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Spheroidal wave functions result when the scalar Helmholtz equation is sepa- 
rated in spheroidal coordinates, either prolate or oblate. The angular prolate 
spheroidal wave functions, for example, satisfy a differential equation of the form 

d[(1 -z ) du + Xrn 1- -2) 
o 

u -. 

The solutions of this equation are much more complicated than either Bessel 
or Legendre functions, in which, in fact, series solutions of the spheroidal functions 
are most often expanded. The complexity arises from the fact that the spheroidal 
differential equation has an irregular singular point at oo and two regular ones at 
z = + 1, in contrast to the three regular ones of the Legendre equation and to the 
one regular and one irregular singularity of the Bessel equation. 

The construction of tables of spheroidal wave functions involves the calculation 
of the eigenvalues Xmn of the differential equation, that is, those values of X for 
which there are solutions that are finite at z = + 1, and the calculation of the 
coefficients in expansions in terms of either Legendre or spherical Bessel functions. 
In the past, such calculations have been, for the most part, sporadic and in many 
cases not very accurate. 

In Volume I the eigenvalues Xol (c) and normalization constants No, (c) are 
tabuilated for c = 0.1 (0.1)10.0 and n ranging from 0 up to a maximum of 20. The 
m = 0 radial functions of the first and second kinds, and their first derivatives, 
are given for the same c and n for t = 1 0000500, 1.0050378, 1 0206207 and 
1-1547005, corresponding to prolate spheroids of length-to-width ratios 100:1, 
10:1, 5:1 and 2:1 respectively. Values of the m = 0 angular functions and their 
first derivatives are presented in Volume II for c = 0.1 (0.1)10.0 with n ranging 
from 0 up to a maximum of 20, and 7r = 0 (0.05) 1.0. 

All computations were carried out on The University of Michigani IBM 7090 
computer. The program is described in some detail. 

These tables should be very useful for the calculation of various acoustical 
problems that involve prolate spheroids. In electromagnetic theory, however, 
only rather simple problems can be treated by means of the functions for m = 0. 
In most electromagnetic problems, the functions with m = 1 and often higher 
values of m are required. 

CARSON FLAMMER 

Stanford Research Institute 
Menlo Park, California 

38[L, X].-L. N. NOSOVA & S. A. TUMARKIN, Tables of Generalized Airy Functions 
for the Asymptotic Solution of the Differential Equation E(py')' + (q + Er) y = f, 
translated by D. E. Brown, Pergamon Press, Inc., Long Island, New York, 
1965, xxxiv + 89 pp., 25 cm. Price $12.00. 



278 REVIEWS AND DESCRIPTIONS OF TABLES AND BOOKS 

This is a translation from the Russian originally published in 1961. The original 
version does not seem to have been previously reviewed in these annals although 
some of the tables have appeared in another work of the authors [1]. Tumnarkin 
[2] studied asymptotic expressions for the solution of the inhomogeneous differential 
equation 

( 1 ) ET [d (x) d] + [q(x) + er(x)]y = f(x) 

for small e where q (x) has a simple zero at the origin. It is also assumed that p (x) 
is positive. By a change of variables, namely 

(2) y = (p (du/dx))112v, 

(1) may be put in the form 

(3) e (df7l/du2 ) + ul =g, 

where u is expressed by the asymptotic series 
00 

(4) u/-% E euk (x). 
k=O 

To generate the desired solution of (1) it is shown in [2] and in the present volume 
that it is sufficient to have tables for the solution of 

(5) y" + ty = 1. 

To describe the functions tabulated, we use the standard notation of [3] and 
[4]. Solutions of (5) may be taken in the form 

(6) eo (t) = (27r/3) Bi (-t) + ir Ti (-t) = Hr (-t) 

(7) po(t) = (-7r/3) Bi(-t) + 7r T (-t) = -7r G (-t) 

so that the Airy integral 

(8) Bi (-t) = eo (t) - o (t). 

