Chebyshev Approximations
for the Fresnel Integrals*
By W. J. Cody

Abstract. Rational Chebyshev approximations have been computed for the
Fresnel integrals C(x) and S(z) for arguments in the intervals [0., 1.2] and [1.2, 1.6],
and for the related functions f(x) and g(z) for the intervals [1.6, 1.9], [1.9, 2.4] and
[2.4, «]. Maximal relative errors range down to 2 X 10-°.

1. Introduction. The Fresnel integrals are defined (1] by

1 Cl) —iS(x) = _/: At = f: exp (—imt’/2)dt .

For small arguments the usual Taylor series expansions are quite useful computa-
tionally, while for large arguments the forms

(2a) C(z) = 5 + f(2) sin (r2?/2) — g(x) cos (r2%/2)
and
(2b) S(x) = § — f(x) cos (m2?/2) — g(z) sin (72?/2) ,

where f(z) and g(x) have well-known asymptotic expansions, are most useful. For
values of z greater than that corresponding to the first maximum function value
(in the vicinity of z = 1), evaluation of the Taylor series is subject to loss of ac-
curacy through subtraction error. Since the asymptotic forms are not useful for
small |z|, there is a region for which accurate evaluation of the Fresnel integrals
is difficult.

In recent years a number of papers presenting approximations have appeared
[2]-[4]. All of the approximations given are of somewhat limited usefulness, how-
ever. The Chebyshev series expansions given by Németh [4] converge painfully
slowly, while the single approximation given by Boersma [3] is of limited accuracy
and subject to subtraction error during evaluation. The approximation forms used
by Syrett and Wilson [2] are generally quite inefficient and involve awkward trans-
formations of variable. None of the previous investigators has considered approxi-
mation by rational functions, although such approximations are generally more
efficient than pure polynomial approximations. It is our purpose to present efficient
rational approximations for S(z) and C(z) when |x| is small, and for f(z) and g(x)
for all other z, with maximal relative errors ranging down to 10~'° in some cases.

2. Approximation Forms. The approximation forms and intervals used are:
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Cin(@) = 2R 1m(z?

3) for |z|] £12and1.2 £ [z| £1.6;
Sim(@) = 2°Rum (")
-1 _4
(4) fm =27 Bm@) g0 162 (o] < 1.9and 1.9 < o] < 24 ;
Gim = 2 Rin(@™)
and
=1 —4 4
(5) flm(:v) =2 {1/7r+x le(x )} or 2.4 § le’

gm) = & {1/7" + 2 'Rin (a7}

where R, is a rational function of degree I in the numerator and m in the denom-
inator. The forms (3) and (5) are based upon the Taylor series and asymptotic
forms of the functions involved, while the forms (4) are based upon the results of
much experimentation.

The choice of the intervals of approximation again resulted from experimenta-
tion. While they are not optimal in this respect, the intervals were chosen so that
a given choice of degree of numerator and denominator would result in roughly the
same accuracy for each interval.

3. Computations. All computations were carried out in 25-significant figure
arithmetic on a CDC 3600 computer. The approximations were computed using
the Remes algorithm for rational Chebyshev approximations [5], [6]. Because the
approximation forms used for large || correctly emulate the asymptotic behaviour
of f(z) and g(z), the error of approximation vanishes as |z| — «. Consequently
these approximations could be computed for large (but finite) upper limits to the
interval of approximation.

Function values were computed as needed using the Taylor series expansions
of C(x)/x and S(z)/a* for |z < 2.5, and using the most accurate approximations
given by Syrett and Wilson [2] for 2.5 < |z| < 4.0. For [z| > 4.0 the asymptotic
expansions for f(z) and g(x) were converted into continued fractions by means of the
QD algorithm [7]. The function routines were extensively checked against the ex-
cellent tables of Syrett and Wilson, and against each other in slightly overlapping
regions. These tests indicated an accuracy of 208 in the master functions.

The relative error curves

(6) dim(x) = (A(z) — Am(2))/A(2)

where A refers to C, 8, f, or g, were all levelled to three significant figures. In addition
each approximation, with the coefficients rounded as they appear in the tables, was
tested against the master routines for 5000 pseudo-random arguments. In all cases
maximal errors agreed (within roundoff) in magnitude and location with those
given by the error curves (6) in the Remes algorithm.

