On Difference Schemes for Hyperbolic Equations
with Discontinuous Initial Values

By Mats Y. T. Apelkrans
1. Introduction. In this paper we consider the hyperbolic equation

% = oz, 1) -g% + ¢(x, )u  with initial values

u(x, 0) = f(z)

in the upper halfplane. It is well known that if f(z) is a sufficiently smooth function
(1.1) can be closely approximated by stable difference schemes, and very realistic
error bounds are given in a number of papers (see, e.g., Lax [6]). But in applications
there often arise initial functions, with simple discontinuities or discontinuities in
the higher derivatives. A discontinuity in f(x) propagates in the solution to (1.1)
along a characteristic, but this propagation is disturbed in the solution of the corre-
sponding difference equation. It is the aim of this paper to give rather sharp bounds
for the error and to show how these bounds depend on the order of accuracy and
dissipation of the difference scheme at hand.

We show that the error between the solutions of (1.1) and the corresponding
difference approximation has two components E, and E,, where E; = O(h?), p is
the order of accuracy. The other component E; = O(e~*), where a = N4d(z, t) with
0 < ¢ < 1. Here d(z, t) is the distance (cf. Section 2) from the characteristic to
(1.1) through the jump-point. h = N—!is the mesh-size and ¢ depends on p and the
order of dissipation. Furthermore, for constant coefficients we can take E; = 0. In
Section 2 we list a number of results. The first one shows that if p is odd, then a
dissipative scheme is necessarily dissipative of order p + 1. But for even p, the
dissipative schemes with largest ¢ are those with dissipation of order p + 2. In
Section 5, where we list the results of a number of numerical experiments, Experi-
ment 9 shows that a nondissipative scheme can behave very badly; e.g., if p = 1,
¢ = 0and N = 200, then the error for ¢ = 1, is bigger than 0.01 in an interval of
length 2.

The main idea of this paper, due to H.-O. Kreiss, is to extend the real variable £
to the complex variable ¢ + 7« in the symbol Q(£) of the difference operator at hand.
This technique is also used in a paper of H.-O. Kreiss and E. Lundqvist [5], where
they consider a mixed problem for a hyperbolic equation.

The main part of our proofs, collected in Section 3, consists of algebraic manipu-
lations of the transformed symbol Q(¢ + ia), which lead to the definition of con-
tractivity (Definition 2.4). Contraction can be considered as an algebraic condition
on the difference scheme. Now, Q(¢ + ¢a) is the symbol of a difference operator that
originates from an equation obtained by a simple transformation of the original
difference equation. This fact is used in Section 4, where the rest of the proofs are
found. For the variable coefficients case, we also use a theorem of Lax-Nirenberg
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In a forthcoming paper we intend to generalize our results to symmetric hyper-
bolic systems with variable coefficients.

There are some earlier results which ought to be mentioned. First, H.-O. Kreiss
[4] has shown that the same relation between p and the order of dissipation 2s = p
+ 1 or 2s = p + 2 guarantees L.R.-stability for difference approximations to
hyperbolic systems in any number of independent variables. (L.R.-stable means
stable in the sense of Lax and Richtmyer.) B. Parlett has also discussed stability of
dissipative schemes in [8], with the same relations between p and 2s. We should also
mention papers of V. Thomée [11], J. Peetré and V. Thomée [9], G. Hedstrém [3]
and R. P. Fedorenko [2], which consider problems with discontinuous initial func-
tions.

In [11] V. Thomée has proved a theorem like ours, but in his proof he uses a
quite different technique containing Fourier-Stieltjes transforms of functions of
bounded variation. His results are restricted to difference operators, which are
stable in maximum-norm. But many of the difference schemes used in practice do
not belong to this class; e.g., every scheme with even order of accuracy. Further-
more, nothing is said about equations with variable coefficients.

In [9], J. Peetré and V. Thomée give estimates for the rate of convergence of a
very general class of difference schemes. They use for their proof the theory of
interpolation of Banach spaces. In our special case they give an L.-estimate of the
error of order h?, where a = 3p/(p + 1). These estimates are better than the
corresponding L.-estimates using our results. However, an Ls-estimate in the
problem of this paper gives quite misleading information, because the local error
outside an interval of length O(he|log k]) is only of O(h?).