In the above 

r Ti(-t) - 2 lF2(1; 4/3, 5/3; _2/4) = 2t1/2so () t312 

where SO,1/3 () is a Lommel function, see [4], and the notation Hi (t) and G, (t) is 
that introduced by Scorer [5] and used further by Rothman [6, 7]. We also have 
need for the notation 

(9) h.(t) = 4113H(73 (n), n = 1, 2, 

where H(') (z) is the usual notation for the Hankel functions. Also 

(10) el(t) = 1-teo(t), e2(t) = -te (t)/2. 

It is useful to record the integral representations 

(11) eo(t) = J exp (-tx - X3/3) dx, e1(t) = J x2 exp (-tx - X3/3) dx. 
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Finally, following [4], we can show that 
t 

(12) f B(-x) dx = eo(t)Bj'(-t) - eo'(t)B(-t), 

(13) f Ai(-x) dx = - + eo(t)A'(-t) - eo(t)Aj(-t). 

A description of the Tables follows. 

TABLE 1. 

t = is, e, (is) = R(e,) + iI(e.) 

e, = de,/ds = R(e.') + iI(e.1) 

n = 0: 0 < s < 8, 7d; 8 ? s < 9 9D. 

n = 1: 0 < s < 67 7d; 6 < s < 9 7D. 

n = 2: 0 < s _ 3 7d; 3 ? s? 72 6D, 7 ? s < 9 5D. 

Note the convention eI = de./ds so that when t = is de,/dt = - i den/ds. This 
practice is followed throughout. 

TABLE 2. 

en(t en (t 

n = O, 1, 2, 0 < t < 10 -1 t < 0 7D. 

TABLE 3. 

in (t)7 in'(t 

n = 0: -10 < t < 07 0 ? t ? 1, 7D. 

n = 1: -6 < t < 0 0 ? t < 1 7D; -10 ? t < -6 6D. 

n = 2: -3 < t < 0 0 ? t < 1 7D; 

-8 < t < -3, 6D; -10 < t <-8 5D. 

Note on p. 63 for e,(t) read e,(t). 

TABLE 4. 

t = is, hn = R(h.) + iI(hn) 

hn = dhn/ds = R(hn') + iI(hn') 

n = 1, 2, s = 0(0.1)6, 6D. 

These are rounded from the 8D Harvard tables [8]. In the latter hn' = dhn/dt. 
Comparison of the present tables with those in [5]-[8] shows that essentially 

only Table 1 is new. See [9] for tables of (12-13). 
The introduction describes the method of calculation, checks used, and ranges 

for which the tables may be linearly interpolated. 
Y. L. L. 
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This is the first part of a monumental work on theta functions and elliptic 
functions. It contains an incredible wealth of formulas and theorems involving the 
elliptic theta functions and those of Weierstrass' elliptic functions which have 
periods 1 and iK or 1 and 2 + iK/2. Four future volumes will treat the Jacobi elliptic 
functions, special Weierstrass Zeta and Sigma functions, elliptic integrals and Jacobi 
elliptic functions in the complex domain, general Weierstrass elliptic functions 
and derivatives with respect to the parameter, integrals of Theta functions and 
bilinear expansions. The final volume will contain numerical tables. 

The present volume consists of four chapters and altogether 107 sections. 
Everything that can be expected to be helpful to the applied mathematician is 
derived briefly and stated in full detail, including approximation formulas for the 
parameter functions which are correct up to the fifth decimal. Partial differential 
equations, derivatives, values for specialized arguments and addition theorems 
for the Theta functions are given in great detail. Many expansions are given with a 
large number of numerical coefficients. The Weierstrass elliptic integrals in normal 
form (of the 2nd and 3rd kinds) are expressed in terms of the logarithms of the 
Theta functions. There are 765 numbered formulas, but many of them are groups 
of formulas. To the best of the knowledge of the reviewer, nothing comparable in 
completeness and abundance of details exists in the literature. 

There is no index, but the table of contents provides a very good orientation. The 
list of references consists of 147 entries; however, the Handbook of Elliptic Integrals 
for Engineers and Physicists by P. F. Byrd and M. D. Friedman, Springer, Berlin, 
1954, is missing, probably because it has little in common with the present work. 

This is certainly no textbook, but it is a very valuable source of information for 