4. Results. All results are given in tabular form in the microfiche supplement
to this issue of the journal. Tables I-IV list the values of



452 WwW. J. CODY

Em = —100 logio max |8,

where the maximum is taken over the appropriate interval, for the initial segments
of the various L, Walsh arrays. An examination of the tables indicates E, is
generally quite close to maximal for fixed I + m along the line I = m. Tables
V-VIII present the coefficients for the cases I = m. All coefficients are given to
an accuracy greater than that justified by the maximal errors, but reasonable addi-
tional rounding should not greatly affect the overall accuracies.

Not all of the approximations have been checked for numerical stability of
evaluation, but most of those that were checked proved to be quite stable nu-
merically when the numerator and denominator polynomials were evaluated by
nested multiplication. The few exceptions all occurred for the approximations for
S(x) and C(z) over the interval 1.2 < |z| < 1.6, when large subtraction errors
occurred. Transforming the numerator and denominator polynomials into their
equivalent finite Chebyshev polynomial expansions and using the Clenshaw-Rice
scheme [8] for evaluating these gave great numerical stability with the usual penalty
in speed of evaluation.

For |z|] = 1.6, Egs. (2) must be used to compute S(z) and C(x). If we denote
by AB the absolute error in the quantity 8, and by 88 the relative error, i.e.,
88 = AB/B, then we find from (2)

30(a) = L) ) — L2 2021 3y

+ [f(®) cos (u) + g(z) sin (u)] 5’5—) Az,

where u = 72%/2. If we assume Az = 0, we find the direct contribution of |8f(z)|
and [d¢g(x)| to [6C(x)| is

160 ()| = REELI@ |5y 4 ax10@ Ly o Bis i@ + Clog(a)] -

min |C(z)] min |C(z)]
Similarly,
55| = IO 50) | + SR 139 0] = Dos )] + Blag)

Using the tables in [1] rough upper bounds on B, C, D, and F are easily computed
for the intervals of interest to us, and are presented in Table IX. These bounds
will be useful in deciding upon the accuracies necessary for the approximations for
f(x) and ¢(zx) in order to obtain a desired accuracy in the computation of C(x) or
S(z). We note in particular that generally an error in g(x) ten times as large as
that in f(x) can be tolerated for a given computation of C(zx) or S(x).
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Egm = -100 l0gy
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2800080000000 00000000000000000022RTRETRTETBTRTTTRBTRTERRNN:

n = 3

(22222 XXX XXX RS2 2 2222222222222

0 | -9.67545 96389 025 (-02) 1.00000 00000 00C
1 | -5.52549 43840 897 ( 00) 6.-06544 83020 979
2| -5.86062 82086 171 ( 01) 7.85288 41711 294
3 | -5.22355 60918 394 ( 01 1.85924 98578 831
X2 AXZXZEIXZZ IR RIS RS RZERIRZYR R Z YRR ZZ SRR 222 X X X
n = 4
2080808800080 0000000%202RGEERTRTRTREEERS li'.l."".'."..'.
0] =-9.67546 03169 52504 (-02) 1.00000 00000 0201
1| -1.C2387 64281 29288 ( ol) 1.09368 22440 534
2| -2.71257 96340 37998 { 92 3.15584 34619 205
3| -1.76611 93452 82127 03) 2.62563 43162 044,
4| =-1.04346 44266 56267 ( 03) 4.57825 20572 463

[(Z2 X222 XX X222 X222 X222 X222 XXX RSS2 S22 2 2 2 2 4



TABLE VIIC - CONTINUED

l'].....l.'l....Ql........'I..l....li...l..'......Ql.‘.'..(

(X} ......*l.Q..l.‘"..QQQ..‘Q....'QQQOQJ...'CO'......Q..%..l

n =95
(222222222 XXX X222 222222 R R X X X
9 =-9.67546 03296 70903 80 (-02) - 1.06000 00000 000
1 =1.64797 71284 12457 67 ( o) lo7387l 69067 364¢
2 -8.16343 40178 43745 98 ( 02) 9.01827 59623 152
3 =1.34922 02817 18572 48 ( 04) l 65946 46262 185:
4 =6.13547 11361 46997 72 ( 04) 1.00105 47890 079]
5 =2.61294 75322 51417 79 ( 04) 1.37012 36481 722!
(22 XX 222 X2 2 222 2222222222222 XXX XXX XSRS SIS RS T R X X

