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Quadrature Formulae. I: Basic Theory* 

By V. L. N. Sarma** 

A uniform theory of numerical approximation of multiple integrals of arbitrary 
multiplicity is a long felt need of applied mathematics. In the absence of some- 
thing better, the Monte Carlo method is the one most commonly used now (see 
[6] and [7]). For the integration of functions of one variable, for which purpose 
useful classical formulae exist, the error estimates are unsatisfactory inasmuch as 
they involve derivatives of high order of the integrand. Moreover, no criteria are 
available for the comparison of one quadrature method with another per se. In 
the present paper we construct a theory of mechanical quadrature for k-fold in- 
tegrals (k _ 1), and set down a rational basis for the global comparison of different 
quadrature methods. However, it should be pointed out that the theory yields no 
error estimates applicable to individual integrands. We discuss the Monte Carlo 
method at some length, and substantiate the educated guess that the method im- 
proves with increasing multiplicity of the integrals. The theory developed here will 
be used in a future paper to propose some new mechanical quadrature formulae. 

The material of this paper formed a part of the author's doctoral dissertation 
(University of Rochester, 1962). The work was suggested, supervised and inspired 
by Professor W. F. Eberlein. The dissertation work was supported in part by funds 
from the National Science Foundation; and the author's visit to the University of 
Rochester was made possible by a Fulbright Travel Grant. 

0. Introduction. Real multiple power series 

(0.1) x(t) = E Xn'1 .nk(tl)n* ... (tk)nk , (ni, * k _> 0) 

whose coefficients satisfy the condition 

(0.2) |x|I|1 = E iXnl...nkl < co 

converge uniformly and absolutely for all points t in the k-dimensional Euclidean 
cube 

(S= {(t1, **,tk) = t:-1 < tj 1, 1 _ j < k}. 

The set of all functions defined by (0.1) and (0.2) can be identified with the se- 
quence space 11, as in [10], and is dense in the Banach space 0( S) of all real con- 
tinuous functions on S with the uniform norm. We denote the closed unit sphere 
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of 11 by S0. and remark that S0. absorbs li. The integral I defined by 

1(x) = 2kfxdt 

and an N-point mechanical quadrature formula JN defined by 
N 

(0.3) JN(X) = A Amx(tm)) Mr- 
are continuous linear functionals on ,( (), and so is the error e defined by 

e(x) = I(X) - JN(X). 

In (0.3), the 'weights' Am (1 ? m ? N) are real numbers and the abscissaee' trn) 
(1 < m < N) are points of G. 

The problem of mechanical quadrature is so to choose the weights and the 
abscissae of JN that je(x)j is minimised in a sense to be made precise. The ap- 
proach of the present paper, following the lead of [5], is to choose an appropriate 
subset e of e( () and to minimise the average of Ie(x) I2 over A. It is clear that we 
must have a measure over A. Since, in practice, the functions to which one would 
apply a mechanical quadrature enjoy a certain degree of smoothness, and since 
such functions form a set of Wiener measure zero, the temptation to identify a 
with 0( S) has to be resisted. We choose a = S0,. A countably additive measure 
on S,,, is constructed in [10], a generalization of [4], and is called the Eberlein 
measure and denoted by dEx. The corresponding integral over S0, is denoted by 
E(X) or by f s. ( ) dEx. The main results and notation of [10] are summarized in 
the following section. 

1. The Eberlein Integral. Let 

X = 1X-1-no} 

be an element of 11; and P. the projection operator on 11 into 11, defined by requir- 
ing that the k-fold sequence Pnx be obtained from the k-fold sequence x through 
replacing by 0 every Xnl...flk with ni + - + nk > n. We introduce the abbrevi- 
ations 

(k + i- 1)! n 
Ci (k - 1)!i! ' 

'=Di, 

n n 
An= TI (Ci!), 4n(X) = II (1 - IIPi-.! ilci. 

i-O i-l 

If f is any weak* continuous real function or any bounded real weak* Baire func- 
tion, then the Eberlein integral, E(f), of f is defined as the limit, when n -> o, of 