In [3] G. W. Hedstrom gives an estimate for the constant coefficient case. His
results give £, = O(h*) and E» = O(e~?), where a = const N -d(z, ¢)®+V'» for
d(z, t) = const N-»/®+D)_ These results are therefore more precise* in this part of
the z-axis, but are less general. In his proof he uses estimates of the norms of powers
of absolutely convergent Fourier series. Generalizations to variable coefficients can
hardly be treated with this method.

Finally, R. P. Fedorenko [2] describes a method that gives very good numerical
results in a number of tested examples. The paper is of experimental character and
contains no proofs. He starts with a high order method, say p = 3, but when he
comes to the discontinuity he changes the method to p = 1 in order to avoid the
parasitic waves, ‘‘the Gibbs phenomenon,”” and afterwards, when the danger is over,
he again takes the first method with p = 3. In order that the computer should
recognize the discontinuities, he lets it compare the second and first differences in
every mesh-point. This works well for simple exambples like du/dt = du/dzx, but to
generalize to more complicated equations without this a priori knowledge about the
characteristics seems to be hard.

Acknowledgements. I should like to thank my teacher H.-O. Kreiss who proposed
this problem to me and who guided me in a very unselfish way. I am also very grate-
ful to O. Widlund, who has read the manuscript and given me many valuable com-~
ments.

I am very indebted to James M. Varah, who made my English understandable
and suggested some improvements.

* Compare Experiment 7 in Section 5.
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2. Preliminaries and Statement of Results. Consider the hyperbolic equation

@1) @) = o, ) T @, 1) + 6(a, Duz, 0,

where p and ¢ are real valued functions, —© < z < « and ¢ = 0. Its (generalized)
solution is uniquely determined by initial values

(22) u(z, 0) = f(z) .

We want to study the behavior of difference approximations to this problem.
We therefore introduce a time-step & > 0, a mesh-width h, and grid-points z, = vh,

v =0, 1, £2, - - -. Furthermore let k/h = A\, A > 0 constant. Denoting by v,(t)
= v(xz,, t) a function defined for all¢t = ¢, = nk,n = 0, 1, 2, - - - we approximate
(2.1), (2.2) either by

2.3) Qw,(t + k) = Qu,(t) ,

or by

(2.3 vt + k) = Qw.(),

with initial conditions in either case

(2.4) v,(0) = f(x,) .

Q;, 7 = 0, 1, 2 are difference operators of the form

Qi(z, 8, h) = zl b;(x, t, h)E,
=

Q@ th) = X it h)E’

=

and

Qo b, ) = 3 di(a, &, W)E

J=—0c0

respectively, where E is the translation operator defined by

Egv = gv+1 .

We always assume that a;, b; and d; are smooth functions of . To get an algebraic
description of the behavior of the solution of (2.3) or (2.3") we introduce the symbols

Qj(x’ t, & h) = e"™rQ e, J=0,1,2.
We always assume that for the implicit scheme (2.3)
|Q1(x7 t; ‘E} h)l ‘>—‘ const

for all z, t, £ and for sufficiently small h.

To be complete, we have assumed h-dependent coefficients in (2.3) and (2.3'),
but the essential features of a difference scheme come from the principal part of
the difference operator, i.e. when A = 0. From the assumption above, we see that

!z, t, 0) is a bounded operator in L, and hence
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Q—l(xy ty Ey 0) = Ql_l(x7 t; Ey 0)02(1', t; E: 0)

is well defined.
Furthermore, we define the solution operator S of (2.3)-(2.4) or (2.3")-(2.4) by

»() = S, h)f(z,) .

We also introduce a discrete Lo-norm || - ||» by the scalar-product

(f: g)h = V:Z;; hvav; ”f”h2 = (f7 f)h ’

where f and ¢ are mesh-functions.

Some definitions are now in order.

Definition 2.1. The difference scheme (2.3) or (2.3') is stable if the operator
S(t, h) is uniformly bounded in L. for 0 = ¢t £ T, independent of A.

