Natural Sorting over Permutation Spaces

By R. M. Baer and P. Brock

0. Introduction. In this paper we continue the study, begun in [1], of some
combinatorial problems related to monotonicities that occur in certain spaces of
finite sequences. These spaces are equipped with standard probability measures,
so that one may study the distribution of monotonicities in such spaces and, in
particular, the expected lengths of maximal monotonic subsequences. These, in
turn, are upper bounds on the expected lengths of monotonic subsequences obtained
by applying some selection process over the space of sequences. The problem which
we have called natural sorting is concerned with the maximization of these expected
lengths.

The scheme of the paper is as follows. In Section 1 we give definitions and review
some background material. In Section 2 we describe the distribution of maximal
sequences occurring in the space of permutation sequences.* These distributions
have been computed exactly for spaces of permutations of length n = 2(1)36, and
have been approximated by Monte Carlo computations for certain values of n
ranging up to 10,000. In Section 3 we consider several selection strategies and the
corresponding distribution of selected monotonic subsequences.

The computations were performed on the IBM 7094 at the Computer Center
of the University of California, Berkeley. We are indebted to David M. Matula
for some of the calculations in Section 3. We should like to thank Geri Stephen for
her assistance in the preparation of the manuscript.

1. Definitions and Conventions.

1.1. Throughout this paper the term sequence is to be understood to mean
finite sequence. Standard terms, if not here defined, are used according to the
definitions given in [3].

1.2. Definition. Let (X, <) be a (totally) ordered space and let n be a fixed
natural number. A partial ordering is induced in each element of the cartesian
product X* in the following natural way. If (z1, - - -, ) is in X" let S denote the
space consisting of the set {zi, - - -, 2.} together with the partial ordering z; < z;
if and only if z; < z; and 7 < j. In what follows, the space S varies over the set
of permutation sequences obtained from (1, 2, - - -, n).

1.3. Definition. A chain in S is a (totally) ordered subset of S. The length of a
chain is the number of elements in it. A maximal chain in S is a chain that is not
a proper subset of any other chain in S. A maximal chain in S which has length at
least as great as that of any other chain in S is called a spine of S.

1.4. Definition. A maximal chain in S which has length at least as small as that
of any other chain in S is called an Erdés chain. (For results on Erdos chains, see
(1], 8], and [12].)

Received February 6, 1967.
* We shall treat cases of other sorting spaces—in particular sorting spaces of binary sequences
—separately.
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1.5. Definition. By an nth order selection algorithm (applied to sequences of length
n) is meant an algorithm A which selects a monotonic subsequence from a sequence
(z1, -+ -, Z) according to the following scheme. The first entry z; is selected or re-
jected on the basis of its size according to a rule of 4, so we might write, according
to A(z1). The second entry is selected or rejected in a manner determined by the
ordered pair (z1, x2) 0 we might write, according to A (zi, xs); and here we are to
understand that A acts upon knowledge of whether x; was selected or not. Sim-
ilarly s is selected or rejected by A according to A (x1, x2, x3), and here we under-
stand that A has the information as to which (if any) subset of {z1, z2} was se-
lected. And so, for each xz;, the selection or rejection of x; is determined by A on
the basis of the set {z; :j < 7} and upon the selected subset of this set. So an nth
order selection algorithm is essentially one in which all information (concerning
selections already made and the preceding part of the original sequence) up to the
current point of selection is available to the algorithm. The opposite notion is
embodied in the definition of Oth order selection algorithm, which, applied to a se-
quence (1, - - -, &,) selects or rejects each z; (z = n) according to A (x;, s) where s
is the value of the last selection (if there were such) preceding the decision to select
2;; in other words, a Oth order algorithm simply selects or rejects each x; according
to a rule which depends only upon this x; and the last previously selected entry
and is oblivious to the past history of the sequence.

1.6. Definition. The distinguished (nondecreasing) subsequence of the sequence
(x1, + -+, %) is obtained using the Oth order selection algorithm: Select xz;. For
each 7 > 1, select x; if z; is not Jess than the element selected last, prior to con-
sideration of ;.

2. The Distribution of Monotonicities in P,. In [1] the authors considered the
question of monotonicities in the space P, consisting of the space of all permutations
of {1, 2, - -+, n). Our viewpoint was to consider simultaneously the maximal in-
creasing and decreasing subsequences of the elements of this space. Some prelim-
inary results concerning this distribution were obtained in [1], and an encompassing
result was derived by Schensted [12], who showed the relationship between the dis-
tribution and representations of the symmetric group. However, the question of
the actual distributions was left open both by [1] and [13]. We now proceed to fill
in this gap by exhibiting the results of the requisite computations. First, however,
we review the basis of the calculations.

2.1. Definition. A Young tableau of order n is an array of the integers 1,2, - - -, n
satisfying the following. The array consists of rows and columns. For each row, the
entries in that row form an increasing sequence. For each column, the entries
(moving down that column) form an increasing sequence. Each row contains at
least as many entries as the row beneath it. Each column contains as least as many
entries as the column to its right.

Each permutation of (1, 2, - - -, n) uniquely determines a Young tableau. The
determination proceeds as follows. Let the permutation be (x1, s, - - -, &a). For the
moment, define the first entry in the first row of the tableau to be x1. Now, if at
the zth step, the first ¢ entries of the sequence have been used in the developing
tableau then at the next step the element x,.1 is inserted into the first row of the
tableau by displacing the smallest entry in the first row which is larger than z .41
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or by appending z ;1 at the end of the first row if it is larger than all entries in the
first row.

If an entry y is displaced from the first row by x4 then y is inserted into the
second row by letting it displace the smallest entry in the second row which is
larger than y or by simply appending y to the second row if there is no such ele-
ment. The process is continued from row to row until either the original z,,; or a
displaced element is appended to the end of a row. Then the whole process is re-
newed for x.2, --- until all of the entries of the original permutation sequence
have been entered into the tableau.

2.2. TurorEM (SCHBENSTED). If T 18 the Young tableau generated by the permuta-

tion sequence {(x1, - - -, Tu) then the greatest length of a mazximal monotone increasing
subsequence of (x1, * -+, xa) s equal to the number of columns of T, and the greatest
length of a maximal monotone decreasing subsequence of (x1, -+ -, a) 18 equal to the

number of rows of T.

2.3. Definition. By a partition of the positive integer n we mean a monotonically
nonincreasing sequence of positive integers which sum to n. By a partition tableau
corresponding to a partition (ma, - - -, mi) we mean an upper-left rectangular array
of cells (for example, the figure below)

in which there are m; cells in the first row, m. cells in the second row, - - -, and m;
cells in the kth row. To each cell of a partition array is assigned a number & called
its hook number. If b is the number of cells below a designated cell and if r is the
number of cells to the right of this designated cell, then the value of 4 corresponding
to the designated cellish =047+ 1.

We illustrate these matters in 2.4.

2.4. Example. Consider the four sequences:

©2,1,5,4,3,6 (i)3,2,1,6,54 (i) 3,1,4,2,56 (iv)6,5,4,3,2,1

According to our convention, these sequences correspond to the four partially
ordered sets with Hasse diagrams [3]:

@ (i) (iii) (iv)
(6)

(4) (5)
(3)
P

"The corresponding Young tableaux are:

0]6]610J6JC;




388 R. M. BAER AND P. BROCK

@ (i) (iii) (iv)

(&)
ojoldluln

The Young tableaux with their associated hook numbers are:

(M) (i) (iii) (iv)
6
5
S{3]! s[a[2]1] 4
311 3 2|1 3
| 211 2
|
w = [6!/5-3%2 w = [61/4-32-2%2 w = [61/5-4.22]2 w=1
= 162 = 5 =92
If one considers the Young tableaux generated by permutations of (1,2, - - -, n)

it is evident that different permutations can give rise to the same tableau shape
(i.e., partition tableau). The number of tableaux with the same shape arising in
this fashion is given by a powerful combinatorial theorem:

2.5. THEOREM (FRAME-ROBINSON-THRALL [10]). The number of tableaux with
gtven shape that contain the integers 1,2, - - -, n is n!/ ][ i, where the h; are the hook
numbers associated with the cells of the tableau.

Finally we need [12, Theorem 3], which is obtained from 2.2 and 2.5.

