On the Resolvent of a Linear Operator
Associated with a Well-Posed Cauchy Problem

By John Miller

Summary. We show how local estimates may be obtained for holomorphic
functions of a class of linear operators on a finite-dimensional linear vector space.
This is accomplished by classifying the spectrum of each operator and then esti-
mating its resolvent on certain contours in the left half-plane. We apply these
methods to prove some known theorems, and in addition we obtain new estimates
for the inverse of these operators. Analogous results for power-bounded operators
are given in [3].

1. Introduction. Let U,, be m-dimensional unitary space and 3 the family of all
endomorphisms of U,.. Let (u, v) denote the scalar product of elements of V,,, then
on V. the vector norm is defined by |»] = (v, v)!”2 and the operator norm by |T|
= suplsl=1 | Tv|. We are interested in the subset 3(C)) of operators in 3 which satisfy,
for each v & U, and some constant C(v) depending only on v, the local resolvent
condition

(1.1) [(zI — T)™w| = Cw)/Rez

for all complex numbers z in the open right half-plane. For example, the global
resolvent condition

(1.2) [(zI — T)'] = C/Rez
for all complex numbers z in the open right half-plane implies (1.1) at each point
v € U with C(v) = C-|v|.

Remark 1.1. 3(C) contains operators of practical importance because if u(z, t) is
a solution of the well-posed Cauchy problem

LY puety,  w@0) = f@), )] S 0]

—wo <xr < @, t>0
where T is a matrix of complex numbers, then u(z, t) = eTtu(z, 0) where for some
constant C
(1.3) le™| < C
for all ¢t = 0. It is a standard result, easily seen by taking the Laplace transform of
eTt that (1.3) implies condition (1.2).

For each T & 3(C) we consider the family of functions &(7') which are holo-
morphic in a sufficiently large open neighbourhood of ¢(7'), the spectrum of 7.

Remark 1.2. 1t is easy to check that condition (1.1) implies that, for each 7'
€ 3(C), o(T) is contained in the closed left half-plane, and that points of ¢¢(T) (i.e.,
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those points of ¢(7") on the imaginary axis) are simple poles of the resolvent function
(I — T).

In what follows for each T € 3(C) we classify the points of ¢(T') not in ¢o(T),
and then for each class we construct simple closed rectifiable Jordan curves which
decompose the points of the class into disjoint subsets.

Remark 1.3. It will be seen later that F(7') can be defined to be those functions
which are holomorphic on any open neighbourhood of ¢o(T") and the compact sets
bounded by the curves associated with the above subsets of eigenvalues. In particu-
lar any function holomorphic in an open neighbourhood of the closed left half-plane
is in §(T') for every T & 3(C).

2. Classification of the Spectrum. For each 7 € 3 we now classify the points of
o(T) not in ¢o(T) in terms of their distance from the imaginary axis. We start by
drawing a line parallel to the imaginary axis through each of these points. These
lines together with the imaginary axis form a set £ of lines lying in the closed left
half-plane. Each pair of adjacent lines in € bounds a doubly infinite open strip con-
taining no elements of ¢(7"). The set of these open strips with the order relation
“the strip s’ follows the strip s if ¢’ is to the left of s” forms a sequence 8. We are
interested in the subsequence $; of § constructed as follows. Its first strip is the
same as that of 8§, namely the strip bounded by the imaginary axis and the first
element of & to the left of it. Let w.(T) and 8.(T) denote respectively the width of
the ath strip of $; and the distance of its left boundary from the imaginary axis.
Then the ath strip (¢« > 1) of 8, is defined to be the first strip of 8 following the
(a — 1)th of 8; whose width is greater than §,_1(7T). We have therefore

2.1) wi(T) = 8(7T)
and
(2.2) Wa(T) > 6a—1(T)
fora > 1.
We now prove that
(2.3) 8a(T) > wa(T) > 84(T)/m

for @ > 1. The left inequality is immediate from the definitions. The right follows
by observing that 8,(7") is the sum of w.(7T), and the distance between the right
boundary of the ath strip of 8; and the left boundary of the (¢ — 1)th strip of 8,
and §,—1(T"). From the construction of the ath strip, and the fact that there are at
most m strips in 8, it follows that the middle quantity is at most (m — 2)8._1(T).
Using (2.2) we now see that 8,(T) < mw.(T) as required.

For a = 1 we define the ath class ¢,(T) to be those points in ¢(T') lying between
the ath and (a 4+ 1)th strips of §;.

Remark 2.1. The points in ¢,(T) nearest to the imaginary axis are a distance
8o(T) from it, and no point in ¢.(7) is farther than mé.(T) from it. Inequalities
(2.2) and (2.3) imply that the distance of ¢,(T) from any other class is greater than
8o(T)/m.

