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By Jet Wimp 

I. Introduction. In this paper, we determine the asymptotic representation for 
a class of G-functions, 

(1) 4).(M) M+21 , ap,1- n, n + y +1) 4,, X) =GP+3Q+2 
.2 0+ 12bQ 

as n -*oo , n an integer. For a treatment of the G-function, see [1]. 
These functions occur as coefficients in the Jacobi polynomial expansions of 

certain higher transcendental functions. For example, we have [2] 

f(Xx) = GplM'1 ( 1, ap 
co 

(2n + 7)F(n + y) ,(M). a) 

(2) +Q\XbQ/ n= F(n +0+13+) ' < < 
1 < X < ?O 

where y = a + fi + 1 and Rn(a, )(y) = Pn(ca ?)(2y - 1) is the shifted Jacobi poly- 
nomial. Eq. (2) is valid for 

(3) M > +2Q 1,arg XI < rm + 1- -Q ;\ 5 0 

and for ac,f, ai, bj suitably restricted. (Our analysis will reveal that many of these 
restrictions may be dropped.) 

Since f(Xx) has an asymptotic representation in descending powers of Xx, (2) 
may be interpreted as a summation process which converts the generally divergent 
expansion into a convergent one. Important special cases of (2) yield expansions 
for the confluent hypergeometric function 4/'(a, c; Xx) and Lommel functions. 

We will treat only the case Q - P - 1 > 0 since the case P + 1 ? Q may be 
handled by an elementary analysis. In the former, 4)(M) as we shall see, has the 
unusual behavior of exponential decay as n -oo , in contrast to the latter case, 
where 4n(M) behaves as inverse powers of n!, or at worst (P + 1 = Q), algebraically 
in n. 

In Section II, we first prove three lemmas; the first establishes an integral repre- 
sentation for 4n(Q) (X), the second estimates for large n a closely related integral, 
and the third gives the desired asymptotic formula for 4n(Q) (X). Our main theorem 
follows when we find we can express 4(%M)(X) as a linear combination of the func- 
tions 4n(Q)[X exp (7ri(Q - M - 2k))]. 

Section III is devoted to examples. 
There are quantities and assumptions about them which occur frequently in 

this paper, and they will always be as below: 
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(i) M, P,Qintegers > 0 0 < M ?Q; 

(ii) f, y, a b jcomplex constants, i = 1,2, ... , P; j = 12, .,Q; 

(iii) X a complex variable # 0; 

(iv) bjy, + 1 0 O,-1,--2, ... , j = 1, 2, ... Q; 

(4) (v) Q-P-1 = 1/s>0, c= (s + 1/2)-l, a = min [ws, /2]; 
Q P 

(vi) A= bj- Eaaj; 
j-1 j=1 

(vii) V (x) = exp {-[(28 + 1) c/2 1 x-3Xw/2 

+ (3S - 1) -5w/+1..] 
+10(28 +1)XJj 

Assumptions (iii)-(iv) are necessary to guarantee the existence of (1). We also fre- 
quently use the shorthand notation 

P Q 
(5) r(ap - z) = fr(aj - z), r(bQ - z) = r(b, - z). j-1 ~~~~~~~~jl1 

II. Results. 
LEMMA 1. Let 

(6) -7r/2s < argX + 4< r/2s, -7r < < 7r, 

andnbeapositiveinteger,n > Re(-3 -1), n > -Re(b) ,j = 1,2, * *Q. 
Then 

=? 
1~-)7r o 

(1 + (1 + t) 12)2n+ (1 + t)I/2 

where 

(8) R(Xt) = GP+1 Q+i(xt|ap, (y + 1)/2, (e + 2)/2) 

Proof. The above result for g = 0 follows from an integral given by Saxena [3]. 
We give the proof, however, since it is short and since it involves relationships 
which will be used subsequently. We first demonstrate the convergence of the in- 
tegral. At the origin, the integral is a sum of functions [4] which behave like 

O[tn l+bi] , j 1, 2, *, Q, or O[tP+0] 

For Ittl- oo, we have [5] 

R(Xt) =lJ2(27r)' I8s)l(Xt) exp (-(t)/8s)[1 + 0(tF)] I 

(9) larg X + 41 < 7r(1/s + e), 

J2, Q = P + 2 = + s(-ay + A) 

and thus R decays exponentially, since (6) implies that Iarg (Xt)'1 < 7r/2. 
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Now R may be represented as the Mellin-Barnes integral [1, p. 2071. 