Definition 2.2. The difference scheme (2.3) or (2.3’) is accurate of order p, (con-
sistent if p = 1), if p is the largest integer such that for all sufficiently differentiable
solutions u(z, t) of (2.1)

u(z, t + k) = Qi(x, ¢, hu(z, t) + OK*H), h—0,7=0,—1.
It is well known that a scheme (2.3) or (2.3”) which is accurate of order p satisfies
(2.5) Qilx, 1, £ 0) = €=M L ooz, (1 + 0(1)),  £—0,

(cf. Lax [6]), 7 = 0, —1.
Definition 2.3. A difference scheme defined by the operator Q(z, ¢, k) is dissipative
of order 2s if s is the least integer such that for all z and ¢, and for all £ with [£] < =,

1Q(z, t, £ 0)| <1 — g]g>,

6 > 0 some constant.

We now introduce another algebraic condition in terms of which we will state
our main theorems.

Definition 2.4. Let a be a real constant. A difference scheme defined by the
operator Q(z, ¢, h) is contractive of order 7 = (7_, 7) if there is a uniformly bounded
function o(z, t), independent of £ such that, for a sufficiently small,

Q(xy i, £ + iaa O) = €xXp (_a)‘P(xa t) + 0‘(1?, t)'“lf) 'R(x: l, E) ) IEI =,

with 7 = 7_forap < 0 and » = 7, for ap > 0 and where R(z, t, £) is such that
|R| = 1 forall z and ¢, and for all £ with |¢| < .

Let r = 2s — p; then it is easy to see that there are no dissipative difference
schemes with r < 0, and the following theorem says that for odd p we can only have
r=1.

TureoreM 2.1. A dissipative difference scheme of odd order of accuracy p is dissipa-
tive of order p + 1.

But for even order of accuracy p, we can construct schemes with r = 25,7 = 1,
2, - - -. (Section 5, Experiment 11 gives an example.)

There are connections between 7, p and s for a given scheme, which we are going
to describe in the next theorem.

TuroreM 2.2. Suppose that the difference scheme (2.3) or (2.3") is

(1) accurate of order p,
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(ii) drssipative of order 2s, and that

(iii) p(x, t) ts uniformly bounded and does not change sign; then, for p = 27 — 1,
Jj=1,2, ---, it s contractive of order = (p + 1, p + 1). Moreover, for p = 27,
Jj= 1)2y "')if

@iv) eo(z, t)p(x, t) > 0
1s satisfied, then it is contractive of order v = (6s/(r + 2), 2s/r). (co(x, t) was defined in
(2.5).)

We believe condition (iv) is satisfied for all schemes used in practice. It is satis-
fied for explicit schemes (2.3) of maximum accuracy. (Cf. Strang [10] and our report
(1].)

THEOREM 2.3. Consider the difference scheme (2.3) with Q, = I (identity operator)
and Q, = E]}L_N a;E7 of maximum accuracy, i.e., p = 2N. For these difference
schemes condition (iv) of Theorem 2.2 is satisfied, if |pA\| < 1.

The proofs of these three theorems will be given in Section 3. They are purely
algebraic in nature. The next three theorems have analytical proofs, which are
presented in Section 4.

In this paper we only consider initial functions f(x), which are step-functions

fx)=0 <0
=1 z=0.

More general discontinuous initial functions could be divided into a sum of a
smooth function and step-functions, which are handled in our original report [1].
That this works is essentially due to the linear character of our problem. For smooth
initial functions we can refer to [6].

The error estimates in Theorems 2.4-2.5 show that the influence to the error
from the discontinuity-jump is exponentially decreasing with the distance d(z, ¢)
from the characteristic through the origin.

Definition 2.5. The distance d(z, t) from the characteristic through the origin is
given by d(z, t) = |g(x, t)|, where g(z, t) satisfies dg/dt = p(x, {)dg/dzx with g(z, 0)
= z.

We first study the constant coefficient case. Then d(z, t) = |pt + z|. It is no
restriction to assume that ¢ = 0in (2.1). Furthermore, let 7, denote the region in
the (z, t)-plane, where 0 < t < T and where (z, t) lies to the right of the character-
istic of (2.1) through the origin. 7_, is the corresponding region to the left of the
same characteristic.