3. The Spectral Decomposition. We now decompose the spectrum o(T), for
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each operator T & 3(C), into disjoint spectral sets. Each distinct eigenvalue in
oo(T) forms a distinct spectral set. For each such spectral set we draw a circle with
its element as centre and arbitrarily small radius, certainly less than half the
distance between its centre and the rest of the spectrum. We orientate each such
circle in the usual way, so that its centre is to the left of the circle.

To construct the spectral sets within the general class o.(T) we proceed as
follows. About each point in the class we draw a circle with the point as centre and
radius r,(T), where

(3.1) Ta(T) = Tﬁa(T)/zm

and r is any fixed number in the interval (0, 1]. (3.1) and Remark 2.1 ensure that
circles of different classes do not intersect. If two circles about points in o.(T) inter-
sect, we combine them into a single contour by deleting any part of a circle lying
in the interior of another. Proceeding in this manner we obtain a finite number of
disjoint closed rectifiable Jordan curves, which we orientate in the usual manner.
Taken together these surround all the points of ¢.(T), and the eigenvalues enclosed
by any one of these are taken to be a spectral set of this class.

Taking the spectral sets in 0o(T") and those to the left of the imaginary axis, we
obtain a decomposition of ¢(T') into a finite number of disjoint components, of
which the associated contours form an orientated envelope of ¢(T) denoted by
v(r, T).

Remark 3.1. The length of any component of y(r, T) in ¢o(T) is at most
2rmrq(T). The distance between any two points in its associated spectral set is not
more than 2(m — 1)r,(T). Remark 2.1 and (3.1) imply that the distance of any
point on such a component from ¢(7T') is at least r.(7T).

In what follows we denote by C;(T) an arbitrary spectral set in the above de-
composition of ¢(7'), and we let v,(r, T') denote the associated component of y(r, T).
It is clear that o(T) = Ua0o(T) = \U:C«(T) and v(r, T) = U,v:(r, T). Correspond-
ing to each C;(T) we define the operator
(3.2) ET) = = @I — T) 'z

2me vi(r,T)

then it is well known that
(3.3) EW(T)EAT) = 8.E(T), Zl:E,(T) =1, E(T)T =TE(T).

Also for any » € U, T € 3(C) and f & F(T) we have

(3.4) f(Tyw = E}Tz D @@l = 1) ds
and
(3.5) E«(T)f(T) = ﬁgé o f@) (eI — T) vdz.

From Remark 1.2 it follows that if C,(T) = {«,(T)}, where «,(T) € oo(T), we obtain
in this case an alternate expression to (3.5), namely

(3.6) Ei(T)f(T)o = f(x(T)) lim (z — xi(T)) (eI — T) 'v.

2 (T)



544 JOHN MILLER

Using (3.6) for the spectral sets in oo(T') and (3.5) for the others we now see the
truth of Remark 1.3.

In the applications presented below the functions defined in Remark 1.3 are
sufficient. However it may arise in other situations that the functions have singulari-
ties closer to the spectrum of one or more of the operators in 3. In such a case it is
necessary to construct a smaller orientated envelope than the one given above. This
is done in detail in [3] for a particular case, and analogous methods are applicable
here, although we do not pause to develop them.

4. Estimation of the Resolvent. The resolvent of any operator T' &€ 3(C) satisfies
(1.1) in the open right half-plane. This operator-valued function of z is holomorphic
in the resolvent set and it is important to have an estimate of it throughout this set.
To obtain such an estimate we consider the polynomial in z of degree at most m — 1
given by

(4.1) P T) = (I — T)7' ]I (e = «(T))
j=1
where ¢(T) = {ki(T), - -, km(T)}. If Z is any point in the complex plane we can
represent P(z; T) by a Cauchy-Taylor series about Z. Thus
m—1
. — _ k _l_ L(SZ_Z)_
(42) P(Z, T) - ;) (z Z) 21”,#; (8 _ Z)k+1 ds

where TI' is any closed contour surrounding Z. Combining (4.1) and (4.2) we see that
for any point z in the resolvent set of 7' we can write

“3) @I — T) = E}Eé o(s, 2; T)(sI — T)'ds

s — xj(T))"‘—1 (z - Z)k
S_Z]I,-II(Z_K]‘(T) ,;0 s—2Z/) "
From (1.1) and (4.3) we see that for any » € Un, T € 3(C) and z in the resolvent
set of T

where

(4.4) e(s,2;T) =

(4.5) 1L — T) ™| < -L-—C(v) sup "(S’z T)I

(sET)
where |T| denotes the length of T.