(10) R(Xt) = r A J(j3 + 1 - z)r(bQ - z)(Xt)2dz 
2ri Lr(ap - z)r((y + 1)/2 - z)r((y + 2)/2 - z)' 

where L runs from - i oo to i X in such a manner that all the poles of the integrand 
are to the right of the path; L can be chosen so that the integral converges abso- 
lutely. 

When (10) is substituted in (7), the order of integration can be interchanged by 
absolute convergence, and Lemma 1 follows by application of the known integral 

(11) |t exp t(1 + (1 + t)l/2)b dt = 22a+b+2 r(a + 1)r(-2a - b - 1) 
~~11) Jo (1 +t)1/ r(-a -b) 

for -7r < 0 < 7r, Re (a + b/2) < -1/2, Re (a) > -1. 
LEMMA 2. Let 

co exp ( O) t+cc te 
(12) Ln(z) p J [1 + (1 + t)1/2i2n+ci(z + t)1/2 [1 + M(t)01ldt, 

where cl, C2, z are all complex quantities, n and s are real, 0 < s ! 1, Mil(t) is analytic 
and bounded in the sector Iarg t I? 1f4 <wr, ItI > e > 0, and for n sufficiently large, 
tnM(t) is finite as t -O 0 in that sector. Also 

(13) -7r(s + 2) < argz <7r (s + ), z ? 0, 

and 4 = arg to, where to is the root of 

(14) to8(1 + to)1/2 = n/zs =p 

which for large n behaves as 

(15) to e Pap 

Then the integral converges for n sufficiently large and we have 

(16) L (z) = (27rw/n)1/2p (c1c2/2+3/4)V (p)[I + O(n?f)I n oo 

Proof. The proof is by application of the method of steepest descent. First, let 

0 be unrestricted. Then the integral will converge if 

(17) -ir < 4 < 7r, -7r/2 < argz+s4 < ir/2, 

but since 4 -- -X arg z, n -a o, the conditions (17) reduce to (13) and, indeed, 
q5 < 7r, as stated in the hypotheses. 

Let 
o exp(i4) 

(18) Ln(z) = J G(t)eAn(t)dt 

An(t) =-zt8 + n ln t-2n ln [1 + (1 + t)/21 . 

The saddle point in question is at A.(')(to) = 0, which gives (14), and one 
verifies that 

(19) to = p (2+ 1) P + 1)2P + 
(2s 1) (2s + 
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For higher derivatives of A. we have 

(20) An (to) = 0 (nto ) , k > 1 

If we write 

l+An 

(21) Sn (z) =toeAn(to) f G(tou)e4O(u)du, 

where 

n = An/lto = (-t02/2)An(2) (to) 

(22) ?(u) = - (u -1)2 - tOA4n( (t) (U - 
1)_ t02An(4)(t) (U-1)4 

3An j2) (to) 12An (2) (to) 

and make the choice 

(23) an= n"( 3) 

then Ln(z) - Sn(z), the neglected portion of the integrand being exponentially sub- 
dominant to Sn(z): in fact, we have 

(24) exp [An (to i1 nei) ] 
- exp [ -Knw/3 exp ((iw/2) arg z) + 0 (1)], 

where K > 0. By (20), every term in the series for ?(u) is a bounded function of 
n. Thus we can make the substitution q = - 2 in (21) and proceed in the usual 
fashion. The lemma follows, since exp [An(tO)] = Vn(p), and ;C'12, G(to) are easily 
estimated. 

LEMMA 3. Let Iarg XI < 7r(1/2s + 1) and n be integral. Then 

(25) 4tn (QX) = (_ )n(7rW)l/2(27r)l/2sXdlnd2Vn[nK8][1 + 0(n )], 
n -*oo, where 

(26) di= - +s +A+2 = 1+ A 

Proof. In the expansion (9), include the remainder term, i.e., write [1 + 0(t-8)] 
= [1 + M(t)t-8] and substitute (9) in (7). Then the hypotheses of Lemma 2 are 
satisfied, and a straightforward identification of parameters gives (25). 