2.6. THEOREM (SCHENSTED). The number of sequences consisting of the distinct
numbers x1, - - -, T, and having a longest increasing subsequence of length j and a
longest decreasing subsequence of length k is the sum of the squares of the numbers of
identically shaped partition tableaux with j columns and k rows.

Based upon the preceding results, the distribution of monotonicities has been
computed exactly for the spaces p, (n = 36). The procedure is to generate the dis-
tinct partitions of n, to generate the partition tableaux, load the cells with their
hook numbers, evaluate the square of the value of the Frame-Robinson-Thrall
function. This result is then added to one of several running sums, corresponding
to the maximal partition element m, (for the increasing subsequences of greatest
length where this length happens to be m1) or to one of several running sums cor-
responding to k (for the case of the decreasing subsequences of greatest length
where this length happens to be k, and (my, - - -, mz) is the current partition of n),
or to one of several running sums corresponding to ; = max [m, k] for the case of
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monotone subsequences of greatest length when this length happens to be 7.

These exact distributions were calculated on a 7094 using the multiple-precision
fixed point routines described in [2].

The results are shown in Table 1, giving the distribution of permutations of
1, 2, - -, n) which contain increasing subsequences of greatest length as well as
the distribution according to monotonic subsequences of greatest length. According
to the statement of a celebrated theorem of Erdos [8], every sequence of length
k* 4+ 1 contains a maximal monotone subsequence of length at least k 4 1. Hence
the zeros as the first k& entries in Table 1b.

The exact calculation for the distribution of monotonicities could be carried out
on the 7094 only for sequences of length <36. For sequences of greater length, we
examined the expected length of the monotonically increasing subsequences of
greatest length by a Monte Carlo procedure. That is, using a pseudo-random
number generator we generated sequences of real numbers x (0 < z < 1) with
uniform distribution, and verified that the distribution for sequences of length
<36 matched the exact distributions. We then examined the distributions in Monte
Carlo fashion for sequences of length up to 10,000. The results are summarized in
Fig. 1 (and Table 2). It may be observed that the expected length of the spine, over
the range n < 10,000, approaches the value L, = 2+ n. This gives us a standard
for estimating efficiencies of sorting algorithms which may be applied over P,.

1000

The solid curve is the graph of y = 2.

00 /

/

10 100 1000 10,000
n
Ficure 1. Mean values of lengths of monotone increasing subsequences of greatest length
over the space of permutations of length n, using Monte Carlo trials on sequences of pseudo-
randomz, 0 <z < 1.



!

691 1 €l
€1021 44! T 4!
426697 18468 121 T 11
POFOTTITL ¢0L8L8 176¢ 001 ]! 01
39€090%91 L8TETTS T#EEST 196¢€ 18 ! 6
$8ETL080ST T0TL9€6S L8809¢¢ T986. 125¢ 79 ! 8
9L6LIECIES ¢1308066€ EYEETH81 9887.L8 18¢8€ €I¢T 6% T L
SYS606161<6 L96E9ELLYT €829T1.L8 LL8TT1S 9¢€96¢ G9%91 138 9€ ! 9
G06.L1.8609€ 9G9GCL6LST 62,6201 C61 9cYITSTI c060011 6¢0€8 G019 1c¥y gc ! g
9L0ETTETLST F0ELO68EST 66651EEST 86£995ST 8607091 6%¥.L91 L6611 1¢ST 18T 91 T %
069E€esvIT L199€€991 €69784TC ¥05¥0LE $6.69¢ L6768 LEEFT (4344 I8¢ 19 6 €
6E¥¥.L9¢ 668cV L 110802 G8L8S 96291 198¥ 6cv1 8¢¥ T€T1 19 €l G
! ! T 1 ! ! ! T T ! T !
7r gI ol Ir or 6 & 4 9 g 4 N

(N

-+ G ‘1) Jo suoypnuiad fo amds ayp 4200 $99UIMBISGNS HUISDALOUL JUOJOUOUL TDURLDUL fO SUOYNGLISL(T
B WIAV],



!

61

i T 8T
€199y 68¢ ! L1
¢88016€ 1229€ 966 T 91
¥20967V1¢ ©¢0€80L% 19498¢ e ! <}
G¥8¢908808 cY¥ec68al T990€8T 1¥81¢2 961 4!
991¥L3S8CE16 PESELIVITY L1VL6LYL T¥%80¢1 18891 €1
0L90€ L9232 L80¥ CYCIE9YLSED 1966686706 19¥2991% 12699L ¢l
¥L7900E¥89ETSS 0€L201LVI0LYT T9STET¥608€ GCYIETLY6 9268¢168 11
0TETC6L7L096E0S 9PPY91ST19620091 18096987 L¥8¥ 10%S¥0E5ETT §GcI¥LY01Y 01
8G15€00108TI68EE FIC6987 19709811 TOT90S L¥8CV1Y GCCesy8e6eyl 0012,00L56¥ 6
FI899LEGTE0ELITCTT ¢0c99¢6¥Y60589% GC8CLYITIF0633 GCEI8TITLLTE 00689€85G.L€ 8
¢0098T90€8908LESE PITEL8GLOSSLIEIT L6009.L32S07E9L G2096.LL06ST19€ GCSLLOGTI6GLT L
9¢0C89.L¥9588905T¥ 88€0.LE81066395¥C 68E5T0C8TEESTEL €LE69ETIVERGL GLYLBGOIITEY 9
6c098c1¥eeSLITE1e 9CGLIGEILTOVETTT €669¢£€09996.6 T#890460%5€89 FILLYPVECSRY g
G8608c9TYIT91CES 8L186148C16SL0% G10€9660059881 ETCEBI6TOFTLI 892GT8T9TFI1 ¥
FI188Y6CSE6 1T 8T090€98E 186G T9€0L189560% €G4T9€8C69¢ €L2860L108 €
681E9CLILT 6698€9.LLY 68LY¥96C1 6992.6€9€ 7787696 4
! ! T T ! 1
61 &8I s I gr N



!

(44

8% ! 1¢
I8LLS 00% 1 0¢
18616301 1381L 19¢ 61
GLITLLTES 1219992 19189 81
FPO1EY6189% TL9820€VS T98L2¢S L1
F96T16101¥c61 €1608E48698 16068657¢ 91
797966905197 L8S 1ST99%6€L696 €9€EE9050ST ST
620€€06EL0T6CTET €0E0CS9LTLESGET €¥GS0CLIT89Y 4!
TTT661T0E6E5L86CC 81682867 50L686% €8L80¢T8894S0T €l
66¥CV98164L9E05060 €C86ELC61VELBST L 8999E¥S L0SBIT LT ¢l
6€9¢1202c098086CSCLG 9661007ELVSIECLY L 88689LT90€V01¥0C 1T
8867.L68LEGGE886ETIST 88GFTO¥L696¥8IGFES 96ETILISFRITFTOLT 01
88EILT0GLLLYSEIBBETS 0C98CIEYSTICETSR1I8E 0%9¢986L168€9.LEL6 6
8%44L990.L676807F6596€EC 9G¥ LLLYIE0SB0LITC6 FP1€007S019099965€ 8
9€260996¢6£80.L069196€ 809VET88TITOLETECT LT 800L98SVELLV098SLL L
£6692090%¢5199996670€ 9T¢¥80.Lc6€96C80¥9LIT CLT699987L09GTS0ES 9
G195c¥8900CT8LYETEIL 08050669¥LL09LSIT6Y ¥¢c0668886£06690GE g
60C97cYE6Y6E070FFSE LY¥698C1VCCLIEIE0E L9GIGTLLLGB0CIEIT 4
€6006009LLE99¢56 6818T01S0T0GTGET 69926016L196591 €
6£9€95T8Y16 610L9299%¥¢ 61¥061¥999 (4
T ! ! !
6 Ie 0¢ N



