Eberlein Measure and Mechanical
Quadrature Formulae. I: Basic Theory*

By V. L. N. Sarma**

A uniform theory of numerical approximation of multiple integrals of arbitrary
multiplicity is a long felt need of applied mathematics. In the absence of some-
thing better, the Monte Carlo method is the one most commonly used now (see
[6] and [7]). For the integration of functions of one variable, for which purpose
useful classical formulae exist, the error estimates are unsatisfactory inasmuch as
they involve derivatives of high order of the integrand. Moreover, no criteria are
available for the comparison of one quadrature method with another per se. In
the present paper we construct a theory of mechanical quadrature for k-fold in-
tegrals (k = 1), and set down a rational basis for the global comparison of different
quadrature methods. However, it should be pointed out that the theory yields no
error estimates applicable to individual integrands. We discuss the Monte Carlo
method at some length, and substantiate the educated guess that the method im-
proves with increasing multiplicity of the integrals. The theory developed here will
be used in a future paper to propose some new mechanical quadrature formulae.

"~ The material of this paper formed a part of the author’s doctoral dissertation
(University of Rochester, 1962). The work was suggested, supervised and inspired
by Professor W. F. Eberlein. The dissertation work was supported in part by funds
from the National Science Foundation; and the author’s visit to the University of
Rochester was made possible by a Fulbright Travel Grant.

0. Introduction. Real multiple power series
0.1) X(8) = 2 Tageoony (01)™ - - (B)™, (g, -+, me 2 0)

whose coefficients satisfy the condition

0.2) lxlls = 22 [tng o] < o0

converge uniformly and absolutely for all points ¢ in the k-dimensional Euclidean
cube

C={(ty - )=t:—1St;S1L,1Sj<k}.

The set of all functions defined by (0.1) and (0.2) can be identified with the se-
quence space [y, as in [10], and is dense in the Banach space €(€) of all real con-
tinuous functions on € with the uniform norm. We denote the closed unit sphere
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of l; by S, and remark that S, absorbs /;. The integral I defined by

I(x) = 2'k/@xdt

and an N-point mechanical quadrature formula Jy defined by

N
(0.3) In(x) = 2 Ax(t™)
m=1
are continuous linear functionals on €( €), and so is the error e defined by
e(x) = I(x) — Jn(x) .

In (0.3), the ‘weights’ A,, (1 < m = N) are real numbers and the ‘abscissae’ ¢ (™
(1 = m £ N) are points of €.

The problem of mechanical quadrature is so to choose the weights and the
abscissae of Jy that |e(x)| is minimised in a sense to be made precise. The ap-
proach of the present paper, following the lead of [5], is to choose an appropriate
subset @ of €(€) and to minimise the average of |e(x)|2 over @. It is clear that we
must have a measure over Q. Since, in practice, the functions to which ene would
apply a mechanical quadrature enjoy a certain degree of smoothness, and since
such functions form a set of Wiener measure zero, the temptation to identify @
with €(€) has to be resisted. We choose @ = S,. A countably additive measure
on S, is constructed in [10], a generalisation of [4], and is called the Eberlein
measure and denoted by dgx. The corresponding integral over S, is denoted by
E(-) or by fSw (+) dex. The main results and notation of [10] are summarised in
the following section.

1. The Eberlein Integral. Let
X = {Tnpmy}

be an element of I;; and P, the projection operator on I; into I3, defined by requir-
ing that the k-fold sequence P,x be obtained from the k-fold sequence x through
replacing by 0 every n,...,, with n; 4+ - -+ 4 n; > n. We introduce the abbrevi-
ations

_(k4i— 1) _3
“E Tk —Dw ”"‘i_zo:cf’

m=T1ED,  a@=TTa- 1Py,

=0
If f is any weak* continuous real function or any bounded real weak* Baire func-
tion, then the Eberlein integral, E(f), of f is defined as the limit, when n — o, of

