Zeros of Sections of the Zeta Function. 11

By Robert Spira*

1. Recapitulation. Paul Turan proved theorems connecting the locations of zeros
of the Dirichlet polynomials

N
1) Sn(s) = ;n_s

with the Riemann hypothesis. Let s = o 4 . One such theorem is that if all the
zeros of every {x(s) had real parts ¢ < 1, then the Riemann hypothesis would be
true. Unfortunately, this very simple condition, which could perhaps have been
worked with in an inductive fashion, was shown by Haselgrove [1] to fail infinitely
often. In part I of this paper (Spira [2]), a description was given of a calculation of
zeros of {x(s) for various N up to 10%. No zero with ¢ > 1 was found.

In this concluding part, we apply in Section 2 generalizations of basic theorems
of Bohr to ¢x(s), and find g.1.b. |¢n(s)] for¢ = 1 and N = 5. In Section 3 we discuss
a confirmation of Haselgrove’s proof, and report on related calculations. In Section
4, we describe machine proofs that {x(s) has no zeros with ¢ = 1 for N £ 9, and
proofs of the existence of such zeros for a variety of small N starting with N = 19.
Finally, we discuss our attempts at finding such zeros.

2. Applications of Bohr’s Theorems. Let p; be the jth prime, so p1 = 2. Forn >
1, let r,,; be the highest power of p; dividing n, and let ¢, be the index of the largest
prime dividing n. We then can write (1) as

N
(2) tw(s) = ; 7" exp (—at(ra1log 2 + ranlog3 + -+ + 1aq log pg,)),

where we interpret the sum in parentheses as 0 when n = 1. Introducing the new
variables z; = t log p;, we now define the companion function of ¢x(s):

N
(3) Fy = Fyn(o,z1,22, ) = ;n"’ exp (—i(rw,1®1 + Tu,o®2 + <+ + + Ta,g,Tq,)) -

Since the log p; are linearly independent over the rationals, and the r, ; are
integers, we can apply generalizations (Spira [3]) of theorems of Bohr [4]. We can
conclude first of all the set of values of ¢n(s) for ¢ & (a, ©) and ¢ € (—», ©) is
identical with the set of values of Fy(e, 21, - - ) where ¢ & (a, ©) and each z; runs
independently over [0, 27). Thus, taking a = 1, {x(s) = 0 for some ¢ > 1 and some
tif and only if Fy(e, 21, - - -) = 0 for some (possibly different) ¢ > 1, and some values
of the variables x1, s, - - -. We remark also that if {x(s) has one zero with ¢ > 1, it
has infinitely many (Spira [3]). Secondly, we can conclude that the values of
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Fy(o, 1, - --) where ¢ runs over a closed interval, and the z;/s run independently
over [0, 2m), form a closed set. Thus, for the o-interval [1, 2], the distance of this
set to the origin is a well-defined constant, dy.

Now, from the last two lines of p. 542 of I, we have that for ¢ > 1,

(€)) [fx@®|z1 =27+ 1)/(c — 1)

and this last function increases with ¢. At ¢ = 2, its value is 1/4, so for ¢ = 2,
[¢n(s)| = 1/4. Hence, for ¢ > 2, |Fy| 2 1/4, and if dy < 1/4, dy is the minimum
distance of Fy to the origin forall¢ = 1. For 5 < N =< 50 it turns out that dy =

1/4, but it is also true that for N < 4, dy is the minimum distance for all ¢ = 1.
To discuss these N < 4 cases, and for the sequel, we define:

(5) mn = the set of primes p satisfying N/2 <p = N,
N
(6) Sn*(s) = 2 n=°, v (s) = 2 n,
nnl;nEIN n€1rN
™ Fy* = Fy*(o, 21, - - ) = the companion function of {x*(s) ,
(8) Py = Py(o1, @1, -+ +) = the companion function of mx(s) .