In particular, to estimate the resolvent on the component v,(r, T) associated
with a typical spectral set C';(T) in ¢.(T) we choose Z = Z(T) to be the point with
real part 25.(T) and imaginary part equal to the imaginary part of «;(T"), where
«(T) is a point in C';(T) nearest to the imaginary axis. The corresponding contour

= T'y(T) is taken to be the circle with centre Z,(T) and radius 8.(T"). Then it is
clear that |Ty(T)| = 278,(T) and |Re s| = 8,(T) (s € T(T)), so that (4.5) implies
forany z € vur, T) and v € Um

(4.6) [T = T)70] £ C@)sup lo(s,2; T, (s ETUT))-



ON THE RESOLVENT OF A LINEAR OPERATOR 545

Also for s € T(T), x; € o(T) and z € v,(r, T) we have
4.7) |s = Zy(T)| = 8(T)
and from Remarks 2.1 and 3.1 it is easy to verify that |z — «;(T)| = r(T),

le — Zy(T)| £ (m + 2)8(T) + rT), |2 — 8| £ (m + 3)8.(T) + 7o(T). Thus,
from (3.1) and the fact that

s—x(T) _ _ _2=s
z—x;(T) 2 —«i(T)’
we obtain for any s € T'(T), x; € o(T) and z € v,(r, T)
2 — Z«(T) ls — i (T)| _ 2m(m + 4)
4.8) s = 72T Z.(T) <m-+3, s = i (T) < , .
Combining (4.4), (4.7) and (4.8) we see that for any s € T'y(T) and z € v,(r, T)
k(m)
4. y %y T é 1 e
4.9) le(s, 2; T)| )
where
(4.10) k(m) = m(m + 4)"2m(m + 3))"* < ™" .
Therefore from (4.6) and (4.9) we have for any v € U, and z € v,(r, T)
_ k(m)C @)
4.11 I — T)y | = =2,
(4.11) (2 )l < e (T

Recalling Remark 3.1 and putting dist (¢, (7)) = min; |z — «;(T)|, the estimate
(4.11) establishes the following,.

THEOREM 4.1. For any T & 3(C) there exists an orientated envelope v(r, T) of ¢(T)
such that for any v € U and 2 € v(r, T)

k(m)C (v)
7 dist (2, 0(T))
where k(m) < €™ and r is any number in the interval (0, 1].
Using the maximum modulus principle and choosing r sufficiently small it is

clear that Theorem 4.1 provides a local estimate of the resolvent function at any
point in the resolvent set.

|GI - T)™| <

5. The Basic Lemmas. We now state and prove two basic lemmas, which follow
easily from the results of the previous section.

Lemma 5.1. If v € Um, T € 3(C) and Ei(T) s the projection associated with a
spectral set {ki(T)} in ao(T), then for any f € F(T) we have

IE(T(T)| = [fx(THICQ) .

Proof. Put 2(¢) = xi(T) + ¢, ¢ > 0, in expression (3.6) and observe that
2(e) — ki(T) = e and Re 2(¢) = e. Then using (1.1) it follows that

[(z() = k(1)) (I — T)™| < C(v)
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for each € > 0, and therefore |E(T)f(T)v| < |f(x«(T))|C(v). Q.E.D.
LeMMA 5.2. If v € U, T € 3(C) and E(T) is the projection associated with a
spectral set Ci(T) in o.(T) (e = 1), then for any f € F(T) we have

D ) < B sup 156y, Emt, ),

where ki(m) < ™ and r is any number in the interval (0, 1].
Proof. From Eq. (3.5) we have

)iy s 8Dy 1@ e — 1), @ Emit, 1)

which, together with (4.11) and Remark 3.1, implies the lemma with ky(m) =
mk(m). Q.E.D. v

Combining Lemmas 5.1 and 5.2 and observing that f(T) = >, E(T)f(T) we
obtain the following theorem, which gives a local estimate for a function of an
operator. For convenience we let v'(r, T') denote those components of y(r, T) associ-
ated with spectral sets not in oo(7).

THEOREM 5.3. If v € VU and T E 3(C) then for any f € F(T) we have

1(T)| = ’%’,ﬁ?_ﬁ@ swp 5@, €l UV T,

where K(m) < e*™* and r is any number in the interval (0, 1].

6. Applications. In this section we derive several results which are a consequence
of Lemmas 5.1 and 5.2. The first of these is a theorem which includes the exponential
analogue of a result proved by Morton in [4]. Its novelty, however, is that it also
provides an estimate not only for positive values but also for negative values of the
exponential variable . For convenience we put 7(T) = max; Re «;(T) and u(T) =
minj Re Kj(T).

TaeorEM 6.1. If v €& Uy then for any T € 3(C) we have

exp [(1 — r/2m)r(T)t]K (m)C (v)

m—1

7

leTtvl é

for allt = 0, and
™| < &P [A + r/2m)u(T)tIK (m)C (v)

m—1

r

for all t < 0, where K(m) < ¢°™ and r is any number in the interval (0, 1].