THEOREM 2.4. Let p 7= 0 be a constant and let ¢ = 0. Consider the difference scheme
(2.3) with coefficients independent of x, t and h, and let f(x) be defined by (2.6). Suppose
that

(1) (2.3) is consistent with (2.1),

(i) (2.3) s contractive of order = (71—, 7). Then for h sufficiently small,

(27) Iu(xh t) - vv(t)l = chien €Xp (—h_’qlpt + xvl) )

(2.6)

where ¢ is a constant. Here ¢ = (15 — 1)/ 7, with minus sign in T—gign o) and plus sign
N T ysign (o)- _

We now turn to the variable coefficient case, and in order to be able to use a
stability theorem of Lax and Nirenberg (see [7] and Section 4) we choose the scheme
(2.3’). This theorem also needs some smoothness properties on the coefficients d; in
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(2.3"). To simplify our proof, we assume that p(z, t) and ¢(z, {) have compact sup-
port. Here || - || means the ordinary Le-norm.

TaeoREM 2.5. Consider the difference scheme (2.3") with initial values defined by
(2.6). Suppose that

(1) (2.3") is accurate of order p,

(ii) (2.3") is contractive of order v = (71—, 7.),

(iii) p(z, t) and ¢(x, t) € co”,** and p(z, t) does not change sign.

me {Hdl() L, 0)” ’
@v)
2 1d; (-, 6, 0)[[(1 + j*) < const forall t.
J
Then, for h sufficiently small,
Iu(xv, t) - vv(t)l é clhp + CZD(xv) t) n Tl )

é 03D (.’E,, t) m T_l y

3 9
adi("t) 0) (;;dj(',t, 0)“} é const

’

(2.8)

where
D@, t) = h P2 exp (—h%d(x,, 1))

and where c; are constants independent of x, t and h. Here ¢ = (7 — 1)/ 7=, with minus
sign i T—gign (o) and plus sign in T isignp)-

Remarks. The assumption, that p € ¢, simplifies the proof a lot, but it will of
course work even for more general coefficients, which are sufficiently smooth.
Furthermore, by modifying the proof of a stability theorem of Kreiss [4], it certainly
will be possible to prove an analogous theorem for the scheme (2.3), with the follow-
ing assumptions: (1) the coefficients in the scheme are Lipschitz continuous, and (2)
28=p+2-—-1,1=0,1.

Note that the ¢’s of Theorem 2.4-2.5 satisfy 0 < q < 1. Furthermore the best
¢’s for dissipative schemes with even order of accuracy are obtained for schemes with
r = 2. Then

qg=p/(p+2) in Tisigne)
= (317 + 2)/(317 + 6) in T—sign(p) .

Ezample. The Lax-Wendroff scheme @, = I, Q; = I + pkDo + op*(k?/2)D,D_,
where 2hDy = E — E-, hD, = E — I and hD_ = I — E-1, is accurate of order 2
and dissipative of order 4 if ¢ = 1.

Hence, ¢ = 1/2in T ysigney) and ¢ = 2/3in T _gigneey. If 0 % 1, p = 1 and 25 = 2,
i.e., ¢ = 1/2 on both sides of the characteristic. But the estimates (2.8) show that
the local error outside an interval of length O(h|log &|) is only O(h?) for ¢ = 1.
Therefore the solution to the Lax-Wendroff scheme with ¢ = 1, behaves fairly well
even for discontinuous initial functions.

3. Proofs of Algebraic Theorems. We are going to prove Theorems 2.1-2.3 and
begin by rewriting (2.5) in the form

** h(x, t) € co* if b has partial derivatives of all order and h = 0 outside a bounded region in
the (z, t)-plane.
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A ] JONEHU (2, 8,
Q(x7 t & 0) = elp(z U LD )
where
o0

Uz, t,8) = 2 ez, )E,

y=

which is analytic in £. In this section Q stands for either Q_; or Q.

Proof of Theorem 2.1. Since (2.3) or (2.3') is dissipative of some order 2s, we have
(3.1) V) = 0@, 4, £0) S 1 —8lg™, >0,
and thus 2s = p + 1. Write G(i¢) = Q(z, ¢, £, 0), then

1= [6G8)/G(—iF)| = =T

i.e., Im (co(z, t)) = 0 for odd p.

Moreover co(z, t) = 0, since we otherwise could find a £, such that ]Q] >1.Butp
is the order of accuracy and hence co(z, ) # 0 and co(z, t) < 0. Thus we finally con-
clude that 2s = p + 1.

Proof of Theorem 2.2. We first start with constant coefficients p and ¢, where
p #0.