We have ¢n(s) = ¢x*(s) + wn(s), Fx = Fy* + Py. Note that o is the only variable
Fy* and Py have in common. The first four ¢{x*(s) are 1, 1, 1, 1 + 2% + 4= In
general, we have

n*(s) = tn_1(s) if N is a prime ,
9) v¥(s) = (F—1(s) + (N/2)™° + N°if N is twice a prime,
Ev¥(s) = ¢%_1(s) + N~° otherwise ,

and there are similar equations for Fy*. It is clear that the variables in Py can be
chosen so that Py is a vector in any assigned direction of length Epe,w p—°. We
avoid the general question of whether values of ¢, 21, - - - which minimize |Fy*| also
minimize |Fy| after suitable selection of the variables in Py. For N < 5, this turns
out to be true, since the minima for ¢ = 1 of |[Fy*| lie at the extreme ¢ = 1. The
remarks above on the relations of the sets of values of {x(s) and Fy also carry over
to the functions {x*(s) and Fx*.

For N = 1, it is trivial that dy = 1. A short calculation shows that for N = 2,
we obtain a minimum d; = 1/2at o = 1, 2, = 7, and for N = 3, d; = 1/6 and is
attained at ¢ = 1, 2; = z» = =. It is also easy to see that these three minima hold for
o = 1. We sketch the calculation of da.

We consider first F*. We have |[F*| =2 1 — 277 — 4=, whichis > 0 foro = 1.
Thus, for some ¢ in [1, 3] and for some z1 in [0, 27), |F*| takes on a positive mini-
mum. In finding such ¢ and z,, we can study g(o, 1) = |F.*|? instead of |F*|. At a
minimum, we must have dg/dx; = 0, (since g is periodic of period 27 in x;, we do not
have to consider extreme values in that variable). A short calculation gives

(10)  g(o,21) =1 4 27% + 472 4 21-9[1 4 4] cos x1 + 2-477 cos 221,
an dg/0x1 = —277(sin x1)[1 + 477 + 2%77 cos x4] .
Thus, dg/dz: = 0if and only if z; = O or 7, or cos x1 = — (2 + 277)/4. For z, = m,
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setting x = 2—°, we obtain g(o, 1) = (22 — z + 1)% Itiseasilyseenthat 2> — z + 1
> 0, and has its minimum at x = 1/2 or ¢ = 1, where |F*| = 3/4.

For z, = 0, we obtain g(e, 0) = (2?2 + = + 1)?, which is greater than (z* — z + 1)?
(=g(o, m)) if z > 0, which we can assume as ¢ = 2—°. Thus, the minimum cannot
be attained for z; = 0. '

In the final case, using cos 2z, = 2 cos?x; — 1, if cos z1 = — (27 + 277)/4, we ob-
tain cos 2z, = (4° — 6 + 47°)/8 and ¢(o, z1) = $(1 — 47°)2, which is least at 0 = 1,
and indeed gives the least possible |F*| of 3 v 3/8, at cos 1 = —5/8. This gives
di = (9 v3 — 8)/24 and ds = (45 v3 — 64)/120, where we choose z2 and z3 so
that the vectors exp (—iz,) and exp (—%zr3) point opposite to F¢*(1, arccos (—5/8)).

If Fn(o, 21, - ++) = 0, and if the appropriate Jacobian does not vanish, we can
solve the equation for s, and thus obtain a ¢ interval in which Fy vanishes. The
zeros of {x(s) will have real parts dense in this interval. The empirical results suggest
the conjecture that to each {n(s) there is a single such interval, though it could
possibly arise from overlapping Fx o-intervals.

If we take F as the companion function of a general Dirichlet series, it is not clear
what we should do about such solvability conditions, since F will have infinitely
many variables.

3. Calculations Related to Haselgrove’s. The Dirichlet polynomial

N
(12) m@=;%2

where A(n) is Liouville’s function, is equivalent in the sense of Bohr [4] to ¢~ (s), and
hence assumes the same set of values in any half plane ¢ > &. If sis real and large,
then Ly(s) is near 1. Thus, if Ly(1) < 0, then there would be a real root of Lx(s)
larger than 1, and hence also a root of {x(s) with ¢ > 1.