Now, using the reflection formula for the gamma function, we find that 

= M-Q f r(1 - z)r(i + 1 - z)r(bQ - z)r(z) 
(27) 27ri rL a(ap-z)r(1 -n-z)r(n + -y + -z) 

X II sin 7r(bj -z)Xzdz. 
j==M+1 

By decomposing the sine product into its exponential factors, we may write 

(/ Q \Q-M 
(28) 4,jM)(X) ( 27ri)mQ exp -7ri bjL E /Ilk(M) (Q) [Xe, i(Q-M-2k)i 

j.=M+1/ k=O 

where 1lk (M) is the coefficient of xk in the product 
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Q 
(29) 1 (1 - x exp (27ribj)) j=M+l 

and empty sums are zero, empty products unity. 
We thus have our main 
THEOREM. Let M > (P + Q - 1)/2, larg Xi < 7r[1/2s + 1 + M - Q], n in- 

tegral. Then 

n M)(X) = (_n(7rWs8) (27) /2sXd1nd2 (-2ri)M-Q 

X exp (-7ri [ bj - d (Q - M)]) 
(30) -i=M+l 

Q-M 
X E ILk exp (-2ridik)Vn[n (Xei(QM2k)Ys] 

k-O 

X [1 + 0(n-)], 

n -* oo, where di, d2, ILk(M) are as above. 

m. Examples. An expansion given in [2] is 

(31) (Xx)a 
a (a, c; Xx) = , Cn (X) Tn* (1 /X) 

n=O 

1<x? _o,a+1-c,a5# 0,-1,-2, * * *a , IargX < 37r/2, X# 0,where 

En__G_4_____ 1,1 -n,n+l 
(32) Cn(X) 

= ,2 ) a + 1 -c 7 r(a)r(a + 1 - c) 1 2~ 

E0 = 1, En = 2, n > 0 and Tn*(y) = Tn(2y - 1) is the shifted Chebyshev poly- 
nomial. Our theorem gives 

Cn(X) = al(X)(-)n n exp (-3n 2/1X1/) [1 + O (n/3)], 

(33') 371- 4_________A 1/2_(4a_ 2c+l)/6 2 
2 3 'r(a)r(a+l1-c) 3 

This provides the multiplicative constant missing in Nemeth's result [6] and agrees 
with a result in Miller [7]. 

As shown in [2], Cn(X) satisfies a homogeneous third-order difference equation. 
The Birkhoff-Trjitzinsky theory of singular difference equations [8] asserts that 
there exist two other linearly independent solutions of the difference equation which 
have the behavior 

(34) (P2,n(X) = u2(X)(-) n exp (-3w1n23 X1'3)[1 + O(n1/3)] 

93,n(X) = u3(X)(_)n nexp (-3W 2n2'3X1/3)[1 + O\n13)], 

where co = (-1 + 31I2i)/2, W2 = -o, larg XI < 37r/2. 

In [2], it was stated that, for larg Xi < r, CQ(X) could be computed by using 
the difference equation in the backward direction, but the proof given there is in- 
correct. Nevertheless, the statement is true, as is easily seen by using (33)-(34). 
Let q5l,n(X) = Cn(X). In the notation of [2], we find 
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= O{vv exp [3X2/3X31}3, 

(35) 0= O{z exp [ 2/3 X1/3 (2 + W2)]} 

a = ?O{ 9 exp [-_ 3v213X'1/3 (2 + wi )1} 

But 

(2 + CO2) = (2 + co 1) = 3l 2ei/6 

and the requirement that y, -0, 5, -O0 as v -> oo reduces to arg (exp (4iri/6)X' /3) 

< 7r/2, or Iarg Xi < r. 
For a Lommel function, we have 

(XX)1-a22-2ar(1- a - b) r (1 -a + b)S2a-1,2b(2(Xx) 112) 