T

gc

918 I ¥
TO8TIST 6CS T €¢
10GL65V3 €I6.Lae1 8% [44
T0$L66€E¥9C G¥EC8esl 192901 1¢
1¥26L006%L0¢ 60T90L1€E8T G07EL0T1 0%
1¥666396609S1C1 €G0TSST9T6CT GLLTESIVCTT 61
T¥G0T0ESTHC8TYS STO0TTI89ETIBLI L580%9G888L 81
1616LST86C6C60LST 6096 LY.8¢0L169C $9968EEVESL9E L1
T7LI¥6S98ETI8TL00S 61299852 T00989TS 8¥0CCESTY8IVETT 91
1160570665 L0CT19S 10T L80G8GILECSTLES06T TS8CTP6T1S6STOTE Sl
TTTLY0¥6C8608C66SLLIT 6Lc6G116952L918611VE 0CTE6¥¥6.LE0LEOVSI i
T1E8%11609060.L8V06€L0C T€8868¢907L¥56.,9099% 6T1LI189%0906580%01 €l
TT1Z6C6819756.861S06E61 617¥E€C6L08LLOVOT6V6LY GLLYOVLECHECTOVIISTL ¢l
TIP89TFIETLETIVSTIOVOVET E¥8E60ETLTE0SSELIF00T9¢ 96£780.L8£6660808¢766 11
1686¥70L6798%LL6S16E0C99 GTL08EF6EGBE0CET0S9SGLOT €60¢9L9¢8.L8EE0EF0996¢ 0]
9TLYI8T66E506ET1C0968LY1GC 1€186860965768890€8563 L 96£66L35€9L569L0819EVC 6
990%9TS1LE0¥6E6608T116009¥ 6L59CEIVEVLTLO666TL0C69T FITETGCTIS6686E0VLLIED 8
1¥8089610LS20C89669669¢TS L686STCIZI60CFSTIEETISTT CCLEVILTISSSTIILO0LST6 L
168916L60C0ESESTSYOLECTTC L¥6L08ET8CEE8YS0L0LI06TT TTI8E6T0LELLIGELSTCTLES 9
10¥L9GL¥0€GC900EBLETE0TE LEL6VLSLTCILTTELYLIGTIOT GG¥8E08E0FITTL60CS6TCT g
16990%%8L50L8E8¥EF0509 L¥8GTLI0TLELETGC06900S €615989C09€CT1681881Y ¥
T0L888670689.LEELYVIF €L6V0¥88990EVE6.LES €692091,650960G0L €
Mmﬁﬁoﬁcwmﬂwww €CELYIT0668CT 679ET19650€VE w
! 1
g6 7e 56 N



!

8¢

6L I L3
10L8%¢ 929 I 9%
©00€.L80S 109012 Gc9 ¢c
LGSY8YCSTL TOT9910¥ TO¥6.L1 VG
G6CTILOSTIGL c068SCYScS T10P<0V 1€ €c
160£7060966.6S LT1282989500¢ 9cG9T0CE LE G
TLGFGLSIEETH899E CHITISYCIT665E 99€88CIsY4¢cE 1c
907PE99G8STIETELLT GP9890GEECS6L661 9GTCOTTV6.LTTE 0c
98FSISTFIGSGLIGSTTRI C6STEGI0SCITITCRIS 9928CT9LTITLLEOT 61
9¢6¥89201LESILE8T060G C88GESTYE0GT LE88L6E 9TGCS LI LS LOESLOTY ST
9CT8GEECTFOLSEITOLOETS CGLGEBCTSTETH1896608 ITSHYIPPI0ESTRLETC] L1
9900202 1091205670cETS00T CG96LSTSTTLS6SFPEESTLL 9€09¥€L9689€I61H986C 91
9% L8745 T160658066296008E9S T c0E8GIT8EEES0TE0ESLE696C 9TTF8LEROLETSCOTIVS6SS <1
982509%989297607C18ESOTT6T 051982 LT989F78508896.L696€ 98T80TF9V06¥C1¥890C LIS !
9296L£0€€3L66E0CT9€L0966181 ¢G6LPI1068F7L06760975€ LS80V 981GESLEIFOLOTEFIC0S0TH €1
988G LT LISSBCYITVCI6IST6T6ITET G0IF<691EY65ELTED66007L0CE 98T8L8ETITTICI6ESLELGISL !
9PGI60TFE669196LE8G€SGTTLOS0L L208S699C 167 128L80695T6EIST 9986796 1 [ZF099€88LY897 L6V 1T
9T LL¥E900¥991CSELYCH6899.LY LLIG LL0T9G6TH8L600LIZILFTOSTOLL 9£605668098FECIS0V6 LS TV ECE 01
926008909 ET86GT96C069LLL8ES LI C0LSTO86TITOTSOCTER699TE0ETC 9918678TYETRIEE6STECTTHT]I 6
9LT¥80€916ECF0C006T9ETLOVYLIOT GE6L0SLTOP098GTYLIECSGIS69CE 9T6LCLLS6SETLLEEICISESSTLTT S
98¢¢8TT960F1GEIF6C68TTEGST]IL L18262E6EE€6LESO9TETTTEIS0L0E 9997CE8LIBLESTIBSCCFYH19VC1L L
992 L689T6STEGIOTISTCEITEGTH1E £992960986S1$9€90¥E070095€0T 96c8ETSE99TT66EFOET8GITI6V 9
9PTLE9IGTETI8ECSGSC06.L6C0TLOST ¢P000LLS6T1ST0LLYSSTEBTCESSS 99482676 L0T93G9ET666C00ES ¢
1¥899%0L028L0609T1GEC0TETT ¢P0892661033CEILLIEV6606 9CT LELBGBGVSGTRETBETSSEL ¥
€C0¥8¥6L¥0ETTTEITETI6T 2000L6€6L99689Y L1205 9¢P5676L06926886516E g
6S80CLTS6L¥LEIT €00916095€€S569 IGTCLOESELIEST G
1 ! ! !
8¢ L8 98 N



T

006 1 0¢
T8GLLE 18 I 6¢
T8L88186 19882€ ¥8L 8¢
9G0GG6CSLLT T¥L06V6.L - €1098% Lg
6009999€82.LET 9LTTGT6IEET G0€L98€9 9%
9229V8IEGTIEETC $8E6C8L6ETTIT 61€¥£959886 jré
F08¥ES69€T0EYTI61T PPE8¥99188CCSST TOTE€T0LE9ECTT (4
66€L90992898899Y9¢C1 o8 I0T0ETSLYTT ¢LIFGL0960LTL6 €¢
F0686ELFFL09LBSES8SO 6909265GT8GTL00S L9 E¥.L¥0605CLT8G999 GG
GGT9T09GGT08LTITTIS06.LT 6089988L6TVTLE6STOTE ¥L6669L60858E¥605€ 12
6067£6669£00865L8SY1996 GTY98T LYEFRG1689S0CCTT 6G0099T8G9GGLTTTO004T 0%
00EE88TLI6T6ITVT6C090LELT GTIT612C9VF089969ECR6LE $€6L967608C6L66T9LSTS 61
GGYTIEETRIZBIS0ELSGOTIBBEEI 009285 L8E8LTIVI6GETI0656 YS09TL96L6796EVLEVLOCTT ST
0089L68L96GL00ESGLYGLYLTI6TT 00096TTLEFLO6VESGELOTECO6T VGECLLLEOSTH6SGGEI0EILEBTE L1
080CS8LTTSTGEGTVTTLSTRLE998GET 008L9€48CL6938051E00T10EVEE PEL889G9TGEV6Y8T88GLLST LS 91
GCG0EL0GGELYS6E0V I LVC08EVCSTET 087 LEVE86C5999T0EETL8EOT6STY PITES0ST6EFIOVLLITSO0ELOTS ST
GG898CGSLTS0TST99.L0601T658C0L81G 08668L859E8LGGSGTVCILGGLTI6TY FE9EFYLIG90T0E0¥CTS96E0LTIT6 i4!
0EEGEGTLLIEESLITIB069Y90G095TI9T 0E98TE06GGGE8LEE86T90LETOTTI9E 6CG889CILELEBTBIGGOLISOSTYIS g1
089¢STLSCTFITFYS6CYI0T0FITETTTI96 089088L085€5€S2970506L.78006LL5C 600TESTEGTRTRGIB6.LEGOSTTLISGTS ¢l
G6666¥69070L6C076E LLTO0TOF0LES60T 0£9968998VE9I8LTGT LY T L8TISLILVHOT FIIYL6¥0CT8CI6V088T9TEIEG0869T 11
G0896669889 LY0CGS6CL1C5C0LE8LI0CTT 00LTOTFI0TI9G6FSTLEGSTSELITO0LES $8G606688TL5ETL6090L90TF60¥EV6 01
00ST88TE80ETE6T6ETS08LETTOCTLICSET 00LLSBOT8YEETL09SGEECISILEBSTLE0L $099€839068€006TLSS6S59%L6G0CELIT 6
007 T0TTOVGOTFEIC6ISCETECEBTOSEOLGT 00C9LVESBETLEBBLLEEIBSSTTLETTSGO8 5005V 108858¥Ec8Y99C00ETEEITY6E 8
GCG98LCSYTVESEYESGGLOET09888S LY IET 009L89YCT0EGERG6TE8E0LLSLIOTFE0S ET07LL60068855€ESTIC0T006£0561 L
0859L8TESE6TYTCIBBOESTETGCEELESSTT GL88YLO99EYTILLEGETS6EETHTRIETOT 8¢ET908GEIEETEIBESSTIEITEI0LY 9
661087L9165€C9CGCcTITLE0S0TTILSL 6L1869€ECY1CLTLECIS6TIETCTTO6TT 66ET¥9G9€08TELY8GE09GE68TL]GT g
L69620090€095 1690660655V 0LLES LL88Y9EYL0ES6E68665399E006.LT GLEBEIFGEBBTITO98TEGOOTLIFT 4
OV IGHIGY61C8LEIISTSTEDLS G99690T00168C 996886051 TS6¥9918¢98EETERSTTIVST €
8069¢26€09€9FF4T1T £08260009986¥18¢ L9€T1999185¥36500T (4
! ! ! !
e 08 66 N