(1.1) 2 ~~~ ~~n flpxl5 (Pn~X)X 

the integration in (1.1) being with respect to all the real variables Xn,.-k with 
nli + ... + nk _ n. Thus defined, the integral E is linear and positive; and 
E(1) =1. Moreover, 
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(1.2) f (xnl ... nk)PdEx = 0 if pis odd, 
00 

(1.3) f Xm ... .nkXn =...nkdEx 0 if (Ml, , mk) 7 (n1, , nk) 
00 

and 

f (1..2d~ 1 2n1 + ...+n 

)800 -.n) ~ 3 Uz 1 (ci + 1)(cs +2) 

Now, if 

Y {Ynn-J - -k 

is a bounded k-fold sequence of real numbers, and if we write 

(XIy) = E Xnl ... nkYnl..nk 

the summation being over all nonnegative integers nli, * n*, nk, then (x, y) is a 
weak* continuous real function of x defined on 800. A routine calculation using 
(1.2), (1.3), and (1.4) shows that 

(1.5) fs (XIy)dBx = 0 if pisodd, 

and that 

(1.6) f (x, y)2dEx = ? 2n zn (Yni...nk )2 
8co 

3 n -0 JM 1 (c i+ 1 ) (c + 2)' 

where ' denotes, here and in the rest of this paper, a summation over all non- 
negative integers ni, , nk with ni + + nk = n. 

2. Optimal Quadrature Formulae. For all k-tuples (ni, * n 7k) of nonnegative 
integers, define the functions 

Tn1 . nk ( t) = (tl ) n, (tk )nk, t C 

and denote e(T,,1. . Ik) by en. nk- The sequence {e,,,.. nnk Imay be identified with e 
off SO,. It is easily seen that, 

enl ...fnk = (I -JN) Tnj * nk 
k k _1ni N 

(lm), 
n 

(2.1) = 2 J + (-1) - E Am(t,())nI... (tk(m) 
i-li n l+ 1 rn-1 

N 

?...nk| 1 + E JAml 
m-l 

and it follows that e Ezi m= (li)*. 

Writing (0.1) in the form 

X (t) = :' X E nV-*kTnl ...nk (t) 
n-O n 

we obtain 
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(I - JN)(X) = E Z Xnl **..nk (I - J.N)(Tnl--.nk) n-0 n 

=E E' Xn i... nkeni-*-nk n=O n 

= (x, e) 

Writing a2(I - JN) for fs. (x, e)2dEx, and evaluating the integral with the 
help of (1.6), (1.7) and (2.1), we get 

(2.2) U U - JN) E 3 Sn 

where we have used the abbreviations 
n 

X0=1, Xn= (ci + 1)(ci + 2) for n > 0 andSn= E (enl...nk)2. 
i-i 0n 

-2(I JN) will be used as a measure for the error of the quadrature formula Jjv 
over the space So, equipped with the measure dEx. Using the expression (2.2), we 
shall seek to minimize o2(I - JN) as a function of the weights Am and the abscissae 
t (m). 

Remark I. There is no JN for which U2(J -JN) = 0. In fact, the existence of 
such a JN implies, in particular, that 

N 

(2p + 1) E Am(ti(m))2p -1, p > 0, 
Me1 

which leads to a contradiction when we let p oo. 

Definitions. An N-point mechanical quadrature formula JN is completely op- 
timal if cr2(I - JN) is an absolute minimum as a function of the weights and the 
abscissae of JN. With prescribed abscissae, a JN for which o2(J - JN) is a mini- 
mum in the weights is optimal in the weights. We shall denote such a formula by WN. 

THEOREM I. For each N > 1 there exists a WN corresponding to any preassigned 
distinct abscissae t(l) t(2) *, t (N) in (S. 

Proof. Consider the k-fold sequences 

={(Kn) II ni + 1 

and 

f t 2n 1/2 1)n (t() = <u) (tl ) * * . (t~s'Z)nk} k 1 < l < N 

where n = ni + -.. + nk and each ni assumes all nonnegative integer values. 
Observing that cn ? 1 and hence that Xn > 2n3n for all n > 0, we see that 

1l2 = E 3 b' {2 -2k I[1 +(1) ]i n=0 3Xn n i-- (ni + 1 
00 2n f< 

< /n < E (2/3n+ 1) < C Q 

n=O 3Xn n=o 

and similarly that 
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1191112 < U n < o 1 <1 l<_N. 
n= 3xAn 

Then g,, , 4N and f are elements of the sequential Hilbert space 12. As the 
abscissae t(l) are preassigned, the gl are fixed vectors of 12. It is clear from (2.2) 
that o2(I - JN) is the square of the distance between f and a variable vector in 
the linear manifold spanned by gi, ***, 4N. Let us call this manifold M(N, t). 
This manifold, being of dimension <N. is closed; and there is a unique vector 
go & M(N, t). 