n = ¢

A2 22 X2 2 222 X222 2222222222 X222 X222 XXX XSRS R Y X

9 ~9.67546 03299 52532 343 (-02) 1.00000 00000 000¢
1 =2.43127 54071 94161 683 ( 01) %.54828 90129 497:
2 =1.94762 19983 06889 176 ( 03) « 09976 15368 578]
3 -6.05985 21971 60773 639 ( 04) 6.92412 25098 277(
4 =7.07680C 69528 37779 823 ( 05) 9.17882 32299 181¢
5 =2.41765 67490 61154 155 ( 06) 4.29273 32556 301¢
6 -7.83491 45900 78317 336 ( 05) 4.80329 47842 605.
T Y Ty R A S T T Y YT T I P R Y R Y Y Y PR T Y Y YR Y P TY



TABLE VIIIA

g(x) = x 2 PgX /2 ax ", 1.6 < |x| < 1.9
$=0
..........'.......1’..............'.................%f....'

QQ..O..........Q...Q......Q....QO...'.0..0.'.......‘.......

ns=1
Q.QQO.....QQ...DQQl.......Q..OI.QO.Q.QQ..QQ00..00...000..!!
0 ' lo00701 1 (-01) I 1.00000 0 -
1 «45778 0O (-01) 2.70025 3
T T T T L T T T T Y Y v - eSS
n =2
SRNAEGEBRNNNBRNNNBENBNBENNNBRNBRNENNNBBNANNENONRNENNORRENERG
0 1.01250 0483 (-01) l 00000 0?90
1 .73520 7446 (-01) «1019
2 .87828 2770 (-01) l 00223 4185
Q.....Q.Q.QQ.QQQQQ.QQQ....QQ'..Q.Q..QQQ.Q.QQ...Q.....’...QC
n = 3
RN ERe RN RRRRRRRRRRRRRREERSRSS #2888 NBRNNNNEBRNEENY
0 l. 01309 54368 17 (-01) 1.00000 00000 Q0
1 1.73193 841 73 ( 00) 1.86007 74300 76
2 3:03628 82455 62 ( 00) 6.90195 19357 25
3 1.29070 72465 97 ( 00) 4.30891 86599 89
LA A A A X R R XL R I Y Y Y Y Y N Yy Y Y I Y F Y Y Y XYY L
n =4
Aty X Y R Y Y Y Yy Yy Yy Yy Yy Y Y Y Y Y Y R Y Iy
J 1.01318 80965 29180 (-01) 1.00000 00000 0080
1 2496622 05547 25899 { 00) 3.07917 87367 2404
2 2.01543 52995 05393 ( 0l1) 236287 43189 8047
3 3.15560 56793 87908 ( 01) 4.95386 12582 4833
4 4.91601 28306 46366 { 00) 2.02614 44934 0359
(A A2 A A A R R X Y Yy Y Y Y Y Y Y Yy Y Y Y Y Y Yy Y Yy y
: n =5
A AL I Iy Ry Y Y Y Y Y Y Y Y Y Y Y Y N Y Y Y Y Y XYY Y YT YYYY
d 1001320 61881 02747 985 (-01) 1.00000 00000 0000
1 44533 82755 C5123 778 ( 00) 4.53925 01967 3689
2 5.31122 81348 09894 481 t 01) 5.83590 57571 6459
3 1.99182 81867 89025 318 ( 02) 2.54473 13318 1822
4 1.96232 03797 16626 191 ( 02) 3.48112 14785 6545
5 2.05421 43249 85006 303 { 01) 1.01379 48339 6002
100000000000 0000CCERNRRRNRERERREERRRRRARNNRERRNRERRERRRRES



TABLE vilie

n
g(x) ¥ x> § PsX x4 I qgx L9 <
$=0 $=0
Q..l.'........'..Q..Qﬁ’...........'.....Q..Q........QQ..

aeee '.Q....Ql....I....I..'Q......Q'..JQ....Q.Q..'.'.i...

