CALCULATION OF AN INTEGRAL 727

1. S. CHaNDRASEKHAR & D. ELBERT, ‘“The roots of Yu(M)a(A) — Ju{M)Ya(N) = 0,”” Proc.
Cambridge Philos. Soc., v. 50, 1954, pp. 266—-268. MR 15, 744.

2. H. E. Fermis & J. C. CasLiN, “An extended table of zeros of cross products of Bessel
functions,” Rept. No. ARL 66-0023, Office of Aerospace Research, U. S. Air Force, Wright-
Patterson Air Force Base, Ohio.

3. A. FLETCHER, J. C. P. MILLER, L. RosENHEAD & L. J. CoMriE, An Index of Mathematical
Tables, 2nd ed., Addison-Wesley, Reading, Mass., 1962. MR 26 #365a, b.

4. J. McMaHON, “On the roots of the Bessel and certain related functions,” Ann. of Math.,
v. 9, 1894, pp. 23-30.

5. F. W. J. Ouver (Editor), Bessel Functions. Part I11; Zeros and Associated Values, Royal
Society Mathematical Tables, Vol. 7, Cambridge Univ. Press, New York, 1960, Table I, pp. 2-14.
MR 22 #10202.

More on the Calculation of the Integral
Lo =2 [o ) <S‘xﬂ) cosbz dz

By Henry E. Fettis

The evaluation of this integral has been the subject of two recent papers [1],
[2]. Although the integral can be expressed in a simple analytical form, namely

n [(n—b) 72} (_)k(n — b — 2k)n—1 }
{I"(b) =3 & o=kt P <"

=0, bzn,

(where [(n — b)/2} denotes the largest integer less than (n — b)/2), the use of the
above expression for large n has not proved satisfactory. Alternative schemes in
lieu of (1) have been proposed by Medhurst and Roberts [1] and Thompson [2].
These essentially are recursive-type methods, in which results for higher values of
n and b are computed from starting values obtained for lower order and argument.
by the exact expression (1). Such schemes have the disadvantage that the direct.
computation for a given n and b is not possible. The present paper proposes a.
method which overcomes this difficulty and allows the integral to be computed
directly. The formulae work equally well for small and large values of b, and are
particularly well suited to computation for moderate and large n.

The basis of the present method is the Poisson summation formula [3]. In its
most general form it may be written as follows

@) 3 exp [ikuilf(a + kd) = ; ) G(g”ﬁdﬂ) exp [—i(a/d) @rm + u1)]

=0 M=—c0

(1)

where @ is the Fourier transform of f, namely
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3) Gly) = f_ Z F@)e™da .

The formula (2) may be applied to the present problem by taking a = 0, f(z) =
(sin z/x)". We find that

) G(y) = 7L.(y) .
Setting u1/d = ¢, and noting that f(x) is an even function, we get
L) + Lt + 2n/d) + I.(¢t — 2x/d) + L.(¢t + 47/d) + L.(t — 4x/d) + --- +

®) _d [1 + 2 cos (dt)(Si‘oll d>” + 2 cos (2dt)<5i’21d2d)" 4. +] .
m

We now specialize Eq. (5) in two ways. First we set t = 0 and d = 2x/b, and obtain

L,(0) + 2L.(b) + 21,(2b) + - - +
v ~2[1 oY oy ]

Next, we set t = b and d = 2x/n. This gives
L®) + L(n +b) + Li(n —b) + L2n+b) + L2n — b) + --- +

@ 1% = [1 + 2 cos 27"1) <—sin2(7r2/7r7{n)>" + 2 cos é:—b <______sin4(7:1/1rn/n)>” + .- +:|.

In particular, if b > n/2, then I,,(kb) = 0 for £ > 1, and Eq. (6) becomes

® Lo =11+ 2(%?’@) + 2(%) bt ]300

For b = n, we obtain Butler’s result [4], namely

©) 1,0 =2 [1 + 2(—84"’—2(3—/’;{@) + 2<%/1;{n)>n T +] ’

Next suppose b < n/2. Thenn — b > n/2,and nk b >n(l + k)/2 > nfor k> 1.
Hence (7) gives

I,(b) + I,(n — b) = 7% I:l + 2 cos <2;:—b> (W)ﬂ + ...

For b = n/2 both (8) and (10) give

Formulae (8) and (10) have the advantage that convergence is virtually unaffected
by the value of “b”. Further it is easy to predict in advance the number of terms
needed for a prescribed accuracy by examining the magnitude of the successive
maxima of [sin 6/6]. These maxima occur approximately at the points § =

(10)
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(2k + 1)(x/2) where k = 1, 2, - --. Their magnitude, for all practical purposes
can be estimated as 1/(k + %), and the contribution in the interval [k, (k 4 1)=]
as 2[k + i1, so that for n > 10 the summation can be terminated after three or
less cycles of the integrand have been covered.

A formula similar to (6) can be obtained by taking a = 7/b, d = 2x/b,u = 0
in Eq. (2).* This gives

(12)  1,00) — 2L,() + 2,(2b) — -+~ + éi&m“+%@”§f

B ANEED)
For b > n/2 the left side reduces to 1,(0) — 2I,(b), so that
@ sy -fE (RSB

Combining this with (8) and changing the index of summation, we obtain a formula
for I,,(b) which is free of I,.(0):

(14) L) = [1 42 "g (—)m(ﬂ%ﬂ . b>n2,

and by setting b = n we obtain another expression for I,,(0):

_g“smw+a%mw
(15) h@“bé{m+a@mn '

Sample calculations of I.(b) forn = 12,b = 0,4, 6, 8
[sin (2kx/n)/2kx/nl»  [sin (2kx/b)/2kw/bl* cos 2kxb/n[sin (2kx/n)/2kx/n]*

k = 8) cos (2kwb/n) b= 4)
1 57498 50916 .28362 30021 —-.5 —.28749 25458
2 .10233 49931 .00443 16094 —.5 —.05116 74966
3 .00443 16094 .00000 05337 1.0 .00443 16094
4 .00002 49841 .00000 00000 —.5 —.00001 24920
5 .00000 00024 .00000 00012 —.5 —.00000 00012
6 .00000 00000 .00000 00083 1.0 .00000 00000
7 .00000 00000 -5 00000 00000
8 00000 00061 -5 —.00000 00031
9 00000 00083 1.0 .00000 00083

10 00000 00004 —.5 —.00000 00002

[sin (2kr/n) I" , _
54D | Skn/n 1.18177 66955 ;  I12(0) = .39392 55652

» [sin (2kx/n) |

—.47705 67278 ; I,2(6) = .00382 38787

54+ %—(I%’Z—b) 778805 51547 ;  I1x(8) = .00005 10061

[sin (2kr/n) |*
5+ > cos 2kxb/n e

16575 90791 ; I,,(4) = .05520 20202

* The author is indebted to the referee for this additional material.
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