We are going to estimate U(t + ia) = D 0 ¢,(§ 4+ a)?"+! and therefore we
state the following variant of Holder’s inequality.

Holder’s inequality. Let A = 0, B = 0 and ¢ > 0 be given. Then

AB = 947 + B9,

where r = ¢/(¢ — 1), ¢ > 1 and n = 75(e) is uniformly bounded for ¢ = ¢ > 0.
From (3.1) and assumption (ii) it follows that

|Q( + ia, 0)] = exp (—aph — 882" + H(a, &, ),

where ' > 0.
Here

(ta

H(a,£,p) = Re {iaU’(z) + —2—‘) U + - }

(3.2) = Re {co(dl(ia)f” + do(Ga) %+ - + dp(Ga)%E + (i)

vo 5 1)),

where

dk=(”','c‘1), k=1,2,---,p.

Now we have from Holder’s inequality the estimates

o] PP < mylal 7+ ™
where for r 2 1) Tr,j = 28(.7 + 1)/(7' +.7)y (T =2s — p))] = 0’ 1’ ) (p - 1)
Thus, we can find a 7, = 1 such that
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H(a, £ p) = mlal™(1 + o(1)) + »t*(1 + O(a) + 0())

when a, £ — 0 and where v» = O(e), e — 0.
It is easy to see that we have to take r, = min; r,,; over the terms in (3.2) which
are positive. Thus for odd p we conclude that

Tr(l) = Tr1 = T1,1,

since r = 1. (Theorem 2.1.) From this it follows that + = (p + 1, p + 1) for odd p.
Whenp =21 =1,2, ---, wefind that

3.3) @ = 7.0
when sign (ico) sign () = 1, and

(3.3") 7@ =7,
when sign (ico) sign (a) = —1.

Note that Im (ico) = 0. Summarizing, we have

a4, |QG+ia0)] = e (—aph = (¢ —m)E” +mla]" " + -0,
m=20,1,2.

Moreover, from assumption (iv) we know that
(3.5) sign (ico) = signp,
and together with (3.3) this gives that (3.3) holds when

sign (o) = sign (p), ie. ap>0.
Analogously, (3.3") holds for ap < 0, i.e., for even p, 7 is given by
7= (7,®, 7,®) = (6s/(r + 2), 2s/r) .

Now it is easy to see that we can choose € so small that (3.4) guarantees con-
tractivity of order r. Indeed, there exists a &, such that for all £, |&] < &,
(36)  |Q( + 4, 0)| = exp (—aph + o] "™)RE), m=0,1,2,
where |R(£)| =< 1 for |¢] < &. But for |£] = £ there exists an ao > 0 such that for
all |a|] < a0

|Q(¢ + ic, 0)] < exp (—eph +ola|™™ —&'/2:8"), m=0,1,2.

Thus, Theorem 2.2 is proved for constant coefficients.
From the assumptions of Theorem 2.2 we have local contractivity of order 7 for
every z and ¢, i.e.,

Q(xa t, £+ ie, 0) = €xp (—a)‘P(xy t) + (T(IE, t)lalf) X R(x) ¢, f) ) IEI =r.

What remains to show is that o(z, t) is uniformly bounded. From Definition 2.2,
we see that

(m)

Q(z, ¢, £, 0) = exp (ip(x, M + colz, t)EPH + - - -).

This relation and assumptions (ii) and (iii) of Theorem 2.2 then show that
co(z, t) is uniformly bounded in the upper halfplane. Now v, = »(¢) in (3.4) depends
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essentially on co(z, t) and thus v = evs(z, t), where »;3(z, t) is uniformly bounded for
t=0.

Therefore it is sufficient to choose e(z, {) = ¢ > 0 to obtain the relation (3.6)
and from Holder’s inequality, we then see that »i(x, ¢, €) is uniformly bounded.
Hence we can conclude that ¢(x, t) is uniformly bounded for ¢ = 0, and the proof of
Theorem 2.2 is completed.

Finally we give the proof of Theorem 2.3. (Cf. Strang [10] and [1].)