S [(Zax)
(1.1) 2 L g1/ da(x)

the integration in (1.1) being with respect to all the real variables z,,...,, with
n1 + -+ 4+ mx £ n. Thus defined, the integral E is linear and positive; and
E(1) = 1. Moreover,
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(1.2) f (Tnyeoony)’dex = 0 if pisodd,

Soo
(1.3) /S Tmyeomngeemdex = 0 if (my, - -+, my) # (ny, -+ -, M)
and

/ (x ) dEX = 217’1 + + N
e Ht-l (cz + 1)(01 + 2)

Now, if
Y = {Ynpoomp}
is a bounded k-fold sequence of real numbers, and if we write

(X).V> = Z TnyerengYnye o ony,

the summation being over all nonnegative integers ni, - - -, ni, then (x, y) is a
weak* continuous real function of x defined on S,. A routine calculation using
(1.2), (1.3), and (1.4) shows that

(1.5) / (x, y)dex = 0 if pisodd,
Soo
and that
© n 4 2
(16) / (X, .V) dgx = — Z 2 Z” (ynr--nk)

n ?
n=0 ] [ (ei + 1) (i + 2)
where Y. denotes, here and in the rest of this paper, a summation over all non-
negative integers n,, - - -, ny withny + - -- 4+ n, = n.

2. Optimal Quadrature Formulae. For all k-tuples (n,, -- -, nx) of nonnegative
integers, define the functions

Toperm(8) = (@)™ -+ - ()™,  tE G,

and denote e(T%,....,) by és,....,. The sequence {e,,....,} may be identified with e
ont S,. It is easily seen that,

eurrem, = (I = J) Togeomy
ng N
@.1) e H 14+ (=D* = 3 A& ™Yy

=1 n; + ]- m=1
N
lenyemy] =1 +m2_; |[Anl ;

and it follows that e & m = (l1)*.
Writing (0.1) in the form

X(t) Z E’ Tnyewony m nk(t)y

n=0 =n

we obtain
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(I — Jy)(x) = Zngeeomy (I = T ) (Tgeromy)

cl\’ls éMs

Z
Z Tnyevengnyeemy,
= (x, e).

Writing ¢2(I — Jy) for fsw (x, e)’dgx, and evaluating the integral with the
help of (1.6), (1.7) and (2.1), we get
(2.2) M= Jy) = 2 S,

n=0 3>\n

where we have used the abbreviations

=1, M= 1] i+ 1)(c:+2) for n>0and 8, = Z' (e,.,...,,k)2 .
=1 n

o*(I — Jy) will be used as a measure for the error of the quadrature formula Jy
over the space S, equipped with the measure dgx. Using the expression (2.2), we
shall seek to minimize ¢2( — Jy) as a function of the weights A,, and the abscissae
tim),

Remark I. There is no Jy for which ¢*(/ — Jx) = 0. In fact, the existence of
such a Jy implies, in particular, that

N
@p+1) 2 At."™)?=1, p=z0,
m=1

which leads to a contradiction when we let p — .

Definitions. An N-point mechanical quadrature formula Jx is completely op-
timal if 0*(I — Jy) is an absolute minimum as a function of the weights and the
abscissae of Jy. With prescribed abscissae, a Jy for which ¢*(I — Jy) is a mini-
mum in the weights is optémal in the weights. We shall denote such a formula by Wy.

THEOREM 1. For each N = 1, there exists a Wy corresponding to any preassigned
distinct abscissae D, t@, - .. tW) 4y .

