Some Remarks on the
Lax-Wendroff Finite-Difference Scheme
for Nonsymmetric Hyperbolic Systems*

By Masaya Yamaguti

1. Let us consider the following system of equations:
U < du
) at ,;4 A oz
where u is an unknown N-vector, 4; are real constant N by N matrices. It is well
known that the Cauchy problem for (1) with initial data

(2) u(z, 0) = uo(z) is well posed in the L? sense if we assume the matrices A
to be symmetric. We know also that there is another class of systems for which we
can prove the well posedness of the Cauchy problem in the L? sense. That class is
defined by the condition:

(3) all eigenvalues of > 7., At are always real and distinet for all real £, |£| 5 0,
and such equations are called a strictly hyperbolic system or a regularly hyperbolic
system.

In [1], Peter Lax remarked that there are systems in the class of strictly hyper-
bolic equations for which we can not symmetrize all A, by multiplying with one
constant symmetric positive matrix. At the same time he remarked that the sym-
metric hyperbolic system is very sensitive to small perturbation of the A, but
strictly hyperbolic systems obviously are not sensitive to such perturbations. For
the numerical solution of the Cauchy problem, we know that many finite-difference
schemes work nicely for the symmetric hyperbolic system. Among them, Fried-
richs’ scheme, which is accurate of first order, is stable for sufficiently small mesh
ratio (the ratio is determined by the Courant-Friedrichs-Lewy condition) for the
above two classes of hyperbolic systems, namely the symmetric or the strictly
hyperbolic system. This is proved in [1]. On the other hand, the Lax-Wendroff
scheme which has second-order accuracy was proved stable if the mesh ratio is
small, for any symmetric hyperbolic system [3]. Now, in this paper we are going to
point out that for the nonsymmetric hyperbolic system, even for the strictly hyper-
bolic system, the Lax-Wendroff scheme is not always stable, if » > 1, N > 2, no
matter how small the mesh ratio is. (We can trivially prove thatifn = 1or N < 2,
the scheme is always stable for small mesh ratio.) Also we derive a criterion that
assures the stability of the Lax-Wendroff scheme.**
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2. We discuss only the case n = 2, but remark that the general case can be
treated in the same fashion. Consider the Lax-Wendroff scheme for the system (1)
forn = 2;

u _
at
4) = $I 4+ N(AD¢. + BDy,)

du du
Aax+35§.u(x,y,t+h)

2
+ ;— (A’Dy.D_. + (AB + BA)Do.Do, + 32D+uD—u)}u (z, 9, 1)
where the operators Doz, Doy, Dz, Doy are defined in the following way :

2Dou(z,y) = ulx + k,y) —ulx — &, 9),
2Dyu(z,y) = u(x,y + k) — ulx,y — k),
Diu(z,y) = ul@+ky) —ulz,y),
Dyu(z,y) = ulx,y + k) — ulz,y),
D_qu(z,y) = u(z,y) —ulz -k, y),
D_ju(z,y) = u(z,y) — ulz,y — k)

and A = h/k.

Upon taking the Fourier transform, we compute the amplification matrix (see
[2]) of the scheme:

c(¢,n) = I+ iN(A sin & + Bsing)

- kz{Az(l — cos £) +% (AB + BA) sin £ sing + B*(1 — cos n)}
5) 2
— I+ i\(A sin £ + Bsinn) —%—(A sin £ + Bsing)®

—on?l 42 cnts 2 4
2>\(A sin 2+B sin 2).

It is well known (see [2]) that the von Neumann condition is necessary for the
stability of (4). Hence we only have to check that the absolute value of some eigen-

value of this matrix is greater than one (a violation of the von Neumann condition),
in order to show the instability of this scheme. We exhibit this in the following two
examples.
1 0 0 0 €
Ao=10 -1 0f, B, = 1 0, e>0.
0 0 0 —e 0
Here e is a small positive number.
We can show very easily the following facts:
necessary to take e sufficiently small.)
(ii) Ao and By can not be symmetrized simultaneously by multiplication with
a positive definite matrix.