n = 1
I I XXX X2 22X R R X2 R X R Y R X R X R X X R Y Y R W Y R Y X X Y Y Y X XXX XZXZXXTY)
0 I 1.01171 1 (-01) 1.00000 O
1 223963 0 (-01) 3.60923 7
(A2 XX R I X IE R RR E R X  F E X  R X R F X F R Y R Y R Y X R Y X X XS X XXX XXYYYYXXXIXY)
n =2
[ X X ] .Q.QQ.’QQ..Q.....Q.Q.....Ql'...Q......‘..I..........
o] 1.01311 5463 (-01) 1.0C000 0000
1 1.18202 1191 ( 00) 1.31721 9285
2 9.88631 5969 (-01) 210110 4994

000000000 RNERRNRRRNNERERRRRINRERNENRRREBRRRRRRRERRRRRRS

n = 3
(232 X2 X X X2 R R R 2 R X X R X R R R T R R Y X N Y Y X X X Y X X XX XZXXXXXXTTYIYS
) 1.01322 20256 53 (-01) 1.0G000 00000 O
1 2.69076 7C137 70 ( 00) 2.80745 70055 0
2 128362 47492 71 ( 01) 1.59870 43135 2
3 5.79133 75877 23 ( 0OC) 1.52563 03850 4
(22X XX XXX X R E R X X F X Y Y R X R Y R Y Y X X Y Y X X XXX IIYIYIYNYYT YT

n = 4
[ 2 XX 2 X R R R X R R R X X R R R N T X X R Y R Y Y R Y X X Y X XN Y X XXX XXXXZXYX)
0 1.013;1 C5094 09046 {-01) l. 00000 00000 O
1 68276 97697 57399 ( 00) 4. 77365 29667 0O
2 «e24135 16133 46472 ( 01) 5.80203 69679 4
3 l 41173 59445 50041 { 02) 1.94717 93272 4.
4 4.01975 60127 8871C ( 0l1) 1.266064 12369 6
[ X X 22 2222 R I 2 X R I Y  E R R R R  F Y X R P Y R X X X R R X X X XXX YYYXY

n =5
(2 X X X X R X R X X Y X X X Y R Y R R X Y R X Y Y N Y X Y N Y X Y X X Y XX XXX IXY
0 1.C132]1 16176 18045 86 (-01) 1.00000 00090 O

1 711205 00178 97828 23 ( 00) 7.17128 59693 9

2 1.40959 61791 13155 24 ( 02) 1.49051 92279 7
3 9.08311 74952 95939 38 ( 02) 1.06729 67803 0
4 1.59268 00608 53538 64 { 03) 2.41315 56721 3
S 3.13330 16306 87559 S0 { 02) 1.15149 83237 6
[ 2 X I X R 2 R X R X R X R X Y Y X Y X R N R X X X R R Y X L X X Y X X XX XX XXXXXZXXZXX



TABLE VIIIC

a(x) 3 3(( 2“‘4/2 p i : o -45} Y

$=0 S$=0
IQQ]Q.QQ..0I..Q.QQQQﬁQQQ.QQQQQQQQQQQQQQ.QQQQQQQQQQQV.Q.