I

680T

€1¢98¢

€9CTSCLLT

YG6IGET6968

FITF091S9FT99,

GO8YI8GECI99€CS

¢c1€9890L9¥G06F LS

FITTG0CSTYILG0CSTCL
969€9CL69GCEE0TTCLOGY
8G89TSCTLOTIIFELOIFIFLT
86980C.LLI6LESLTOSTETTOLET
9%LL9EC06.L28T0S506T886668F
98€CLOOVSTTLEGLTTEETOCOTSLST
0T8EBGET669S6SCETTLIETSTO61CY
G0L¥9098590L99T6996T19909%200¥%6
970808L8E6018CT1879068€009€09F€ LT
FLLIOSTCTCTTSH800935L6S05Y8CT9€9T
0990%0892%L0¥L298L06¥06069C6C LT LTE
0LT8299950T99¢GT8SGSHT0ESTSTO658ESTE
090L90628001CGLETEY LLOSGIBLLEGEITTIT
0ET9EB0E6SL60TOTSTFCTIELLETEITTLICEIT
0S¥6ST617L88€GGSTOLLI660TGI069TL0OITLL
0LTT096SL0098LEI80EEL60ETCI8LILS6ETIVNG
0G9LTTLEST8LERSHESTOFTFOVCTCLITSLO9GOED
869867 EVLLYCTCLOITOTFITOSLSSECST6LOCED
CHP690SCTPST0829E6000T L860TSTILEEITTTL
8T90EC68¥899108L6926089680F7108LTGESEST
GPIECLSLTTELOSET6TC0E6099T6760065165C
8T96756ST0868T LV FETLERGY6T66750C05F
06967€0600L9.LE8SF8T0LYSI61S0SLST
8T9611E07cCS068E€E9LI909TI6F
mcnomn@wamwowwamﬁw

T

7201

T3016¥%

GOT6L99TT

L8FG¥992908

€LG0ELECOTELY

€L89966699L00LE

6778695€L0GLOTTHS
TOETBIBTIGLEEITICTY
LEE8TOTGETLIFLEGEILET
LL616L3608955€5GCESESTET
€T9€69€908TC8T65L6800LEG
SGPSTETETLEGEO0CLTECESOSTOT
6969179805100 H688L09TS9¢
T¥CCSTGYSTECTLTICLTLISTETLISGET
688005€TC5G966S5F8LEESTLITIOS89T
SYST0TOTE8E69T99LTEBTESTCIELEY
G0TOT0E8862956S06085C0CHLIGSS6.LS
G290C9T88TC088C16LE6685C560S0€0T9
G80GEYS696E0€8CCSEELITRBESSEETE8LTS
S¥6€€88986199955¢90065E€9G0GTE8LS0GE
G8TOCYYSTG0S8S97EC0FS0T0TETEC6SG869LT
GC8G6095TL608TLISELIETLYECTHTLYSREGH
C0GILTLOSLIGEYTILILTGEST6900EST8C0LIT
SYICSTTECTECIT6689STCETLTLTSG8L998869C
LEGTSTETT80S0899EC9FEETHITSTO065SE6ES
E6EF60TLSSSTITFSTOSLITITLIFICSTELEEH
G08FI80ELSGLTE6TFETTOTSESLIT8L89CSETT
6CLLOTESELI99IGLIGTLIETEIRTELGESETE
$969919616206665FF00€SL508T6SLE
TP89F0796LL6L699GTEGITESTI
60167ccI70€19€ECTa

T

T

196

TeS1EY

TG6E1700T

LG86LLITTED

GOTLOVILT6LES

GPLESOTOSCTESCLE

GCOV8LSEITTITESTE
G98G8CSTSETL61ISTIED
STGELSTILSTSPCTIO66TET
6805c¥666999062.29T09T9
68FF079TFF0869E0806C9€T
6¥PSEL6TCI6T0TEITOFFO85TL
6009206€80L9960908S LETTEEGT
GTV8LELYIVIO90L6LECEILTOETFTT
G0EEELLYTBLOTEROITS66L0E6TTTL
G0¥896060LTF0TETLET098G8CCC6G01
C€0E889.L74CIV0TOCFTTSICIGLLEBLLTT
G00STSLIIPCLEIETEOTSGECITETLLS0LOT
G8G8TEC8TTSIEET LT CELOTTECTFELOS L
€0cS089E85E8S9E6TTFF6.L8L3CT6S8TOTH
G06TS0S8C88698FGF I LYEETE6EG9988GCIT
G00T9LLIGTFFTOSTITESIEST0LT60S8ESTT
G0E69€L086EIIT0SLTTO686TCESTECEOTHL
GCIP8ETCIT6SG68T66STESTIFIFESEIT08L
T80690TESTSGSG8EESSTIIBOFPIITELGLYE
6228069000%2L08L88CC6.LLLETFSOTOE0S
LL1¥95C06978868L560LVT8CT6E6596ET
@8992799€6CL00SETLLETLIETEIT6T
G0LL89.L85¥6€LL066ITOBTELL
%mﬂwwonnwwwowmmmm