Proof of Theorem 2.3. Put e 0N = Qy(x, t, £,0) + R(£), and take y = p\; then
Q. (%, y) is the Lagrangian interpolation polynomial of degree 2N through the points
{(v, ¢¢)}2__x, and hence the remainder R(¢, ) is given by

N
R y) =& ey [T 0 —4/@N+ 1!, |g| <N.
=1
Thus

co, t) = —ip(z, )\ I=Il (G* = "N/ (2N + 1)!

and since |p(z, {)A\] £ 1 we see that condition (iv) of Theorem 2.2 holds.

4. Proofs of Analytic Theorems. Proof of Theorem 2.4 (constant coefficients). The
generalized solution of (2.1) with ¢ = 0 and with initial function f(z) defined in
(2.6) is
u(z,t) = flx+pt) =0 x4+ pt <O,

=1 z4+p20.

4.1)

Now make the transformation

w, (1) = 1) .
If v,(t) satisfies (2.3) then w,(t) satisfies
(4.2) Q'w,(t + k) = Q.w,(1),
where

Q'w, = e-PrexQre*w,
and

Qw, = e*Qre*w, .
Since |Q1(£, 0)] = const > 0 it follows that for « sufficiently small

1Q:/(£,0)] = e=*|@1(£ + 7a, 0)] = const > 0.
Thus
QLi(E + ia, 0) = ¢ Qu (¢ + ic, 0)7'Qe(¢ + i, 0)

is well defined.
From assumption (ii) it now follows that

QL1(E + ia, 0) = exp (o]a]™®) X R(£),
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where |R(£)| < 1 for |£] < 7. Then it is an easy matter to see that
(4.3) [QLi(t + i, k)| £ 1+ woh forO < h < by,
where v, is independent of A, if « is chosen such that

@ = az = sign (ot + 2,)hY"F .

It is well known (cf. Richtmyer [12]) that (4.3) implies stability of the scheme (4.2),
ie.,

a(z, /i
[, @lln = €1, (0)[1s = €™ le™ "1z, ,

for some constant 3.
If @ < 0, then

0 1/2
[, (0)[|» = max f(x,)(z he2“"> — B2 — &y
v y=0
— O(hl/‘zlal_l/z) )
Since [lw,(&)[ln = B%|w,(t)], we get

[0,8) | < 91e® R exp (=h =, + pt])

4.4,

where ¢ = ¢ = (7 — 1)/74, and »; is a constant.
Note that this estimate only holds to the left of the characteristic pt + z = 0.
Let

filr) = f(-2) =1, =2=0,
=0, z>0.
With fi(z) as initial function we get a corresponding estimate to the right of the
characteristic pf + x = 0, when « > 0.

Now fa(z) = filz) + fol@) = 1, — © <z < =, (fo = f) as initial function gives
rise to solutions of (2.1) and (2.3) that are identically equal to one. This follows from
assumption (i). An elementary application of the triangle inequality then gives

[0,(t) = 1| = veePh @™ exp (—h~1|z, + pt]),

where ». is a constant.

This estimate is used to the right of the characteristic pt + z = 0. Thus the
proof of Theorem 2.4 is completed.

Before we are able to prove Theorem 2.5 we are going to state the following
stability theorem due to Lax-Nirenberg [7].

TaEOREM 4.1. Consider the difference scheme

v+ k) = Su@),
where S is a difference operator of the form
S = > di,t0)E.
Suppose that for S we have
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18(z, t, £ 0)| =1

for all t, x and §.
Furthermore assume that condition (iv) of Theorem 2.5 holds. Then the difference
scheme 1is stable in the sense that

lg-@lln = e[|z, (0)]l» ,

where B8 is a constant.

Proof of Theorem 2.5 (variable coefficients). In this case we have the scheme (2.3')
and we make the transformation

w,(t) = e“(”")/hv,(t) ,

where g(z, t) was defined in Section 2.

The new mesh-function w,(t) satisfies
(+.5) w(t+ k) = Qw,(t) = e+ Qe hy, (1)
From Definition 2.5 it follows that dg/dt = pdg/dx, and moreover, since p(z,t) € ¢co",
that 9%g/d¢* and d8%g/92? is uniformly bounded for ¢ = 0.