OO

Ezxample 1.
(i) For any real (£, 1), Aot + B has three real distinet roots. (Of course, it is
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(iii) For any positive numbers (x, {), Ao>x + Bo*¢ has one negative eigenvalue.
We simply prove (iii).

, x+ (1 — €N 0 0
Ao’x + Bt = 0 ¢+ x & |,
0 —el —623‘

det (Ado’x + Bo't) = {x + A — )¢} (—€tx) <0.

But the determinant of a matrix is equal to the product of all its eigenvalues, there-
fore, (iii) follows since any complex eigenvalues constitute a conjugate complex
pair. Now let us consider the matrix c(§, n) at ¢ = =, n = 7. We have

(6) c(m ) = 1 —22*(4s° + ByY) .
One eigenvalue of this matrix is greater than 1 for any A # 0.
This proves the instability of the scheme for the strictly hyperbolic system
du
at

Remark 1. It is interesting to see that the instability occurs for the highest fre-
quencies (neighborhood of ).

Remark 2. Both matrices Ao and By have a zero eigenvalue.

Ezxample 2.

p 0 0 0 m 1
A4, =0 —p 0], Bi=| & 0 1,
0 0 0 -1 -1 0

where k % +m and k, m satisfy the following condition:

(M 4mk —2)* = 27(m +k)* > 0.

If we take p > 0 and sufficiently large, then we can show the instability of (4) with
A = A, and B = B,. First we show the strict hyperbolicity of A¢ + By for real
£, 7. It is easy to verify that B, has no zero eigenvalue. The characteristic equation
of A¢ + By is

P& — 1 ma ]
(8) det k") —PE 1 ni|= 0 )

-7 -7 —H

u ou
o A"ax + B“ay :

that is,

ut = (P + (mk — 2)r"lu+ (m+k)n’ = 0.
Taking the discriminant D of this equation, we have
D = —4{p’ + (mk — 2)n’}’ + 27(m + k)"’
= —n®{4p’2® + 12p*(mk — 2)2” 4 12p°(mk — 2)’z
®) + 4(mk — 2)° — 27(m + k)
= —'P(z),
where z = £/n2. We see that 4(mk — 2)3 — 27(m + k)2 > 0 implies P(z) > O for
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all z > 0. Thus, we can conclude that D is always negative, which means (8) has
three real distinet roots.

Next, we show, as in Example 1, that A, + B, has a negative real eigenvalue.
We compute 4,2 + B2

p2+mlc— 1 -1 m
A’ 4+ B} = -1 pt+mk—1 k.
—k —m -2

Consider the equation

—det [A:)" + B = 2p* 4+ 2p°(mk — 2) — 2mk — m* — E* = 0.
Since this equation for p* has a positive root p?, we can conclude det [4,2 4 B:?] < 0

for large p%. Therefore, the matrix 4,*> + B,? has one negative eigenvalue. Hence,
as before, by substitution in (6) we see that (4) is unstable.

3. Conditions that Assure the Stability of Finite-Difference Schemes for a
Strictly Hyperbolic System. In this paragraph, we review the definition of stability
given by Lax-Richtmyer for finite-difference schemes for solving a strictly hyper-
bolic system (1). First, we introduce the finite-difference scheme for solving the
Cauchy problem. We consider the operator S; in L.? defined by the following:

(10) u(x’t+h) = Sku(a:, t) ’ T = (1"1; ’xn) ’
(11) Sp = 2 ¢,

where j is a multi-index (ji, - - -, jx), and T7 represents a product of translation
operators 7%, - - -, Ty, (T; is defined by T:u(x) = u(x + ke;), where e; is the
unit vector, e; = (8&), 1 < k < n.) Of course, we denote by h the time mesh-length,
and by k the space mesh-length. We obtain the amplification matrix by taking the
Fourier transform:

(12) (k) = Z ciexp [i5°], E= (f, -+, k).