The author found that Ly(1) > 0 for N =< 824,000, and found Lsgs(1l) =
.0051122775, L1ooo(1) = .0289948068, values slightly different from those appearing
in Turan [6]. The lowest value obtained was Lggse2 = .00011996. R. Sherman Leh-
man’s [5] values of Ly(0) for N = 200,000(200,000)800,000 were verified.

To study Ly(1) further, one may use analytic expressions, derived by the calculus
of residues (Haselgrove [1], Lehman [5]). Indeed, setting

(13) L) = 220

nsz n

the expression

1 'y (2Pn)

) Bre) =it e G = 1 Gon
where p, = § + v, are roots of {(s), under various unproved hypotheses, can be
shown to represent e*’2 L,(e¥), with some blurring. The focusing improves as T in-
creases. For example, for T = 200 and » < 2, one can readily see rather sharp
changes (without a Gibbs effect) as Li(x) makes a step. Lehman [5] used a function
similar to (14) to successfully guess where L(z) = D ,s.A(n) changed sign.

An expression the same as (14) but with the factor (1 — v,/7T) inside the sum
was used by Haselgrove to show that L;(x) is negative infinitely often. We designate

exp (ivau) ,
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this sum by Br*(u). For corresponding sums for L(z) we use the notation A r(u) and
Ar*(u), as used by Lehman [5]. Finally, by Cr(u) and Cr*(u) we mean the corre-
sponding sums for the function M (z) = ¥_.=-u(n), where u(n) is the Mobius func-
tion. We have

(15) Crtw) = 20 e———~’;p§,(i:";°) ,

which represents, hopefully, e=»2M (¢*). Formulas for Ar(u) and Ar*(u) can be
found in Lehman [5], and for Br*(u) and C'r*(u) in Haselgrove [1].

All six of these functions were calculated in double precision for 7 = 100, u =
0(.01)500, and for T' = 200, 500, and 1000 in selected ranges. The coefficients for
these functions were calculated in double precision, calculating first improved +,
from the 6D values in Haselgrove and Miller [7]. We first discuss the tables in Hasel-
grove [1]. Write o, = £(2p,)/pnt’ (0n). In Table I, the v, are correct to within 3 units
in the 10th significant figure. For the first six ||, terminal digits 19,8,5,3,2,993,
were obtained rather than 23,6,8,5,4,878. For n = 9,15,18,34,48 the terminal digits
4,4,6,6,3 were obtained rather than 5,3,5,7,4. The quantity (ph a.)/m was not
checked. The values of A fy0(x) in Table IT were confirmed within 1 unit except for
the five values starting with 831.837, which are two units low. Also, the value at
831.857 was found to be —.06320. In Lehman’s [5] paper the value A1000(814.492)
was found to have terminal digit 0, and A 1000(831.847) was found to be .0049448.

Two new places were found where Ar*(u) > 0: A%00(310.8276) = .0109,
A%00(384.690) = .0316. High maxima also occur at u = 33.495, 44.591 and 214.404.

For Li(z), the author found that B¥y0(853.853) = —.0321 and B{00(996.980) =
—.0450 and B%00(996.981) = —.0457, confirming Haselgrove’s proof. It was also
found that B’fooo(1714938) = —.0009 and Bi"ooo(3319602) = —0170, giving two
new places where this function is negative. Low minima occur at u = 43.897, 54.624,
124.843, 188.830, and 437.758.

To disprove Mertens hypothesis it would be sufficient to find » and T such that
|Cr*(u)] > 1. No such values were found. Table I gives places where |C¥oo(u)| rises
above .5.

TaBLE 1.  Approzimate Values for e=*'2M (ev)

u Cooo(w) u Clio(w)
22.7730 +.5003 441.5100 +.5145
43.8965 —.5199 480.6430 +.5069
97.5260 +.5355 814.4910 +.5061

310.8258 +.5301 853.852 —.6027

4. Machine proofs. We first describe the proofs that ¢x(s) % 0fore = 1, N < 9.
The idea of such a proof is, for one variable, based on the formulas

(16) |f(zo + h)| = |f(xo)| — max |h| - max |f'()],
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(A7) |#(zo + B)| Z |f(@0)| — max k| |f'(zo)] — (max |h|*/2!) max [f"(§)] ,

which are easily derivable from the Taylor’s expansion under suitable restrictions on
f. Thus, from formula (16), if | f/(£)] is suitably bounded, and f(z,) # 0, we can con-
clude that f(z) # 0 for a small interval about z,. Formula (17) is useful when | f(z)|
has a small minimum, as in the cases we consider. We then get some help from
| f'(z0)| being small near the minimum, and from the |A]? in the next term. These
formulas easily generalize to the case of f being a real or complex function of several
real variables. Roundoff also must be taken into account.