78
€8
28
1€
08
63
S
L
9%
e
76
£%
e
1%
06
61
ST
L1
91
a1
F1
e1
4
11
ot

78

&8

29

2 M HID O 0 D



T 98
44! T Gg
T98902.. 9911 78
1929L9952 12€8%9 €8
TT¥€6218099 186¥99€13 144
L9TVEBITLLOYVCT 92866102014 1€
T9GECTIT0ECTITSI 1160698197016 08
L89L091SY96EVH1816 C0T¥6YCICS8Y19CT 6C
¢160S0168895%¢68001C C8EEIBGETLOLI6T6ET 8¢
S1S0991%2600%6¥cc95991 G06STTLO9TFCT6SSTYCL. L3
8¥P0TCTT1920095€C1100L60T GYEVGIGGIOLSELYTS8IETH 9%
$668209¥L.LE0ELTS8CTEFOT09 869607€0809%7709TILETSSS 14
8CE681990106V1LECTTIEBITH.LT 8ECYEEFEET9168007998608C ¥C
8C6YIFILELSTLITOLLYS8SG699980T 8GEB98ITLI68E8TEGITTIG06STT €3
80982IST1109%¥6L,569C000TLETISS 8€061889ECT19¥6608C0E59S 1T (44
Y98V T099CC LT LOGSTEIEETSSTEERE 86€9€ 252007 1685519TF00T0695STT 12
8Y488Y16L96CVIT0CT LELTITTTIIS6080C Y129CCTY L108T1S0CTE8LET6SCISTIE 0%
FOVCCYB6EVCY LY 1GBGEELIIETLLIVO0EYY EITTEVSTILLT6 LY TETHTOE68LTI8ITI 61
FO8BLGECTILIBBG LEGEETLELELLGOBITLTL P68LTLETCECTSTEIT8TEE60T LIF0C009TTT 81
$0T1L6T6ELISTYB6TLETBLETTSILLEOOT096 F£886896808.L1598E6£69667596608968S T L1
0%0LEGL9P8C.LT0LEICTO6C8LTCTOVI L6TGTSOT FIPP6C8700997 87506 167E 168196906698 T 91
FI0T961ST8C0TE0CSTETSI68SETELYE6YE0LE 06V 189S T L8FET6TE LG LBIOTTLEOLOLILY LT ST
0¥8LECTTIITOLLIBCITOLLISTSTCTITLE66FFE09 0689LLETTLIG651L5699966.L772E0V16V62TET 4!
0%2E6¥999ET L08L098ELBIV66GSGTEBLELTS009E 06€8802950LSTTTLITH66TEFEGEIBTTESLI6IL €l
079898% V861 LY6SELLYCCI9GTE68T LLE099CYITS T 061F62£9€5SF08L69E8YIETLOEIS6CCIBBGETTE ¢l
09691¥6€L56¥299081Y068S L9303 LT6¥999SL5009% 06£€0L957E19¥98LEFPT18066878865E980001 T 1T
$90295€S9LEL06E0CISTEITOFE9CTOTIFIEBTHISES ¥€L026.8922602TS8F8TLS08EI0LFITISLY8ITFC  OT
39E80%95L9.L896 L¥2ECTFOTLITT09E00T8E98099T T OVTP86ETTIT80869L9LLLISGBISTEYSTLITILLGE 6
02L98T116860.LES88CTITOBTGIEEITRTFETTTISOTL 0L89S7C6LT0L8LOLEBILLEITSTOLTSTLETERIVES 8
888600£€T106.L¥2L16807C8709926900L52F96EF61T 8L¥L5L969L20TETSSLL6O06TILORLEELGTTIBLEY L
95990L70T96.L2HF09L9E8CTI86GFIES0F0C0S6ET 9088¥922€09876 1 L¥P3GLG60LTTERTIN0G I86S 9
8028L5€E618ET8026E065F868CSEBSCI68E0ST 8620860592895V LV609L66LSTLEV 88618 g
L02.L680¥82¥6L0T1S06ETSL0GET6TETEES Z8LOTL8TY0GSS6G0LTI608L6LEGS8TBSED 4
86865V LcEBO6LETESTTHT19Y86¥CTE 8¥CEREC6VEIT6E6SSETTEIS0T66S g
T6¥ESF09898E86L696TT T9¢108L0676¥S8COTTE [4
! 1 T
98 58 N



4 Y1
8€¢ G €l
900%¢ 88C (4 cl
0486€6 GOTLT ¢¥e ¢ 11
86600866 0I¥14s GSST1T 00¢ (4 01
¥0L0G18GE ¥L596¥01 G8990¢ GG6L 91 (@ 6
89Lc¥1910€ COCYELSTT YLLI0SY GoLeST 4408 8¢l 4 S
¥¢906¥80591 VLTLOELOL 989988.L8 GLL6VLT ¢999. 900¢ 86 4 L
096876510E¥ 9009¥¥1¥.LC 8LIC6C691T 06¢cST0T 099064 066¢¢ ¢891 oL (4 9
GILIBS6LLET YEEYIETIVE 996098176 006€6¥65 8¥E6961 8GT191 0Tcal (4] 0¢ (4 g
88¢9.LG88T S8Y9CLILE 88686043 6e0€Tes 380986 CL8EIT Y956 [§ies c9¢ (44 4 ¥
0 0 0 0 0 FOLT FOLT e88 90¢ 98 ST €
0 0 0 0 0 0 0 0 0 0 ¥ ¢
0 0 0 0 0 0 0 0 0 0 0 !
I 81 7 I o1 6 8 4 9 g 7 N
(N -+ 2 ‘1) fo suoypmuiad fo 2onds ay) 4200 $20UIMDISGNS FUOJOUOUL PPUNTDUL [0 SUOUNGLYSL(]

qT @1av],



(4 61
8%9 14 ST
920¢6 8LS (4 L1
0LLTG8L GV¥EL cl¢ 4 91
8V 1C668CY 01991¥¢ CelLS 0sy (4 e |
069TETILIONT 88¥¥8L4G GGlIT99¢ 896y G6¢ 4
3E96¥50L50¢Y 899L¥ECTEES PE8V6S6V1 ¢8890V4 ¢9LcE €l
OVETIPESTPLIS Y8YCIC6VIL8T CC6SYILS0Y G88YGEES (G483 ¢l
8%60T0989TLY0TT 09%¢02¥650¥66 CCIEVT88TIL 048271681 CSILGTHY 11
0CZ8E6TETE06L70T G688GE0EC6902E GIT061.L6¥696 20806090L83 09¢6¥6028 01
GG90L8YLLS0TSLLY 8COTFIFY4¥.L69€C c0ECTI¥6059838 0S70169.L8L8E 00c¥10YS86 6
¢169099TST00SS8 LT G6TTT00L68SLSTTT ¢€000C812S¥95Y 9ET¥C0C89ES8T 9L1606V01SL 8
CTTI6CECT6LTIEEI9S 969501 L686TVVE8T 3690627990001 GLG6TI9¥67E69 GELTGL6S96EE L
096889¥¥4GELLLYST 86E098192605850G PPOVITLE88ISTIT 9T60GELOTEE66 366909€0L€99 9
0Y08EVS0GETSIEL 9ETI60ELLS6TITT CEYCTLGEELETST 00606¥€10G88T ¥60EVI806L1G g
0 0 0 9LGCCTLLS 9LGTETLLS ¥
0 0 0 0 0 €
0 0 0 0 0 (4
0 0 0 0 0 !
61 &I I 9I gr N



[4 (44
¢88 (4 12
CI9GLT 008 (4 02
$96£0608 429741 (442 61
FPECYee91 [444339! ¢8CITT ]
8802988€9€6 C¥1.L809801 GeLSS0TT L1
8G6EC8E0CSTRE 9¢v09.L0L6€S ¢0T8L6169 91
88C66ET0CTOVLIT C0ECE68LYOE6T 9¢L9921010€ g1
8G99908.LV188589¢ 979070ECEVOTITS 980TT¥¥EVIES i4!
GCG86E0098L0SL6ST 9699¢ 660176166 99GLIVCILETTTE g1
866¥8CLESTSELV0G8S 9F96.L7S8ESIVOIETT 9€€E.L80STI6LETE ¢l
99.1€96669€9¥85057¢ 9SYVCTEEESLOLY YOV 926LEGECT980080¥ 11
8CI6IGCISLIETELLICIE 80689¢CE63LIGT060TT 88¢890ECTY161880¥¢ o1
9LE000TLY9LI66CL6CEIT 79988€9EIEETEC6CTIC F0L80¥€ELI9060VV61 6
¢€06910L08¥E¥067910EY 9LLOTS0T¥L0T8990€C LT 96¢68799809960L169 8
CL8CLYSILSVECESTTISTY 88CSYITIETI0VIIEI6TT 86620208C98G880TGTT L
¢6€97906C06¥TESTTLTY 9060SL89TV8TT0686% ¥e¥0611ECLIST06G8E 9
009G8L86¥¥ILY VTS 000L8980018¥¥6.L02 0¥8cc99€TTETYITT g
0 0 0 ¥
0 0 0 €
0 0 0 (4
0 0 0 1
74 e 0¢ N



4

[414 !

