (8)""h) + 14(0)Q(0)
+ 5/((A)"R)Q(E)"h) — 59(— (3)""°h) — 14g(0) — 5g((3)'""h)}

where the second derivatives have been evaluated from

4.7) y? @) = —f(@)Q@) + g() + 0.

However, if Lobatto quadrature is used to reduce the quadrature error, then the
general case s = 1 is quite tractable. The resulting difference equation has an error
of O (k*) which is the same as that of the Numerov equation, and it may be useful
for problems in which graded meshes are necessary.

The use of Lobatto quadrature fixes & = —hy and & = hy, and leaves & free
to be adjusted to give maximum accuracy. By the usual argument, & is given by
the equation

(48) [ 76+ m)h — )@ — &) dz = 0

which has the solution

_h— ki 2k’ 4 5 e + 2R
5 h? + 3k ks + he?

The corresponding quadrature weights are
1 3h' 4+ 6h'h + 'l + 6h b’ + by

(49) &

=13 (u + he)(Che + Sheha + 12k hn® + 3h)’
(410) 5 = L. (he’ + 3h1 by + h")?
: 12 (3 + 12kl + Sha ha® + 2h)(2he® + Shaha + 12hs h® + 3hr") ’
by = L he' + 6ha’hy + Oh’hi® + 6k By® + 3hs

12 (he + h2)(3he® + 12hs?hy + 8ha a® + 2he%) °

When h; = hy then & = 0, and the quadrature weights reduce to those appro-
priate to the Numerov formula.

When m = 5 and the points of S; are equispaced, then Lobatto quadrature is
again tractable. In this case the error in the resulting quadrature formula is O(%%),
while the interpolation error is O (h"), so that this formula is optimal.

Formulae for approximating to boundary conditions can be derived using
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similar techniques to those discussed above. Assume, for example, that S; consists
of the points —A;, %, and hy. Then (3.1) takes the form

1 1

1
e T T G G = )

PEDICEI N

y(n) +
(4.11) by

—h1

where

)ﬂ
It

(@ 4+ h)/ (b + 1) (b + ha), —h=2x<n,
(he — )/ (ha — 1) (h1 + he), n=x < hy.

If this equation is differentiated with respect to 7 and then 5 set = 0, there results

1 1 11 1 __1_(1)_h2 @
(4.12) m { h—12 Y1 + <}? w) Ye + h? 113} h] h‘Z Yoy = [hl Vy da;

where

I

== — = — —h <

M l=0 i+ he R2 122 <0,
1 h2—:1)

= e—_— <

hF R R 0TSk

If hy = hy = h, then fitting a quadratic to the values of y® on S; and integrating
leads to the familiar formula

(4.13) Y@ = h'ubys — Lhudy,”

which is exact whenever y is a polynomial of degree < 4. Again Gaussian quadra-
ture can be used to increase accuracy. Here V changes sign, but zV is positive and
can be used as a weight function provided x = 0 is a quadrature point. The re-
maining quadrature points in the case iy = hy have the form 4« where

h
(4.14) f Vae(a® — o’) dz = 0
—h
giving +a = == (3/10)"*h. The corresponding quadrature weights are —1/(12a),
0, 1/ (12a). The formula that results when this quadrature is used to evaluate the
integral in Eq. (4.12) is exact whenever y is a polynomial of degree < 6.

5. Derivation of Some Nonclassical Formulae. The techniques described in
Sections 2 and 3 are based on a partitioning of the operator L of the form (writing
d/dx = D)

L =L+ L.,
L1 = Dn,
n—1

Ly = Y a,(z)D".

1=0
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The significant characteristics of the partitioning are

(1) the orders of L and L; are the same,

(ii) the equation L;(y) = 0 is readily soluble, and

(iii) a difference equation satisfied by all solutions of L;(y) = 0 is readily
determined.

Any other partitioning of L which has these three properties provides a possible
basis for generating finite difference approximations to Eq. (2.1). Actually, condi-
tion (iii) is a consequence of condition (ii) for let v, v, -- -, v, be a fundamental
set of solutions to the equation L;(y) = 0, then the linear dependence of any
other solution of them over the points of S; gives

y(a:x) ce y(xnﬂ)
v1(x1) ce vl(xnﬂ) =0
va(z)  c va(zan)

which is written here as
(5.1) x(1,2,--,n+ 1)y = 0.