In our particular case, we can take advantage of the special nature of our fune-
tions Fy, and consider only the variables appearing in Fy*. If we take the variables
o, 21, * + -, to lie in a cube C, we have at any point in C,

(18) Pyl 2 |Fy*| = |Py| 2 glb. [Fy*| — Lub. |Py] .

Thus, |Fy| > 0 in C provided g.lb.¢ |Fy*| > Lub.¢ |Py| (= 2 p€eyp™i27). Now
we can apply formulas of the type (16) or (17). Write Fx* = u + . A formula corre-
sponding to (16) is

|Fy*(o + hy 21+ by, -+ )]

ou v
* co) | — — i
(19) =|Fy*(o, 21, - -+ )| —max Ik[[ma,x . ‘ + max % :|
—max Ihl[z (max du 1+ max O >:|
’ T or; ox ; ’

and one corresponding to (17) is

|FN*(0'+h,x1+ hl} "'),g,FN*(U;xl; "')l

—max lhlﬂg—: (o, 21y ++) +i-§% (o, 21, )':I
—max lhjl[;

(20) - “—‘%‘l‘ﬁ [max

g_u (o';xly "') '}'7'ﬂ (nyly "’)l]

Z; :Tci
)
)l

+ max
It was not possible to avoid using (20). The expressions in (20) can be simplified.
We have, writing =x* as [1, N] — =,

2
o
2
g

- 1] 3 (o

Y

— max WUII:Z (max

T

-+ max

o'
9o’

2

v
0z ;0 ;
%
doox i

02 0% ;
0’
dadx i

“+ max

21) max

_le é 2 Z‘ (log n)n—-min I

u l
do + max do nCry

and using the notation of (2),
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) <2 2 (et rast o gm0

ou
(22) Z (max oz, | + max n

For formula (20) we can use

i

2 2
(23) max _E “+ max _-é 2 Z (log n)? —min ¢
g nErN*
O u ’ > 2 —min ¢
<
(24) Z(max Soaz,| T X o ) = 2n€;; (a4 = A+ Toga)'
a v —mlno
(25) Z(max Fo5a,| T Max aaax,-> 2”6}3 (0g ) (Fag + + -+ + Fag ) ™"

To save computation, the machine proof was attempted simultaneously for those
N’s for which the Fy* have the same number of variables z;. The process of proof
starts with the cube ¢:[1, 2], z;:[0, 27], = 1, - - -. One could limit one of the z;’s to
[0, 7], since | Fx (o, 21, Zo, - - *)| = |Fw(o, 27 — 21,27 — 23, - - -)|. One breaks the cube
into smaller cubes, and checks by (19) and then (20) to see if |Fy| > 0 throughout
each smaller cube. The smaller cubes not satisfying this are further refined. The final
program used integer pair coordinates for the z;'s, (m, n) = 2mn/n, where n was
chosen a power of 2. All the cubes of a size were examined together, so that the sines
and cosines could be computed just once for a given set of cubes. Also, the coordi-
nates of min |Fy| were saved. If one attempts to use condition (19) alone, the num-
ber of cubes rises to an impractical level.