As stated in [2], Lax-Richtmyer’s definition of stability is equivalent to the require-
ment that ¢(£) is uniformly bounded for all integral n (|£;] < ). There are many
practical criteria that assure this stability. Before introducing such criteria, we ex-
plain some notions which are useful (see [3], [5]).

Definition. We say the scheme (11) has ““accuracy of order p”’ when (12) satis-
fies the following inequality for small ¢, with nonnegative integer p, and constant K :

(13) lexp [AA-£] — e(¥)] < K[g[*
where A -£ signifies Y r1 Arki, N = h/k, |2 = &2+ &2+ - -+ + &2, and |4] is
the natural matrix norm defined by |A| = sup |+ =0 |4z|/|2|.

Definition. We say the scheme (11) has “dissipation of degree 2’ when all the
eigenvalues k,(£) of ¢(¢) in (12) satisfy the following inequality with some constant
5 > 0 and positive integer r:

(14) Ikp(s)l =1- 6|E|2r (!Ezl s, ('L =12, ---,n)) (p =1, ;N) .
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Using this terminology, some practical conditions which imply Lax-Richtmyer
stability are given in the following two theorems.

TaEOREM 1. For a strongly hyperbolic system (1), if the scheme (11) has accuracy
of order 2p — 1 and dissipation of degree 2p, then the scheme s stable (Kreiss [4]).

For the definition of a strongly hyperbolic system, see [6], [7]. We only say that
a strictly hyperbolic system is strongly hyperbolic.

THEOREM 2. For a symmetric hyperbolic system (1), if the scheme (11) has Her-
mitian coefficients and has accuracy of order 2p — 2 and dissipation of degree 2p, then
it is stable (Parlett [5]).

We now prove the following theorem which gives a new criterion for assuring
stability.

TuEOREM 3. For a strictly hyperbolic system (1), if scheme (11) has accuracy
greater than 1 and if it satisfies one of the two following conditions, then it is stable:

(1) ¢(%) has dissipation of some degree 2r > 0, for & # 0;

(i1) the eigenvalues of c(£) are distinct for all £ # 0 and the von Neumann condition
s satisfied.

Proof. First we prove that c(£) is uniformly diagonalizable in a sufficiently small
neighborhood of ¢ = 0. Observe that ¢(0) = I, and for small |£],

log c(§) = C(E)l_ I_ (6(2)2_ Iy + -

Therefore, since the scheme has accuracy of order greater than 1, (13) yields

loge()) =Nt +RE), [ROI=0(), »p>1.
If we put |£| = p, £/|2i] = ¢, then we have for p # 0

logc(¥)/p = NA-E + Ri(p, &),  |Ra(p, £) = 00"

Since the eigenvalues of A -¢ are distinct on |¢'] = 1, by the strict hyperbolicity,
the eigenvalues of log c(£)/p are also distinet (uniformly) for small p. Thus, we can
say there is a positive number v such that log ¢(£)/p is “uniformly diagonalizable’
for p £ v. The uniform diagonalizability is defined as follows: When X is the ma-
trix whose columns are a complete set of unit eigenvectors of the matrix E, then
the diagonal matrix of eigenvalues, A, is given by

A=XTEX.
We say the family E(£) is uniformly diagonalizable if [X (£)]~! is uniformly bounded.
Since det X (¢'), for E = log c(£)/¢, is a continuous nonzero function on |¢| = 1,

Weierstrass’ theorem implies |det X| = u > 0, for some constant u. Hence X! is
uniformly bounded. This implies that ¢(¢) is also uniformly diagonalizable for
p < v. Before completing the proof of stability, we observe that if the scheme satis-
fies the condition (ii), then it is easy to see that ¢(£) is uniformly diagonalizable for
all ¢ |&] < =, and the von Neumann condition is satisfied, which implies the
stability by the discussion of Lax-Richtmyer [2].