(2.3) f - 40112 ? Iff - 412, 412 11 M(N, t), 

(see, for instance, [1, p. 11]). Writing go = EM=i Am.0m we see that the weights 
A10, A20, * *, ANO minimize o2(I - JN) for the fixed abscissae t(), ... t(N). Q.E.D. 

The uniqueness of this representation of WN is not obvious until we establish 
the linear independence of gi, * * , 4N. 

THEOREM II. The dimension of the linear manifold MI(N, t) is strictly less than 
N if and only if some two abscissae of JN coincide. 

Proof. The 'if' part is obvious. To prove the 'only if' part, assume dim M11(N, t) 
< N. Then there are real constants a,, a2, * I ax, not all zero, such that 

E l. alg4 = 0. This means that 

N 

E al(t ))n . (tk( 1))nk = 0 

for all nonnegative integers ni, **, nk. In particular, for an arbitrary choice of 
n *, * . *, nk, we have 

E ai(t,) *pl)nj .. (tk( ))(P-l)nk = 0 p = 1, 2, *, . 

As the a's are not all zero, the determinant of this system of linear equations 
vanishes; viz., 

N 

][I [(tl i) 1n * (t( (i))nk - (tl(j))nl .. (tk(j) )nk] =0 
i<j=2 

(see, for instance, [2, p. 41]). Then, for some pair of indices i, j (i # j), we have 

(tl (i))nl . .. (tk (i)) nk = (tl (j))nl ... (tk (j)) nk - 

As this argument can be repeated an infinity of times-say, each ni either zero 
or odd-whereas there are only 2N(N - 1) index pairs (i, j), we conclude that, 
for some fixed index pair (i, j), 

(t,(i))nl = (t,(j))nAd 1 < l< k, 

for an infinity of odd values of ni; and hence that 

t M = t U). Q.E.D. 

COROLLARY. With prescribed distinct abscissae, the representation of a WN is 
unique. If only Al (<N) of the abscissae are distinct, then the WN reduces to a Wm 
and, as such, has a unique representation again. 
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Remark II. Referring to the notation of Theorem I, we note that f is nearer to 
go than to any other point of M(N, t). Consequently f - go is orthogonal to 
M(N, t). Using the representation go= EJi=i Amgm, we obtain 

N 

(2.4) 2 Am(gm, 4i) = (fg1), 1 _ 1 < N, 
m=l 

where (, ) is the inner product in 12. It may be noted that these equations are 
identical with the equations 

a 2(1-JN) = 0 1 < l 
_ N. 

LEMMA. Let the abscissae and optimal weights of a WN be t( ,, t(Nf) and 
al, .. aN respectively. Let the abscissae and optimal weights of a WN+1 be 
t(l),***, t(N), t(N+I) and ,u, ... IN, flN+, respectively. Then U2(I - WN+1) < 
a2(I - WN), unless #N+1 = 0 and fli = ai for 1 < i ? N. 

Proof. The relation 

2(I - WN+1) < 2 (I - WN) 

is obvious. Suppose equality holds. The point of M(N, t) nearest to f is g' = 

ZI=, aigi, and the point of M(N + 1, t) nearest to f is g" = olj igi The 
parallelogram law (see [9, p. 23]) implies that g* = 1(g' + g") is no farther from 
f than is g". But M(N, t) C M(N + 1, t). This gives rise to a contradiction unless 

= g" i.e. unless f3N+1 = 0 and hi = ai for 1 < i < N. Q.E.D. 
THEOREM III. Given a WN, there is a properly better WN+1-i.e. one such that 

-2(I - WN+1) < 2(I - WA). 