¢0980¢€

0776587

200566.L8209

C8Y8ST086YV 1Y
¢886L066101E¥VC
G80T2090€8¥9<¢801
G8EBGTEISTRIBITLE
C8YE68TELLTTIEVTIO0T
GG81060¥8191¥CE1E80G
GGGY6088%96T9586195€€
980%G9GCLLEVYELBOSLY Y
0GLT0VI66€CLELG6L608LEE
062906€92TTELLILTITI089C
0GET6T808ETI0CLLOTLEEGIET
09EIVTICOSTSTITSTILETCETTY
000¢¢L989€TE8E6V0T6C170.L9

(4

8601

920963

069791.L&

81ccIve99e

901201626856
900GCIEL8TLEET
8T0TS6VLS07E8ES
8EYIELIGE000LEEIT
PLIV9GCSLY0STS018E
8GG8GTCTEETGEEI6EC89
G9926LSCT8¥6065ETCES
9CLEILOGBYTCSLTR6896

GV L1600688¥8EEFOTS6LTL
GGI8GTOT LSS LSV ITCTTI6E
8GT9609808TIETESGY LLITTT
8¢60666116800889€LLE£I8IG

(4

896

(444 td

01899082

¥¥9990E6¥6
VILISCILLLST
8CE6.LLISI0CEL
960%%99989€695C
G0L9588€806TE089
07898688S L0V L089ET
8ECTECIC60GT8GITR0C
966Cc0FFI8TYS6CCLET
09262065901 E8E0VS886 1
$596L5¥C L6G680S60806TT
9EETOT68VSTEG8LGEYTO6.LY
G6169GL66¥9V89GTT1909L0T

O =AM
,-m\lcv:wﬁm@hwmﬁﬁﬂﬁﬂﬁgﬁﬁgggg&ogg

008866£906¥01E€G8TEEETHI8T 88¥G9¥ELLILGTIC060GL9EST 0802€0¥ITFG6CE6CE00VTS
000¥¥8L60€€S8SG9 LT LEO0T6 096C10E610TTTITSFT9LI8 880LCTSLTLTLESOTLEGSGL
00¥0969¥28¥660916% 00709697¢8¥660916¥ 002087€a1¥.L6V0857C

0 0 0

0 0 0

0 0 0

0 0 0

97 78 56 N



(4 8¢
8G¥1 (4 Le
c0716% (45431 4 9%
0T09%L101 c0c1cy 0¢ct gc
$50696705¥1 0066EE08 2088S€ (4
06G8CT6LECTST $08L098050T 60801829 €¢
C8T9808TCS8I6TT PEVLETLETTO0T 290€e001¢<L 44
V160G LELITBLEEL $8¢6006¥66861 L CEL9LSTT16099 12
G18892E99TECLTIYSE ¥8¢LET0LI0T6966E 0SeY0TE8865ECY 0z
2L69€9¢8C0TSE6TETIET PRTEISETOTEETIIELT C8GLLTTSETEVSTIC 61
09869€50CFLOESTLEOSTY $9L1L06890FCYLLLGES ¢8090GETLET99GTCS 81
GG291L9¥¢80%1L5E030920T FOSTL8GBIEIBBEIE6619T 3€068388009969966VC L1
2e10¥0¥502EF00580%7920105 F0T6S169ECFL61689L067C GL0T69¥E6.LELTOESTLOS 91
6V 160E8TSTLIB6SC6T09LT1E $099G2E9TLLITCT09956E6S GETS9STLTF6E0TTT606T LT g1
GLST6ET670LTEEEF0TYLOCOTSE F0GETEYSLY9.L8009.LE6S616L GLEITT]T60867589CTHTEIT 4!
929¥L068TT#9L1660.,656686£9¢ 316895199625 C0CFP80LTYLIS 9€¥260TSL61T8L6¥CLO0TFST €1
00£96956T8EGI0ELTTEVO0ELEEIT 001G L298€E66ETEL6T0S0LTTFI 00S0STZ88F16£606500%71€LST 4!
00T009€GT8T6L0T197010SL80ES0TT 00L69611601 LE08SFECTTFOVTLE 006968807SCTS0ET8TET1S9766 11
00969.8¢0TF0LIT8F8LYLE61ECSTS 000TE8EEVTILTIEE0GELETICEEST 002¥1S¢8TES007909F 167 18STY 01
00£63£05LE6T9LET89TTZZIR00E9TT 00929%208T LETYCS0CECETI66C3E 009.£239%£98SETT0¥0€0L8L9TT 6
000%SHTH1919996.L093L88T06CC0T 000%1ST0T L¥2878L¥%602560171v 0002081 £186008¢0L8¢EL0699T 8
009982665028€EG00TESFETELIIT 00¥LZ¥97660761 117025 LLEOTT6 0088S¥¢0LET L48TFC00F61FETS L
009.¥9800€5G99¥79G0ELSSTTIL 000628665 T0EETTT0TZ6S9G68 00F¥1€EG8T6T1ES8LT0C8ETS6 9
0 0 0 g
0 0 0 4
0 0 0 @
0 0 0 G
0 0 0 1
8¢ 4G 96 N



G 1€
0081 G 0¢
G9T1eSL G391 G 6¢
G99LLE961 CeLLS9 8961 8¢
CITFP8C0Lee e8P 1868¢CT 9¢00.L¢ e
ST006ETLISTLY ¢CEC0ESEY9T OT9FTLLET Ha
SCc69¢L068LI8Y 89.8G946.L88c¢ 8EYSYTILLOT ¢
8096906€Lc098¥26¢ 880L62EEILGTOLE ¢02920v Lo L¥ac e
SG9FETCEGIELLEEOTGST S8T¥¥91¢0c09805656 0¢€60ST26TFST61 €c
S808L6LY68TTCSLTLOLIET SETOS8TTEISTCYT00SET 98T6¥8T0SFEITETEL G
0622€02S¥c0955¢600T84¢ 8T9CTLLG6E8CTFE8TE89E 8F166€G6TITLLSSTOL 1c
8T869866€ 2009657 L1655E61 0980LEF6FRITEBLITIVIYE 8TT00€€9SE115ECc0006 0c
00999L5%26G8€€9E8S0G 1 L¥S 092ERETFT6809ETHELTIOE L 8985€668¢998566E5S1€0T 61
0982¢2929699ETT9TT118G9LLICT 0029905 2295€¢606578518161 80TGEFE6S66C6.L8YL6V6S8T ST
009€5599T6SFT090ST6FF6VECHET 00006E27L8FTS6STTLF1C9936E 80LF$44L00E8TTLETITE LSEY L1
09LET8¥CT166¥068661€9S6EELG9E 009G TL0LEF6ECITOEFYO02098T9 89T LLTTEE0LSSBICILICSLEPIT o1
00T1ZT8E0T09EE04TITS8009.L8T06%F 09¢69€0¢9¢S60816VSTFLLOTSLES 8CTIFSTEGIFOTLSEESOT09T6EIT ¢1
090921 Lc¥S65CT0¥0L89839€9S0FLET 09¢860£6T L686ETT099L890¢STS6S 899986¢9GF69CTFFESTLLOTETEST ial!
08¥52880%1869T1L089EGT08GFIL0ETEE 0890L6%2ES80LEFLIISETI0SI L8TE L F0SE0LSEE]S66TLECLLYTESSE8CIT Gl
00¥%0206STEL80G8SE6LLTOOLYSTOCTOT 007080S6T06L0GLFFICELEBTLISYSST 00921 22L0%2909695F8F0SF0LETO60T cl
00£662LTL85G8808044STG0LSET0000ETS 008663 LLT LTIV LLYEESEF6E06EV080C 00LT89SLSIEFSFTF65S005E60668C¢ 11
006629%90£56¢6085E9¥ET0T6ESG0E6LSCT 0076907 LTT8ETELGSVS LLELYSTHICTTI 0020¥26509L5£60956EECS866890E8T 01
00GFEF0P80G9GCSTHETTEI8S9865989G¢E: 0022£079¥L10666.85966..90%.8867801 00T2cL9L50F6TOFILETTOSTLETSITEE 6
00¥6.L52CTR66896980LET0TE86866898T1 007 1€9%cST9076580L5865ECE6TFEETI 0096LL¥G68L9GEESGTSILYSTLETETSE S
0090¥8¥c9L¥c LETOST6T0F2000LETHLL 00908¢9866¢6LETI99E0FSTCOCLILLLY 00002€ LOLESLETERGO6SLTESTE0GS8E L
00F9SE0CLLTCTTEE0C6 T LY CECH600E 00F9SFITENCROTOCTFTIFESLION 0088L99L0¢EER0STIEELLOGHSE 9
0 0 0 ¢
0 0 0 ¥
0 0 0 S
0 0 0 (@
0 0 0 1
e 0g 6¢ N