Table II gives results of the proofs for N = 6 to 9 at several stages. The roundoff
leeway was taken as 10~5. Column 1 contains the o-width of the cubes. Column 2 has
the number of division of 2 for the x; edge length. Column 3 gives the o-coordinate
of the center of the cube with minimum |Fy/|, which turned out to be the same for
N = 6t09. The next three columns give min | F| and the integer first coordinates of
x1 and z, where this minimum was attained. The second coordinate is twice the value
in column 3, (since we are calculating at the centers of cubes, the program needs a
mesh half the edge). For example, in the first row, we are considering cubes of o-
width .25, and 2; width 27/16. The min |Fs is .28384 and is attained at
x1 = 11-(2x/32), 22 = 15-(2x/32). The next nine columns give corresponding data
for N = 7,8, 9. The last two columns give the letters ¥ and N according to whether
a proof was obtained or not. The letters are in order corresponding to N = 6 to 9.
The first of these columns gives the proof results obtained using (19) above, and
the second, the results obtained using (20) also. The results in the N = 8 columns
indicate that the proof first sought out a secondary minimum, which was later
calculated, and then finally fourid a cube where there was a lower minimum as the
mesh refined. Each set of cubes was processed completely to find min |Fy|, reject-
ing when possible, using the current min |[Fy|, and then a second pass made using
the final values of min |Fy| to reject further cubes. The program also saved cubes
where there was a possibility of lower min |Fy| within the cube. The total run
time was less than 20 minutes.

The min |Fy| in the table were recalculated in double precision, and a separate
confirmatory calculation was performed along ¢ = 1 which found z; and z, which
minimized |Fy(1, 1, z2)| for a mesh of 2x/650. Values of z;, z: which gave
|Fx(1, 21, 22)| slightly greater than the minimum were also saved, and studied, and
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other checking computations were performed.

It would not be difficult now to repeat the computational proof.

Minima of |F}y| and |F1;| were also sought with a mesh of 2x/150, and of |F1,|
through |F37:| with a mesh of 27/50. Local minima were then sought by a minimum
search program, using starting values obtained from these initial searches. The
searching program simply stepped each variable by a quantity A, halving &, for a
number of times, as the minimum was found with mesh 4. For N > 21, further
minima were also sought, using as starting values the quantities z; at which |F;}_11
was a minimum, taking = for the initial value of any new variable.

Table III gives the results of these computations. The z; are given in radians.
The quantities for N < 35 should be accurate to one unit in the last place, as they
were computed in double precision. For 35 < N = 50, the quantities should be cor-
rect to within 3 units in the last place. It is not claimed that the local minima are the
true absolute minima of |Fy*|.

Since |Fy*| — 1 and D €y p~ — 0 as ¢ — o, if we find values of the variables
x1, -+ -, s0 that |Fy*(1, 21, -+ +)| — Dp€an1/p < 0, then Fx(c, a3, - - -) has a root
with ¢ > 1. Thus, from Table III, for N = 19, 23 to 27 and 29 to 50, Fy has roots
with ¢ > 1.

It is possible that such searches for minima could be speeded by using a gradient
method. If this were so, one could write a general program for computing successive
minima of the |Fy*| and study whether this situation of zeros for {x(s) for N = 29
continues to hold. We remark that it follows from Rosser and Schoenfeld’s [8] in-
equalities for D_,<.1/p that Y ,c.y1/p is approximately log 2/log N and tends
to zeroas N — o,

To find a zero of {14(s) with o > 1, one can seek ¢ for which ¢ log p; = z; + ¢;
(mod 27),j =1, - - -, 4, where the z; have the values of Table ITI for N = 19 and ¢;
is small. Forj = 1, we can make ¢; = 0 by choosing ¢ = (21 + 2kw)/ log 2, k = 0,
+1, £2, ---. Then for each & we can check if ¢ log p; = z; (mod 27) within ¢;, for
Jj = 2, 3, 4, where we preassign the ¢,’s. If one accumulated a sufficiently large num-
ber of such cases, and if 11—, 13—, 17— and 19— are randomly pointed, one could
hope to find a case of a zero of {14(s) beyond ¢ = 1. Efforts along these lines produced
the zero of {23(s) .9705 + ¢ 10716133.0062, which has real part somewhat beyond
that of the lowest zero .9325 + 7 1.6975.

The calculations were performed on an IBM 7040 at the University of Tennessee
Computing Center, which was aided by grants NSF-G13581 and NSF-GP4046.
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