Thus it is easy to conclude that

Qo’ (IE, LE e h) = ea)‘p(z't)h(z't)Q‘O(xr L, §+ iagz(xy t)y h)

+ |ath(x7 L, E) ) T =,
where @ is the symbol of a uniformly bounded operator Q.
Using assumption (ii) we have for « sufficiently small

Q' (2,1, £ @,0) = exp (o(z, t)|ag.(z, )|") X R(z,t, £ a),
where |R| = 1 for |¢] < =.
Now
R(x, i, & a) = R(x, t &, 0) + laln}:Qii(x’ t E) )
and hence, since R(z, ¢, £, 0) = Qo(z, ¢, £, 0),

Q'@ t, & e h) = Qo(x, 4, £,0) + (™™ + |alk + R)Qul, 1, £, b) .
Here, Q;, j = 3, 4 correspond to uniformly bounded operators Q,, j = 3, 4.
Now the difference scheme y,(t + k) = Qoy,(t) satisfies the conditions of Theo-
rem 4.1, and therefore it is stable. If we choose

a = sign (g(z, t))h' =
then the scheme (4.5) is also stable, since Qo' = Qo + hQs, where Qs is a uniformly
bounded operator. Summarizing, we can find a constant 8, such that
ey @) l1s < € [w, @) = e [le* 5 ) [ .

But now g(z, 0) = z, and therefore estimates corresponding to (4.4) hold even
in the variable coefficient case. Since u(z, t) = 0 for g(z, t) < 0, the estimate (2.8)
in T_, follows. Now call the solutions of (2.1) and (2.3’) with initial function f,(z)
= 1 u®(z, t) and v, (¢) respectively. Then from assumption (i) we have
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[ ® @, k) = 0,90 = [u® (@, k) — Qu(, 0)] = ¢+) .
A standard calculation then shows that
lu®(2,, t) — 0,2@)| = O(h»),

and hence the estimate (2.8) in T follows as in the proof of Theorem 2.4.

5. Numerical Experiments. In this section our theoretical results of Sections
2-4 will be tested by a series of numerical experiments performed on the CDC 3600
computer at the University of Uppsala.

In the main theorem of Section 2, we have estimates of the form

(5.1) lu(@s, ) — v(®)] < e(t) exp (—h~2lpt + .[) .

We are now going to study the interval I.(t) outside which this error is smaller
than ¢, ¢ > 0. Therefore, we let our computer program count the number of points
in this interval. We call the number to the left of the characteristic line, pt 4 = = 0,
D, ! and the number to the right D;+!, and the total number of points within 7.(¢),
Dy, = Dyt 4 Dyt The width of I.(t) = m(I(t)), is therefore approximately & - Dj.
We can also find m(Z.(t)) by solving

(5.2) c(t) exp (—h=9pt + z]) = €.

This last equation has two roots i, z2, 1 < Z», and hence m(I(t)) = 22 — 1.
If we also introduce the double step-size 2k and count D3}, D}!and Do, respec-
tively, we can define the following quantities

ES=D//Dy =27 =3/2, i=-1,+1
Ey = Di/Dy = /2, 7 =75 defined in Section 2 .

Therefore we could use these quantities to control our theoretical value of 7.

In the table on the following pages we describe 11 numerical experiments. In
column 8 we have the number of iterations, called n, which we can relate to & and k&
in the following way. Set nk = 1 and b = k/A. We have thus normalised our results
to the time ¢ = 1. ¢ = 0 in all of the experiments. Observe that for odd p, we have
7_ = 74, and therefore we are only considering E, for these experiments.

We are now going to comment on the results of the experiments. A general
remark must be that E,%, ¢ = —1, +1 and E) are rational step functions of h, and
when D¢, ¢ = —1, +1, and D; respectively are rather small natural numbers, the
risk of obtaining crude estimates of 7 increases seriously.

In Experiment 5 we have the Lax-Wendroff scheme mentioned in Section 2, and
hence 7 = (3, 2).

The difference operator in Experiment 7 is the most accurate one, when N = 2
in Theorem 2.3. Hence r = (4.5, 3). The more precise results of Hedstrom [3] gives
for this special case + = (5, 3), which agrees better with' the experiment.

The Crank-Nicolson scheme of Experiment 9 was introduced to see that some
sort of dissipation is necessary to get a meaningful result. (Cf. Section 1.)

The results of Experiment 10 verify the theory closely, and finally in the last
experiment we see the effect of increasing r from 2 to 4, i.e., to 2s = 6.
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