S

Y Y X X X XX XXXXZXXXXXXXIZXZXXXZXXXTEXZEXZXZXIXXEZXXXXZ I XXX X X X X X J
n =0
0008000000000 000000000CCCRRRESRRCGRIARTERTSTETERTARRGRTORTCTOIARRRORNRRSS
0 I -1.3549 (-01) | 1.0000
0000008000000 00000000000000000CGRRRRIRGIRIGTIAGGTARTGEIRTERTRRIRIGARRNSES
n =1
Y X X XX XXX XXX Y XXX XX XN REX R 2 XX R X X X 4
9 | -1.53828 24 (-01) 1.02000 00
1 | ~6.454T74 64 (-01) 1.02903 28
20006000000 80000000c0tatasnsnsssnnssnnatasststanaataRENES
n = 2
Y Y XXX XXX RIN R IR R XXX X X X X X J
O | -1.53987 6¢302 (-C1) 1.00000 00092
1 | -4.27728 57997 ( 00) 3.41499 8647
2 | -6.59401 81161 ( 00) 1.70717 08816
2000000088000 000008000000c0t000008a00000c000EEREe
n = 3
[ X X J 0006000QQQ.Q..I.Ill.ll.l..l.......OOQ.QQQ.Q.QQ.Q.QQ.
0 [ -1.53989 69716 16 (-01) . 00000 00000 O
1 | -1.02463 83144 46 ( 01) 29222 93037 S
2| -1.25250 714621 20 ( 02) 1.18652 86732 &
3 | -1.02918 96761 44 ( 02) 3.84443 09084 7
I XXX XXX XXX XXX XXX XXX R XXX NI XXX XEZR XXX I R R R X X X J
n =4
Y X X X X XXX XXXYXXXXYXXIXXXXXXX YRR N XX R X R X R Z X X X X R X X
? -1.53989 73305 7971 §-01) 1.00000 30000 O
-1.86483 22383 1639 01) 1 27484 29807 S
2| -5.66882 77802 6550 ( 02) 2258 85815 9
3| -4.16714 64701 7489 { 03) 4.5753 3069 4
4 | -2.14678 07436 4341 ( 03) 1.08207 88328 1
I X X X X XX XXX XXXXXXXXXXXXXZXXZXXXIXXXL XX X | QQQ.QQQ..Q.Q..QQ.



TABLE VIIIC - CONTINUED

..S. .................I.i.............. ...............&..l
n= 5%

0000000000080 0000008000000000TERRREPpoGRRERRRRRRRRRRNSR:
0 | -1.53989 73380 19247 (-01) 1.00000 00009 000C
1 | -2.95907 82318 55258 ( 01) 1.98543 98135 4444
2 | -1.66186 70871 83632 ( 03) 1.19669 31345 080C
3 | -3.11279 64549 20657 ( 04) <62557 38645 1274
4 | -1.57353 62868 19766 ( 05) -96305 58293 1111
S | -5.57488 41137 46041 ( 04) 3.62908 13333 133]

(XX XX XXX XXXXXXXXYXXXYXXXY XXX X ZAII XYY X X X2 X X X X

n=6

9 -1.53989 73381 97693 16 (-01) 1.00000 00000 000C
1 -4.,31710 15782 33575 68 ( 01) «86733 {9*97 589¢
2 -3.87754 14174 63784 93 { 03) 2.69183 8039 624;
3 -1.35678 86781 37563 47 ( 05) 1.02878 69305 6681
4 -1.77758 95083 80296 76 { 06) 1.62095 60g50 023
5 -6.66907 06166 86364 16 { 06) 9.38695 86253 163
6 =1.72590 22465 48368 45 ( 06) 1.40622 44112 358(
Ty e re ry



TABLE IX
|6C(x)| < B|sf(x)| + Clsg(x)]

|6S(x)| < D|sf(x)| + E)sg(x)]

S088000000808000000000000000000000000a0c000caR R

Interval B C D
.l..............QC...*..QIO!0..l...'...’..l.i’.l.l....m
1.6 < x| < 1.9 «625 <069 <541
1.9 < |X| < 2.4 436 .039 .boo
2.4 < || <369 . .021 <369

0000000000 EREERGRGERNERRER0RRRRRRRRRRRRRRRRRRS



NUMERICAL INTEGRATION OVER A SPHERE

CHRISTOPHER A. FEUCHTER

See article in this issue for explanation of symbols in tat



The roots r. and weights C

TABLE 1

k k

0.33333333333333333333

0.13877799911553081507
0.19455533421780251827

0.06289133716441942398
0.15380118384095636775
0.11664081232795754160

0.03284025994586209607
0.09804813271549816746
0.12626367286460207059
0.07618126780737099922

0.01909367337020706716
0.06283657634659116753
0.09931540074741397873
0.09881668814540756267
0.05327099472371355724

0.01201813399575544179

2 .
of Gm+l(3/2’ 3/2,r7), m=0(l).

0.77459666924

0.53846931010!
0.90617984593I

0,40584515137°
0.,74153118559¢
0.94910791234:

0,.32425342340!
0.61337143270(
0.83603110732¢
0,966160239507

0.26954315595¢
0.51909612920¢
0.730152005%574
0.,88706259976¢
0,9782286%5814¢

0.,23045831595°5
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