4
8L15

9208TTT

08530TSSE

806503856

8823008986525 T

7096291 1SGEELOLT

¥9095LETHE6F086VLT
862GT070ESTHS0F06FT T
BSTL0ST6ETSI90CTT 186

91880557 180589¥ 1265873
96£LTF73E656L76096928073

26758 L0TRSGIS00TTIZ9L666.L6
BLLVV1G60687L15EG99889890GTE

039L9T 286116 1S9GEHEIPICS86VES
FP60T6LTTFETEE16£50E1C670088T
5609195 2812952965 T8 LLOVELOTEIFS
&7LL1925820955995L L 161106985358
0027599685 TETOEETS6989E2SE58CFSTS9
07907£38S90S08 L6GFILLI0ILLEF6TLSISI
00¥716286¥22555600659L57608FEL0STEFES
0805SET9S09TT08098T12L9T9508126069928
008.S6T8S898982£6608889851 T LI6SFIFIHST
000T06F0LF6655890L696TOFE6FISTILGTECTS
000L629889TSTTFS6T0S0FLT605156£880LEL0T
0086280TECGS69S8E6LTTE8ELLLOLTOFIIEIE
00919202 .E6F155EL0SGEL89STLES65TI6T00G
002E72072705L9E8ESL809 L6T6S9LTOLTSOT
00800TE9LE0ES0E0TELITITCSET L6ET

coCcoo

4

8%00

380586

01G8SEL6T

$16066€SCT9

9%909%L986056

9VL1E666EESTOTVIT

86896€TLYT0STEE80T
CGL8IESETTSLICET LTS
¥2995050L5¥E8%L0LEST1S
FGTG6998TIETTL099959E93
9G0LBTLSTIEFIEBTGOLIOTITL
060€92957 L8 L8TF#E97906L68E
8E€6EE8TLIFSTO08888LLITCEOETT
48%90906099%cFEVS¥E099CTET LT
8LL100L7F0£6616952906715009LEG
069TSILLETFCIC6T6TFIOCI06¥CIVLS
0912EC88CTLITE6¥0959ECERFEGILESTT -
00L1020%68L89¢¢68102L6922910T90¥CT
0209689€5 88700 LS TH0T89099L80LSS0T
0221097 L¥65CL088LTOLLLSTLISTE60TTOL
00LTTOLTOTEIFTCI90ETEEITHETLECISTESE
00€L992809€908VSETLY8L8I0EST LTI86098CT
00L1662€07€20892079€SL166E59¥LE169965
00TZETL0ST6LTESTCTII9PI8E0699ZERE6LETE
00910909.L90¥61€0¥50TSSLITOTZ8YIFP0S8
00821820219200LT€00T880C9SCLISTLEST
wowﬁwmwwmwﬁcwﬁmowmmmamomnmmoww

COoOQO

4

(44318

$20€98

G¥8L280YS

P1L6G3ES89%

0TZV66CV68S5L9

067L01cc11S90S L

093699 LLT68CESLSY
0ELTLS060L¥¥6E95C9Y
920L¥LSTST606¥3086693
8190988L8TETT859CE0TETT
8L680890988096EL09TFVCLY
8680L76670660596E8688L16¥1
810250999TVEE6SGTITSLES8LSE
0989GL760668ETP6SL0LTSGS8LECS
0T999%5L695T1899156066959868FV L
09286%028250€660€6E8TLILTTT6S0C
0992296128608019899170G0SSL8SGES
092208922590995€S T LE6G88F0ES LIFIT
0929€EESTLLE6LOLTBSCTTHR0980CTETST
00606570T8016¥102E066563ET9T90L618
0090TS06T09€S6EL86FL0T00TO9T8YLYIGE
0092ES0€8869CFELT6GCTTE898SLIELTOTS
00LLT€2669695999CLE0SESTISTLY6VITOT
008922990909265EV LT LYT06696EC6TELSE
003€918026€700L1608967988.8708TST
00800LTLT060T$69LE86.8086ECLTT

COOQOO

ZlHamtwor~os



4 98
05¥3 (4 g8
CoLETYL (4554 %6
G09cseI1g G799531 €¢
GG898GTITOET 096608LY 44
$E€G8991SFS18YC 059662070501 1€
COTL¥¥3€0996889E FE818ELEC60GST 0¢
¥L8510806356L8859EY Y0G886¥CV0L620ST 65
YC810TCHILET6V8LIOCY FOLICLILTV6ST6E8LT 14
F012EE8YBG0886VFCIEEE F081ECHIC68V88LLESTC x4
96808¥652S TV 1 L¥Cc00¥7616 ¥898YCT¥C0¥19600LELTST 9%
¥86L5026¥5L09¥€0LS298080G1T 961618909156802ECSLEOTTT 4
9998LETETTY86GY LYGCaLITSRIS 9.L¥8998Y950€E8LT08CT L6TIS i
9G86C8TITSLEVETOVS60LI6EECLIT 9TLICLECTEBLLIGIBEGBTITSLED €3
990LSC 1650568859800V TLYGTL 9L08E9LELYETTC686195090€TEFS [44
8¢L62C00€STLETTST6¥C9980159996T 962071900828 L0$5cE8005092505¢C 12
960LL6T8S15¥8CT0VCT LSS CECTTI6195T 8C¥cST8887E09€0TITFISSRBISCIETY 02
8087¥896.L8%8¥65795T99ETLTTSESBTI8S 890E€CI80GCSSG8G68TT8YBLELGSTLEGTT 61
80280996861V LLI8I90T8BFFSTSTTIICEVETT 88€L9.L¥299€908561569815¥€809005E2T 8T
80986395 L96.L6EST9IH20596¥05SL0080Z6T 898L29568L8L68STTSLLE6EB0E6L09E6LIE L1
08¥¥16€L9.L5¥815¢9T0€0ZT96T10E9TH66¥801G 809986602L06£85660069%6096L1L5T990LE 91
8068€86058S LL6BI6TETESTSF8YLLIV0690T LT 08069€80CH0¥cca6109S0699E8LS L68SLSG6FE 9 8
08¥9S065E87E6EVI 1286668870189 LETTLIGET 080%6098LT68.LG81SCES88687L6€98CTL85C9T i
0¥87L078¥L808ET6ELTFB96CTETE6VE0T60LLTEL 0%3L1896098¢EH6SS L6¥0L5088667195096LEST 148
00365 160908€C0STOTSTESSTTLES89S0CITTHEE0E 0057 170€2S195€8680065C86LLEII6BBGTH66.L9 ¢l
00070%8L0S0L17E8 1752 13L88SFS660L2S160L7.L8 008698LLTIET0LE06VECTBLO0TSTC09L865L001C 11
00080T00%E89TE8S0T6ECHL0LT8SBITLETOLOTTHI T 00229¥6879.L8C9L66G89EST886CV0T1C08YYEc6E  OT
0087869.LE€880¥16L098008635€0665980%L9E0906 0086.L99576¥ LT L50€689T1098CHCTET0E9CE09S6T 6
0055€090€606.L581298806%€1SL90¥7LG855T9990T 002.L0169908T0992S LELET60CICIIETILB6ESHT 8
00219968.L79€08916.L0¥62921SL9L8398SC0ELY 0026 107607F¥68C18E0FT0LTIFIPILEE0ETHIE L
mcwﬁomwammowoﬂwomoﬂmmmmwoamw@nm 009102925 L099190297€C5EV06576.L5 m
0
0 0 4
0 0 €
0 0 (4
0 0 1
96 g6 N



406 R. M. BAER AND P. BROCK

3. Two Sorting Strategies over P,. We consider first the Oth order sorting strategy
over P,. This consists of selecting the initial element (in a permutation sequence),
and, having selected an element, selecting the first following element in the sequence
which is greater. The resulting selected subsequence is called the distinguished
subsequence.

3.1. THEOREM. In the space P, the expected length of the distinguished subsequence
8

= > k.
k=1

Proof. The statement of the theorem is clearly true for n = 1. We proceed by
induction. Suppose that the statement of the theorem holds for k¥ < n. Given any
particular sequence in, P, there are n 4+ 1 ways in which sequences of P,;; may
be formed through thé adjunction of the number n + 1 to this particular sequence,
and with each of these new sequences is associated the probability (n + 1)~ For
each new sequence so constructed, the corresponding distinguished subsequence
ends with the adjoined number. Hence the expected length of the corresponding
distinguished subsequence is greater by unity than the expected length of a dis-
tinguished subsequence in that part of the original sequence preceding the adjoined
integer, averaged over the positions that the adjoined 1nteger may occupy. This is
just

Loyy = (n+ 1)1 ];)Lk +1
where L, is taken to be zero. 1t follows that

Loy = Lo+ (n+ 1)71.
This concludes the proof.