(36) 0 
= ZDn (X)Tn*(l/x), 1 X < 0x 

n=O 

and by [9, formula (32)], (2) and the theorem, we find 

(37) Dn(x) = (-)n23/2X (1a)/2fn-a exp [-4n"/2X1l4J[1 + O(n-1"2)J, 

arg Xj < 27r. 
Also by [9, formula (26)], (2) and the theorem, we get 

(38) (27rXx) 1/21a[(XX)1/2]Ka[(XX)1/2] = E En (X) Tn* (-) 

< x ? o, and 

En (X ) =( _ )n 23/2 1/8n-3/4 exp 12. 1/2n1/2X1/4] 

(39) 3si - a) + 2 21/2 1/2X1/4] [1 + O(n1/2)], argAl <ix, 
8 

where Ia(z) and Ka(Z) are the modified Bessel functions. 
There are a number of examples in the literature of expansions of the kind 

(40) f(Xx) n= Fn(X)Tn(I) x _ 1Tn 

where Lemma 2 alone suffices to obtain an asymptotic formula for the coefficients, 
since Fn has an appropriate integral representation, see [10], [11], [7]. 

For instance 

= 1/2X' i3/2 
co 

exxKo(Xx)x7?-1/2 dx 

(41) 0 1 + X2)12[1 + (1 + 2)1/2Jn 

1 | exp (-2Xt [1 + M(t) dt 
07r (1 + t)1"2[l + (1 + t)1121,, 

by the asymptotic formula for Ko, and thus 

(2X)"4 41/j1 /) (42) F (X) = 1/2 n-34exp [-2 (2Xn)1121[1 + O(nr )1 

Fornula (42) is valid not only for values of X for which the integrals (41) converge, 
but also furnishes a valid asymptotic representation for the analytic continuation 
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of Fn(X) into the sector larg Xi < 7r. It agrees with the result given (for X real) in 
[10a]; there Fn,(X) occurs in the Chebyshev polynomial expansion for one of the 
asymptotic components of the Bessel function Jo(x). 

IV. Conclusions. Actually, the expansion in [21 is more general, with coefficients 

GPM 2' 
Kap, 1 -nn, l+ y+l 

(43) GP+2 Q+2(X 1, A3 + 1, bQ / 

and 

(44) f(Xx) = GP Q(KXX a) 
where a, and K are no longer necessarily 1. Of course, one can always make a, = 1 
by expanding (Xx)l-aif(Xx) instead of f(Xx), but when K > 1 the situation changes 
considerably, and the analysis is more complicated. Preliminary work indicates that 
the asymptotic representation of (43) is then contaminated with terms which are 
purely algebraic in n, unless a, = a2 = * = aK = 1; thus the convergence of 
the more general expansion is greatly inferior to the convergence of (2). In fact, 
for (2), our analysis enables us to weaken certain hypotheses: we can conclude that 
the expansion converges at the end points x = 1, x = oo, and that various re- 
strictions on ai, bj can be dropped, see [2]. The expansion is now seen to converge 
for 0 ? M _ Q, Q > P + 1, bj, ,B + 1 not zero or negative integers, 
M > 2(P + Q - 1), larg XI < 7r(M + (1 - P - Q)/2), X # 0, 1 ? x ? oo. 
The same applies to the expansions in [10], [11], where X was assumed real. Lemma 
2 shows that those expansions converge for larg Xi < r. 

The advantage of our approach over using the Langer method [12] on the dif- 
ferential equation satisfied by 4%(M)(X) is twofold: the Langer method, at the pres- 
ent time, is only a formal procedure, and it does not give the leading constant. 
(However, if higher terms in the expansion (30) are needed, they are most easily 
obtained from the differential equation.) 

Since 4n(M)(X) satisfies a difference equation in n of order max [Q + 1, P + 2], 
it might be thought that the subnormal solutions encountered in the Birkhoff- 
Trjitzinsky theory could be used to prove the theorem. But the problems involved 
in this approach are rather serious. Not only is the lead constant undetermined but, 
for general M, P, Q, the application of the theory (even in its formulation by 
Turrittin [13]) presents insuperable algebraic difficulties. 
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