Note that there is no scaling associated with the operator x in contrast to A where
the scale is fixed by convention.

The program of Section 2 can be followed through in this case also. However,
some technique such as variation of parameters is needed to generate the inter-
polation to y from that to Li(y) so that it is perhaps best to go straight to the
formula which corresponds to (3.1). This has the form

(52) x(1L,2, - n4 Dy = [ Thy) da

1

where now 7T is characterised by the conditions
O T=02<2,2 Z Top,
(i) T, T, ---, T continuous on the points of S,
(iii) L1 (T) = 0 except at the points of S; .
Here I, is the differential operator adjoint to L; .
Ezxample 1. Consider the self-adjoint differential equation

(5.3) (d/dz) (p dy/dx) + qy = f.

Let »; and v, form a fundamental set of solutions, and assume that they satisfy the
conditions

n(T) = vn(xs) = 0, v () = va(22).
Then a possible choice for T is

T

IIA

Ul(x), M5

r < Z2,
= 1 (), e = x < .
Differentiating 7' in the first integration by parts gives

dT/dx = H(x — x;1)H (x; — ) dvr/dr + H(x — 22)H (x5 — x) doy/dx
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where H (z) is the Heaviside unit function. The second integration by parts brings
in the & functions which give the difference equation

» p(z2) dv:;;h) () — pla) (dvﬁ;cz) _ dvi(‘lxxz)>y(x2)
— p(a3) dvﬁf? y(xs) = f:s Tf da.

Example 2. Consider the special case p = 1, ¢ > 0, and define L; = D'+ ¢
where ¢ = g (x2), then

_ sin (@) (z — 1)
@) = @) e = @)

sin (g2)"*(2s — )
sin (go)*2(ws — @)

n(z) =
If z; is specialised to x; — h and x3 to z, + h then (5.4) becomes

: 1/2 z3
(55)  y1— 2 cos (h(g)")ye + ys = Sm——%%zl—? f T(g — q)y da.
z1
This formula is given by Hersch in [4] and his derivation has been followed closely
here. An application of this equation to an eigenvalue problem has been given in
[3].

A range of difference equations can be obtained by substituting different inter-
polations for y on the right-hand side of Eq. (5.5). If, for example, the interpolation
polynomial given by Eq. (4.5) is used, and if the resulting integral can be evaluated
exactly, then the interpolation error in Eq. (5.5) will be O (h*). However the left-
hand side of this equation tends to h’Li(y) as h — 0 so that the error is only 0%
on a scale comparable with that used in Eq. (4.6). Gaussian quadrature with re-
spect to T as weight function can also be used. If a three-point Gaussian formula
is used then the quadrature error will be O (h*), and the error on a scale comparable
with that used in Eq. (4.6) is again O (h%).

Example 3. Let @ be the quadratic interpolation polynomial fitted to ¢ on the
points of S; . In this case define L; = D* + Q. Explicit formulae for v; and v, do not
exist in general, but they can be generated to any degree of accuracy by Taylor
series methods. Assuming that T is positive on S;, Gaussian quadrature can be
used to estimate [3*7(Q — ¢) ydx. It is again most convenient to compute y from
(4.5), and in this case the error (again using the scale appropriate to (4.6)) is
0(h®) as Q@ — ¢ is O(K’).

6. Assessing the Difference Equations. In the two previous sections several
formulae have been suggested which offer different compromises between accuracy
and ease of construction. In this section an attempt is made to provide a criterion
for selecting between them. The following assumptions are made.

A. That a realistic bound of the form Kh™ can be found for the error in the
solution to the difference equation. It is assumed that K = O(1) as h — 0, and
that r is the order of the error in the difference approximation measured in the scale
appropriate to Eq. (4.6).
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B. That the number of evaluations of the coefficients in the differential equation
is an adequate measure of the work done in obtaining an approximate solution to
the differential equation.

This last is really two assumptions: (i) that the work done in setting up the
difference equation dominates the work done in solving it, and (ii) that the work
done in setting up the difference equation is effectively the work done in evaluating
the coefficients in the differential equation at the appropriate points.