We now consider the nth order strategy for natural sorting in P,. According to
the definition, the sorting algorithm of an nth order strategy has available, at the
point where it decides whether to select the ¢th sequence element, the identity of
the previously considered sequence elements z;, k < 7. The selection algorithm
for P, accordingly has the following form. A choice level C; (where C; is a natural
number, 0 < C; = n) determines the selection of the first sequence element z;

(i.e. if 21 £ C1then 2, is selected). A selection level C» = fi(z1) is defined, depend-
ing upon z;. The second sequence element z is selected accordingly (if 71 < 2, < Cs
in the case that x; was selected, or else simply z2 = C in the alternate case). What
is required is the sequence of functions fo(8) = Cy, fi(8) = Cq, - - (where S is
an arbitrary sequence in P,) which maximizes the expected length of the selected
subsequence.

To show how the choice levels are made, we will consider the example of P,.
We suppose that the expected lengths from the optimal choice functions are known
for Py, Ps, and Ps. (These expected lengths are: (L) = 1, (La) = 3/2, (Ls) = 2.)
There are four possibilities for the value of Cy (i.e. C1 = 1, 2, 3, or 4). Consider
the expected lengths of the selected subsequence which results from each possible
value of Cy. Thus, if C; = 1 the first element of a permutation sequence will be
selected if and only if it has the value unity. In this case the remaining sequence

consists of a permutation of the sequence (2, 3, 4) and by, assumption, the strategy
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and expected length of P; are known and may be applied to the permutation of
(2, 3, 4)—with certain obvious adjustments. The expected length in this case,
which we shall denote L4(1), is just the value of L; 4 1 weighted by the probability
(which is 1/4) that unity occurs as the initial entry of the sequence from P, added
to the value (Ls) which in turn is weighted by the probability that unity does not
occur as the first sequence entry. So, Ls(1) = 47 [(1 + (Ls)) + 3(L3)] .

TABLE 2

Expected lengths of (1) monotonically increasing subsequences of greatest length,
(2) of monotone subsequences of greatest length, and (3) observed (Monte Carlo)
means of monotonically increasing subsequences of greatest length, (4) of mono-
tone increasing subsequences selected according to the nth order strategy; (5) is
the initial selection level used in (4).

N 1) (€) 3) 4 ®)
3 2.000 2.333
4 2.416 2.916
5 2.791 3.300 2.73 3
6 3.140 3.650 3.155 3.04 3
7 3.465 4.021 3.446 3.33 3
8 3.770 4.350 3.760 3.60 4
9 4.059 4.647 4.049 3.86 4
10 4.334 4.938 4.333 4.10 4
11 4.598 5.222 4.577 4.32 4
12 4.852 5.490 4.849 4.54 5
13 5.096 5.745 5.115 4.75 5
14 5.332 5.991 5.323 4.95 5
15 5.561 6.232 5.560 5.15 5
16 5.783 6.465 5.786 5.33 5
17 5.999 6.691 6.013 5.51 5
18 6.209 6.910 6.213 5.69 6
19 6.414 7.123 6.417 5.86 6
20 6.614 7.332 6.618 6.03 6
21 6.810 7.536 6.832 6.19 6
22 7.002 7.736 7.002 6.35 6
23 7.189 7.931 7.165 6.50 6
24 7.373 8.122 7.354 6.65 7
25 7.554 8.309 7.556 6.80 7
26 7.731 8.493 7.741 6.94 7
27 7.905 8.673 7.926 7.09 7
28 8.076 8.851 8.074 7.23 7
29 8.244 9.025 8.258 7.36 7
30 8.410 9.196 8.420 7.50 7
31 8.573 9.365 8.553 7.63 8
32 8.734 9.531 8.717 7.76 8
33 8.892 9.695 8.871 7.87 8
34 9.049 9.857 9.026 8.01 8
35 9.203 10.016 9.206 8.14 8
36 9.355 10.173 9.368 8.26 8
100 16.723 14.05 14
200 24 .508 20.02 20
1000 - 58.154 44.99 44

10000 192.2 142.07 141
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If we take C1 = 2 then the argument proceeds in a similar way, except that
now if either 1 or 2 occurs as the initial sequence element it is selected, and if 2
ocecurs and is selected then since the selection algorithm applies now only to se-
quence entries with values greater than 2, the strategy and expected length of the
selected subsequence from P, comes into play, thus

Ly2) = 471 + (Ls) + (1 + (L2)) + 2(La)] .

And similarly L(3) and L4(4) may be evaluated. Then C; is defined as that value
of k which maximizes Li(k). In the general case

(Lnyr) = max (n + 1)“[k + (n+ 1 — E)La) + g (Ln—i+1>]

and it follows that the expected lengths of the selected subsequences and the choice
levels are determined at the same time.

The required functions may be computed, using a course-of-values recursion.
For this we are indebted to Mr. David Matula, who provided us with columns 4
and 5 of Table 2, computed in double-precision directly from the above equation.
It will be observed that the expected length of the selected monotone subsequences,
in sequences of length =, is approximately (2n)!/

Conclusions. Over the range which has been examined (n < 10,000), let r; be the
ratio of the expected value of a monotone subsequence, selected according to the
Oth order strategy, to the expected length of the monotone subsequence of greatest
length. Then

n 7.—1
Zlk__Nlogn__)O.
2v/n 2/n
Let 7, be the ratio of the expected length of the monotone subsequence, selected
according to the nth order strategy, to the expected length of the monotone sub-
sequence of greatest length. Then

re ~ 20)Y2/24/n = 1/4/2.

TaBLE 3
Tableaux with maximal weights for group of order n; 10 < n =< 36

‘rlN

order 10 order 11 order 12 order 13 order 14 order 15
7531 86421 96421 96431 1075421 97531
531 531 631 7421 7421 7531
31 31 41 41 41 531
1 1 2 2 2 31

1 1 1 1
order 16 order 17 order 18 order 19 order 20
1086421 1186421 12975321 12975421 121075421
7531 8531 8531 96421 9 7421
531 631 631 631 6 41
31 41 41 41 4 2
1 2 2 2 31

1 1 1 1
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TasrLe 3—Continued

order 21 order 22 order 23 order 2/
131075421 121086421 131086421 1411975321
10 7421 9 7531 10 7531 10 7531
7 41 7 531 8 531 8 531
5 2 5 31 6 31 6 31
4 1 31 4 1 4 1
2 1 2 2
1 1 1
order 25 order 26 order 27 order 28
1411975421 1511975421 1512975421 1512976421
11 86421 12 86421 12 96421 12 96431
8 531 9 531 9 631 10 7421
6 31 7 31 7 41 7 41
4 1 51 5 2 5 2
2 3 4 1 4 1
1 2 2 2

1 1 1
order 29 order 30 order 31
14121086421 15121086421 161311975321
11 9 7531 12 9 7531 12 9 7531
9 7 531 10 7 531 10 7 531
7 5 31 8 5 31 8 5 31
531 6 3 1 6 3 1
31 4 1 4 1
1 2 2

1 1
order 32 order 33 order 34
131611975421 171311975421 171411975 21
1310 86421 1410 86421 1411 8642
10 7 531 11 7 531 11 8 531
8 5 31 9 5 31 9 6 31
6 3 1 7 31 7 4 1
4 1 51 5 2
2 3 4 1
1 2 2
1 1

order 35 order 36
171411976421 171412976421
1411 86431 1411 96431
12 9 6421 12 9 7421
9 6 31 9 6 41
741 7 4 2
5 2 6 31
4 1 4 1
2 2
1 1

Open questions. This study has raised some questions of which the following, in
the area of asymptotic combinatorics, are particularly interesting:
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(1) What is the asymptotic form of the distribution of spines in the case of
permutation spaces?

Presumably an analytical derivation of the answer to (1) would require an
answer to

(2) For given n, which Young tableau maximizes the value of the Frame-
Robinson-Thrall function? If the maximizing tableau is denoted 7', then

(3) Is there an algorithm which permits the immediate construction of 71
from T7,?

In computing the exact distributions of the spines (for n < 36), the correspond-
ing T, were obtained automatically. These are exhibited (for 10 = » = 36) in
Table 3, although it is not believed that they suggest the form of T, for large n.
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