Proof. Let the distinct abscissae of WN be t() **, t (N) and let the optimal 
weights be al, * a*N. Then the a's satisfy the system of linear equations 

N 

(2.5) CtZu(gt, ge) = (fgj), 1 ? j ? N. 

Choose the abscissae of WN+1 as those of WN augmented by t(N+1), as yet unde- 
termined except that we require 

(2.6) t(N+l) t(i), 1 < i? N. 

Let the optimal weights of WN+1 be A3, O *, AN, #N+,-functions of t(N+1). On the 
strength of the Lemma, it is enough -to show that t(N+1) E E can be so chosen as 
to satisfy (2.6) and the condition: 0N+1 $ 0. The fl's satisfy the linear equations 

N+1 

(2.7) Mi(gigj) = (fgy) 1 v j < N + 1. 

For 1 ? p ? N + 1, let A, denote the Gram determinant 

det [(tgi, j)] 2 iyj = 1, 2, p, 

As t t * * ., t(N), t(N+l) are distinct, Theorem II shows that gi, 42, *, 4N, 

gN+l are linearly independent, and hence that no A,, vanishes. Solving the system 
(2.7), we get 



MECHANICAL QUADRATURE FORMULAE 613 

aN+1 = A/AN+1 

where the first N columns of A and AN+, are identical, and the (jth row, (N + 1)th 
column) element of A is (f, gj). Subtract E'Li ai (ith column of A) from the 
(N + 1)th column of A, use relations (2.5), abbreviate f - jN=1 aigi as f', and 
see that 

flN+i = 
_ (fO, gN+i). 

AN+1 

It remains to show that there is a t(Nv+1) E S satisfying (2.6) and such that 
(f0, 9N+1) # 0. Suppose, on the contrary, that 

(2.8) (f0, vN+1) = 0 

for every choice of t(N+1) satisfying (2.6). Then (2.8) holds on some neighbourhood 
in (S. Rewriting the left-hand side of (2.8) as 

(2.9) E [ 2 By a ...k(tl(+)) . . . (tk (N1) nk] 
n=0 Mn n 

where 

anl...nk- = 2-k fI 1 + 
()f - E ta.(ti( ))n1 ... (tk(m))nk, 

i=1 n +1 rn-i 

we see that the multiple power series (2.9) vanishes for all t(Nv+') in some neighbour- 
hood in (S. Since (2.9) may be regarded as a complex convergent power series in 
ti(+'), I * tk(Nv+l) restricted to a real environment, all the anl...nk vanish (see [3, 
p. 34]). But this means 

I(T7,1 .nk) = WN(Tnl. . 
.n,) 

for all n , *,nk ? 0, and hence that 

I(X) = WN(x) 

for all x E S,, contradicting Remark I. Q.E.D. 

3. Monte Carlo Quadratures. The N-point Monte Carlo quadrature formula is 

N 

MN(X) = E x(t ) 

where t **., t(N) are random points in (S. The variance of the error associated 
with this method of quadrature is given by 

2m = 2- f f {f [1(X) - MN(X)] dEx} f dti 

where f1isj dti(j) denotes the product of all the differentials dti(j) (1 < i ? k, 
1 < j ? N). Using Fubini's theorem, we rewrite this as 

(3.1) 2 = 2- f { }dEx, 

where 
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(3.2) = } [I (x) - {E x(t-) ] II dti' 

which reduces to 

(2kv/N) {I(x2) -[I(x)]2} 

Substituting this evaluation in (3.1), we get 

(3.3) NUM2 = f I (X2)dEx - [I(X)]2dEx. 

Going back to the representation (0.1) of x(t), we get after a routine calculation, 

(34) I(X2 ) (X1- Ink) + E Xml .mkXnl.. nk 

= (2n, + l) (2nk + 1) 2 (ml +n+ l)- .(mk+ k+ 1) ' 
where El is a sum over all nonnegative integers ni, n2, * *, nk; and Z2 is a sum 
over all such nonnegative integers ml, ***, Mk, nli, * *, nk that each of ml + nli, 

m . *, Mk+ nk is even and mi $ ni for at least one value of i. If we integrate (3.4) 
term by term with respect to dEx over S., all the terms of E2 drop out, and we 
are left with 