Let us now return to case (i). We can limit consideration to the range |¢;] < ,
v = p by the periodicity of ¢(¢) and by the above proof for the range p < v. By
taking a suitable unitary matrix U(£), we can transform c(£) to an upper triangular
matrix, B(§),
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B(§) = U©)c®)U*() = K(&) + B1(§) ,

where K (¢) is a diagonal matrix and B;(¢) is a strictly upper triangular matrix. Of
course, the diagonal elements of K(£) are the eigenvalues of ¢(£). Now with a diag-
onal matrix D of the form:

d
D = d2 )
a
we transform B to DBD~! = K + B, with
b1 bin_
0 3 ' Y
B2 — 3
bn—ln
d
0 0

By the condition (i), we have

K*K < (1 — o).
Taking d large, we have

K+ B)*K+By) =1
which means that all eigenvalues of (K + B2)* (K + B.) are less than 1, since
(K + B2)* (K + Bz) = K*K + K*Bz + B2*K + Bz*Bz and p = IEI g Y- There-
fore, if we put T's = DU, there is a positive constant « such that

max (|7, |T2|_1) < a and szCTz—ll =1,

where we use the natural matrix norm |4| = sup_., |Axz|/|z| corresponding to the
Euclidean norm |z|. Therefore, all powers of ¢ satisfy |T2c"Ts!| < 1, whence
|e*| £ o? and are bounded.

4. The Lax-Wendroff Scheme for a Strict Hyperbolic System.

u Ju u
at _Aax+B6y'

We derive a sufficient condition for the stability of the Lax-Wendroff scheme for
special strictly hyperbolic systems. We express the condition by using the follow-
ing notation.

Ao(t,n) = Asint + Bsing,
A&, n) = A’sin* £/2 4+ B’sin* 9/2.

TaEOREM 4. The Lax-Wendroff scheme s stable for sufficiently small mesh ratio \,

if the coefficient matrices A, B of the strictly hyperbolic system satisfy the following
conditions:

(15)
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(1) at least one of A and B does not have a zero eigenvalue;

(2) A% + B has only real eigenvalues for all real ¢, ;

(8) for each etgenvalue of Ao(&, 1) we denote by ¢o and Yo the eigenvectors corre-
sponding to this eigenvalue of Ao(g, 1) and Ao*(, 1) respectively, such that {(¢o, o) > 0;
we have

(41(5, Mo, ¥0) Z 1pXdo, Yo)
with | being a positive constant and p* = sin® ¢ + sin? 9.

Proof. First we remark that the matrix Ao(¢, 1) vanishes at (w, ) but 41(%, )
does not vanish there. To treat this case specially, we divide our discussion into
two parts. Namely, for (¢, 7) which satisfy 7 — e S |§| S 7,7 — ¢ = |9| £ =,
and for (£, 1) which do not satisfy these inequalities.

(i) For (£, 7) which satisfy 7 — ¢ < [¢§| < 7, 7 — ¢ < |9| = =, by assumption
(2) and by Lax’s concavity theorem for hyperbolic matrices [1], we can show that
the eigenvalues a,(£, n) of

Ai(E,n) = A’sin* £/2 + B*sin' 5/2 (p=1,2---,N)
are strictly positive, that is to say, bounded below by some positive constant which

is independent of € and (£, ) for this range. Therefore, the eigenvalues k,(£, n) have
the following form:

kP(E;"I) = 1"%(5;’7)'!‘0(6) (p=1)2"")N)

which satisfy the condition (14) for sufficiently small e. This proves that condition
(i) of Theorem 4 is satisfied for this range.

(ii) Now we discuss the domain of ¢, 5 except the neighborhood of [¢§| = m,
|n| = w. We use condition (3) to prove some dissipation stated in condition (i) for
small \. Putting p* = sin? £ + sin? 9, sin §/p = &, sing/p = 9" 2 + 92 =1)
and A1(% 7)/p = A1 (¢, 1), we consider the matrix

ar(t,m) = ido(®, n') + (~DNGA0(E, 1) + 241 (¢ m)

as a perturbation of the matrix Ao(¢', ") by taking A small. We know that by the
strict hyperbolicity, the absolute value of the difference of any two eigenvalues of
Ao(E’, 7") is bounded away from zero for ¢? 4+ 52 = 1. Then we can consider the
convergent Taylor expansion in A of an eigenvalue of ¢1(g, ).