Proof. To prove this we observe that for each fixed ¢ the function f,(z) = e**is
entire and hence it is in F(T') for each T & 3(C). We construct v(r, T) for each T
€ 3(0). Clearly if 2 € oo(T) then |e*!| = 1,and if 2 € v'(r, T) we have (1 + r/2m) u(T)
= Rez = (1 — r/2m)7(T). Therefore for z € ao(T) U (r, T)

(6.1) le| < exp [(1 — r/2m)(T){]
for¢ > 0, and
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(6.2) le*| = exp [(1 + r/2m)u(T)1]

fort < 0. Using (6.1) and (6.2) in Theorem 5.3 we obtain the first and second parts
respectively of the theorem. Q.E.D.

Our second application is to the proof of a sharp form of a theorem of Kreiss
[1]. This sharp form was first given in [2] by an indirect method.

THEOREM 6.2. If v € Un, then for each T & 3(C) there exists a positive-definite
Hermatean operator H(T) such that H(T)T + T*H(T) < 2(1 — r)r(T)H(T) with
H(T) =z I and (v, H(T)»)!? < r—™K(m)C(v), where K(m) < ¢ and r is any
number in the interval (0, 1].

Proof. For each T & 3(C) we construct the orientated envelope y(r, T). With
E(T) defined by (3.2), we put T'; = E(T)T and we construct below an H(T) for
each spectral set C',(T). H(T) is then defined as

(6.3) H(T) =m ZlH,(T) .

If {k(T)} is a spectral set in oo(T) we put Hy,(T) = EFX(T)E(T). But T; =
«i(T)E(T) and therefore

(6.4) H,(TT,+ T*H(T) = 2Rex(T)EX(T)E(T) = 0.
Also, by Lemma 5.1 we have |E,(T)v| < C(v) so that
(6.5) (@, H(Tw)'"* = C) .

On the other hand if C(T) is a spectral set in ¢,(T) (o = 1) and «,(T) is a point
in Cy(T) nearest to the imaginary axis, Remark 3.1 implies that [z — «(T)| £
@m — 1)ro(T) for any z € v,(r, T).

Therefore if g,(z) = ((z — «i(T))/r8.(T))* and

g (T) = 1 )g{'(z)(z[ — T 'dz

27ri yi(r,T
we have |g,%(2)| < (1 — 1/2m)~ for all z € ~,(r, T), and Lemma 5.2 implies that

iymmww

2m rm—-l

lg:"(Ty| = <1 -

where ki(m) < e’

We put H,(T) = = o (9(T))*¢*(T) and therefore
1/2
(6.6) (U,Hz(T)v)l/2 < (%m) M"%)_C’T(v)
T

Now Tz = Kl(T)l‘Jz(T) + Taa(T)gz(T) so that H[(T)Tz + Tz*Hz(T) =
2r Re Kz(T)Hl(T) -+ T&a(T)Gl(T) where Gz(T) = Hz(T)gl(T) + gz*(T)Hz(T) But
for all nonnegative integers n
6.7) @ (T (1) + (07 (D)9l (T)

< (@) * 9T + (g () *e(T)
Summing (6.7) from n = 0 to « we see that G;(T) < 2H,(T) and therefore

(6.8) H/(D)T+ T*H(T) £ 27(T)(1 — n)H(T) .
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The expressions (6.4) and (6.8) taken together verify the first property required
of H(T). The last property follows from (6.3), (6.5) and (6.6). It remains to show
that H(T) = I, but (v,0) = | 2 E(T|2 = m 2 |E(Tw]? £ (v, H(T)v). QE.D.

It would be interesting to know if, for certain classes of linear operators on
Hilbert space satisfying (1.1), it is possible to construct orientated envelopes of
their spectra on which Lemmas 5.1 and 5.2 hold. The best estimate for K(m) in
Theorem 5.3 is also unknown.

University of Massachusetts
Boston, Massachusetts 02116

1. H.-O. Kre1ss, “Uber Matrizen die beschrinkte Halbgruppen erzeugen,” Math. Scand.,
v. 7, 1959, pp. 71-80.

2. JouN MILLER & GILBERT STRANG, ‘‘Matrix theorems for partial differential and difference
equations,” Math. Scand., v. 18, 1966, pp. 113-133. MR 35 #206.

3. Joun MILLER, “On power-bounded operators and operators satisfying a resolvent con-

dition,” Numer. Math., v. 10, 1967, pp. 389-396.

4. K. W. MorToN, “On a matrix theorem due to H.-O. Kreiss,” Comm. Pure Appl. Math.,
v. 17, 1965, pp. 375-380. MR 30 #698.