Note that while B is a realistic assumption for our purposes it does not general-
ise. For example, in solving a Fredholm integral equation of the second kind by
finite differences O (n’) function evaluations are required in setting up the linear
equations. The matrix of this set of equations is full, and its solution requires O (n°)
multiplications. In this case it is likely that the work of solution would be dominant.
Thus assumption B takes account of the band structure of the matrices produced by
finite difference approximations to ordinary differential equations.

If E is the permitted tolerance for the error in the solution, then ~ must satisfy

(6.1) h < (E/K)".

Also let J be the average number of new evaluations of coefficients required in
computing the difference equation at each mesh point (assuming that values at the
(¢ + 1)st point are computed after those at the th, and that common values are
reused ). Then the work necessary to integrate the differential equation from ¢ = a
to z = b is approximately

6.2) W =J@b - a)(K/E)".

To compare two methods (referred to by suffices 1 and 2) the ratio 1Vy/1V, is
appropriate. This contains the terms K" and K, ''"* which are difficult to specify
precisely as they are dependent on the error constants, on fairly high derivatives of
the solution, and on the conditioning of the original problem and that of the differ-
ence approximations. However, these terms tend to cancel one another out, and the
exponents 1/r; and 1/7, tend to reduce their influence strongly. Accepting this as an
argument for ignoring the terms in K; and K, largely on the basis of expediency, we
are led to define a relative efficiency index

(6.3) Ry = LB,
J2
Example 1. Consider Eq. (5.3) with p = 1. Two possible finite difference ap-
proximations are
() 8%; + h*qy. = hf: (standard), and
(i) &y + K1 + #8°) (qy: — f7) = 0 (Numerov).

In (i) the truncation error is
Bt (dy 6
-2 (&), + o0

510 <d6y> + O(K%).

and in (ii) it is



144 M. R. OSBORNE

Thusr; = 2 and ry = 4. Clearly J;, = J, = 1so that if E = 107° then Ry, = 10"°.
This indicates that method (i) would require about 30 times as many mesh points
as method (ii) to give six correct decimal places.

It is interesting that in this case at least the error constants contribute little to
the ratio W1/ W, for (1/12)"/(1/240)"* ~ 1.1.

Example 2. Compare now the Numerov formula with the formula (4.6) and
the Gaussian type formulae suggested in Examples 2 and 3 of Section 5. Again we
take E = 107",

(i) Numerov compared with (4.6). Here J, = 3, rs = 5, Rin = 3 10°° =~ .7.

(ii) Numerov compared with the Gaussian formula of Section 5, Example 2.
Here J; = 3, r, = 6. However, the quadrature points and weights must also be
evaluated (consider Eqgs. (4.9) and (4.10)). Depending on the complexity of the
coefficients, an effective J, may be expected to range between 3 and (say) 7.

For these extremes

J:=3, Rp=13110)"=x1,
Jo=17, Ru=3010"~ 4.

(iii) Numerov compared with the Gaussian formula of Section 5, Example 3.
Here r, = 8 giving Ryx = 107"/ J; .

In this case the number of coefficient evaluations (3) cannot be expected to be
a reasonable measure of the work involved in setting up the difference equation as
there are no closed formulae for the quadrature points and weights. However, Ri,
cannot be greater than the value obtained by taking J, = 3. This value = 2.

From these figures it is clear that the Numerov formula is very attractive even
when compared with the very accurate formulae based on Gaussian quadrature.
An additional feature in its favour when solving eigenvalue problems is that the
eigenvalue parameter would appear linearly in it if it entered the original differen-
tial equation linearly. This is not true for any of the more accurate formulae con-
sidered.

However, note that Ry depends only on the two difference approximations and
not at all on the differential equation to be solved. Its use must therefore be tem-
pered by discretion. What it can do is provide a prior guide to a suitable difference
approximation by considering those features which always contribute to the work
of solution.

Of course, if an estimate is known for the magnitudes of the appropriate deriva-
tives of the solution of the differential equation then their contribution to the term
K" /K, can be estimated. Note also that these terms depend on the choice of
scales for the independent and dependent variables, and that the use of Ry; can only
be appropriate if “sensible’” scales are adopted.
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