In the following, we carry out this expansion. Let »(§, n) be an eigenvalue of
ci(¢, n), and ¢(¢, ) be an eigenvector. Then we have

V(E,‘ﬂ) =V0+)\V1+>\2y2+ el
¢ ) = do+ A1+ N+ -+ ;
substituting these in ¢i(¢, n)¢ = v¢, we obtain

(16) [’iAO(g,; "7,) - >\<§ AO(E,) 17')2 + ZAI,(E) 77))] (¢0 + >\¢1 + .. ')

= Ww+M+ )@+ A1+ ---).

By equating the coefficients of A°, we have tA4(#, 7")po = vopo. Therefore, if one
of the eigenvalues of Ao(&, 1’) is wo, then we have vo = tuo, and ¢, is the corre-
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sponding eigenvector of Ao.
From the coefficients of the term A, we have

iAO(EIJ 77I)¢1 - l:% AO(E'; 11’)2 + 24/ (E; "7)]‘#0 = tuod1 + v1do .
That is,
(7)) — D = [T + S ASE, ) + 246 ) Jo.

We can determine ¢; by determining »; from the following equation, since the
eigenvectors of a matrix E and E* are biorthogonal:

<<§ AO’ (EI; ﬂ,)2 + 2A1, (E; 77))4’07 IPO>

vy &= —

<¢07 1#0)
_ _ P 2 24V E o0 Yo
2k (o, 90y

By assumption (3) we have

_ (AII(E, 77)¢0> ‘pO) 3
8= oy =P >0

and by solving the equation (17), we have a vector ¢; whose components are pure
imaginary and are at most O(p) for small p. Next, by equating the coefficients of
A2 in (16), we obtain

(18) (A (E,1") — nol)p: = i1 + (g Ad(E, 1) + 244 (&, 17))051 -+ vego .

We can determine »; by the following equation:

<(§ Ao'(f,, 17')2 + 2A1’ (E; "]) + Vl)¢1; ¢0>
<¢0; \l")) ’

We note that », is pure imaginary and is at most O(p?) for small p. Now set v2 = v,
By a similar discussion, we have v; which is real, determined by (18) and

Ve = —

<<"21 Ad(E, 0" + 244 (&, 1) + V1)¢2 + vy, 'l/0>
e (b0, ¥o) '
We note that vs is at most O(p?) for small p. Finally, we have
v = o + N(—puo’/2 — 28) + Ao A 4 - - .

Therefore, we obtain an expansion of k(£, n), an eigenvalue of ¢(%, n), by the homo-
geneity of » and the definition (5):

k(& n) =14 duo(§, 1) — N (o’ (€ 1)/2 + 2sp) + N'v'p + Noap + -+ .
Now we compute its absolute value:
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k& )|® = [1 — A\2(e®/2 + 2sp) + ANosp + -+
+ Do+ 2%+ -]
1—kp+2NF+ ---

F = (u0’/2 + 250)" + 2vap + 2u0p

where F is a quantity of at most O(p?) for small p. We can assume |[F| < F'p*
(F' is a constant) for |p| < po. Now we use condition (3) which implies sp = Ip*.
Thus we take A such that

N = 2/F.
Then we have

k(g mI* <1 —Np'@l — FA) + -+,
S1—2%7+ .-
which yields a dissipation of degree 4 for p < po. For p = po, we have

k& m))* <1 — &' +NF + -+,

and taking A sufficiently small, we have some dissipation for this range of (£, »).
These facts imply that condition (i) of Theorem 3 is satisfied. This completes the
proof.
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