I I(x2)dEX = a [oF 1 f2 ... ) 2dl 
(3.5) i0 lli~ (2ni + 1) sw flE 

n-0 [3n n Hi.,~ (2ni + 1)] 
where we have used the result (1.4). This disposes of the first term on the right- 
hand side of (3.3). In much the same manner, we find 

f ~~~~0 2 U 1 
(3.6) J [I(x)] dEx = OLX= (2ni +1)2 

Substituting from (3.5) and (3.6) into (3.3) we obtain 

0M2 = (1/N)Yk 

where 

lrk = E [3 E I } 
(3.7) 

2 k 

- ~~ {k (2n~~+ 1)2} 
Integrals of high multiplicity occur often enough in applied mathematics to 

justify a study of the asymptotic behaviour of 'Yk for large values of k. We note 
that the terms for n = 0 in the two series in (3.7) cancel out, and that the term 
for n = 1 in the first series is 2k/1[9(k + 1)(k + 2)]. We write 

2k 
9(k + 1)(k + 2) 

where 
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ak = E [3 {2+}1 
and 

3k = [3X2n {jII (2nj+ 1)2}1 

We note that 

c= ci(k) > 2k2, i > 2 k > 1 
and that 

(3.8) -<1 2)1<Cn (3.8) ~n g= 1 (2nj = n)2 j., (2nj +1)- nk 

In view of these inequalities, we have the general term in series for ak 

3 fIli1 (ci + 1)(ci + 2) n /j= (2nj + 1) 

2n Cn < --_ 

(c, + i)(c, + 2)(cn + 1)(cn + 2)[iH (ci + 1)(ci + 2) 

2n 1 
< 3 n_ 1 

(k + 1)(k + 2)cn II (Ci)2 

3 k2. k2. (1k2)2n4 - 24 (8/k4)". 

By a similar argument, the general term of /k is less than (k4/24)(8/k4)2n. Hence 

lIak-Oki < [4 - + k8 ] (k-4) 

This proves that, for la. ge values of k, 

2k 
(3.9) 'Yk = 9(k+1)(k+2)+ (k). 

It is worth noting that the inequalities 

(3.10) 0 < 7Yk+ I < Yk 

hold for k = 1, 2, 
That -yk > 0 for all k is obvious. We write 7k = Ak + Bk, where 

Ak o c c 22n-1 {k 1)} 
Ak=1 - 3X2n_1 2n-1 {= j (2nj + 1) } 

an(l 

Bk = 00 

[22n (2n {k (2nj + 1)} n {k 
(2nj + 1)2})1 
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In view of the inequalities (3.8) and the fact that ci(k) > k for i _ 1, the general 
term of the series for Ak is less than jk(2/k2)2n-1. Then we have 

AkI 2k - <Ak < 2k 
9(k + 1)(k + 2) 9(k + 1)(k + 2) 3 Ek2- 

2k + 8 _= Akt 

9(k + 1)(k + 2) 3k(k4 -4) - 

It can be verified that Ak' - Ak can be expressed as a ratio of two polynomials 
in k - 3 with positive coefficients, and hence that Ak' - A"I is positive for k _ 3. 
It follows that Ak+1 < Ak for k > 3. Treating Bk in the same manner, we see also 
that Bk+1 < Bk for k _ 3, and conclude that 

0 < -k+ 1 < 7k, k _ 3. 

When k = 1, 2, or 3, we evaluate the first two terms of the series for Ak, the first 
term of the series for Bk, and use estimates for the remaining terms to get 

73 < 0.037, 
0.038 < 'Y2 < 0.040, 

and 

0.042 < ey, 

which completes the proof of the assertion (3.10). 
To illustrate the utility of the formula (2.1) for the global comparison of quad- 

rature methods, we take k = 1 and find o2(I - G2) where we denote by G2 the two- 
point Gaussian formula. For G2 we have 

to') = 3-/2 Al-1; t (2) = /12 A -3-1/ , A 1 -- 
= 2...3-1I , 2 

(see [8, pp. 368, 369]). An easy computation shows T2(I- G2) < (0.07372)3-7. 
To match this accuracy with a Monte Carlo formula MN, one must take N > 1,000. 
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