Proof. Consider the k- fold sequences

-G I

2n 1/2
&= {<§)_\—> L0y '(tk(l))nk} ’ l=isN,

where n = n1 + - -+ 4+ n; and each n; assumes all nonnegative integer values.
Observing that ¢, = 1 and hence that A\, = 273" for all n = 0, we see that

e = 3 [ 2 s {1 ll(-y__+_11)>_l}]

< 232>\ cn < E (2/3”“) < o
n=0

and

and similarly that
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lgds < D Zca< o, 1<I<N.
n=0 3)\11
Then g1, ---, gv and f are elements of the sequential Hilbert space l.. As the

abscissae ¢t are preassigned, the g, are fixed vectors of l.. It is clear from (2.2)
that ¢*(/ — Jn) is the square of the distance between f and a variable vector in
the linear manifold spanned by g1, - --, gv. Let us call this manifold M (N, ¢).
This manifold, being of dimension =N, is closed; and there is a unique vector
8o & M(N, t).
(2.3) If — &l = [lIf —gll., g€MW,0),
(see, for instance, [1, p. 11]). Writing go = D1 4,.°8, we see that the weights
A0 AP, - - - Ay® minimise o2(/ — Jy) for the fixed abscissae ¢, - - -, ™ Q.E.D.

The uniqueness of this representation of Wy is not obvious until we establish
the linear independence of g,, - - -, gn.

TueorEM II. The dimension of the linear manifold M (N, t) is strictly less than
N if and only if some two abscissae of Jy coincide.

Proof. The ‘if’ part is obvious. To prove the ‘only if’ part, assume dim M (N, ¢)
< N. Then there are real constants a, as, ---, an, not all zero, such that
> Y1 a8, = 0. This means that

N
; al(tl(l))nl. .. (tk(l))"k =0

for all nonnegative integers ni, - -+, n;. In particular, for an arbitrary choice of
ny, -, Ny, we have

N
ZEI al(tl(l))(p—l)m. .. (tk(l))(p—l)nk =0, p=12 ---,N.

As the a’s are not all zero, the determinant of this system of linear equations
vanishes; viz.,

N
H [(tl(l))"l_ . (tk(z))"k _ (tl(J))m_ . (tk(.’l))"k] =0
=2
(see, for instance, [2, p. 41]). Then, for some pair of indices 7, j (¢ ¥ j), we have
(AR N (RO L (A ) EIN (RO L

As this argument can be repeated an infinity of times—say, each n; either zero
or odd—whereas there are only $N(N — 1) index pairs (7, j), we conclude that,
for some fixed index pair (¢, j),

GO = @), 121k,
for an infinity of odd values of n;; and hence that
@ = ¢, Q.E.D.

CoroLLARY. With prescribed distinct abscissae, the representation of a Wy s
unique. If only M (<N) of the abscissae are distinct, then the Wy reduces to a Wy
and, as such, has a unique representation again.
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Remark 11. Referring to the notation of Theorem I, we note that f is nearer to

go than to any other point of M (N, t). Consequently f — go is orthogonal to
M(N, t). Using the representation go = 2 Y_; Angn, We obtain

N
24) 2 Anlgn &) = (F,e), 1S1SN,

where ( , ) is the inner product in l.. It may be noted that these equations are
identical with the equations

9 2y = <l <
aAla(l Jy) =0, 1=sI=N.
LEMMA. Let the abscissae and optimal weights of @ Wy be t®, - - ¢t®™ and
a1, -, ay respectively. Let the abscissae and optimal weights of a Wy be

t®) .t W) WD gnd By, - - -, By, Byy1 respectively, Then o*(I — Wyy1) <
o*(I — Wy), unless Byy1 = Oand B; = a;for1 <7 < N.

Proof. The relation

o*(I — Wyyr) = o*(I — Wy)

is obvious. Suppose equality holds. The point of M (N, ¢) nearest to f is g’ =
> Y., aig;, and the point of M(N + 1, ¢) nearest to f is ¢’ = D 31 B.g:. The
parallelogram law (see [9, p. 23]) implies that g* = 3(g’ + £’) is no farther from
fthanis g”. But M(N, t) C M(N + 1, ¢). This gives rise to a contradiction unless
g = g'"—ie. unless By;1 = 0and B; = a;forl <7 < N. Q.E.D.

TuaeoreMm II1. Given a Wy, there is a properly better Wy, 1—t.e. one such that

o?(I — Wyy1) < *(I — Wy).
Proof. Let the distinct abscissae of Wy be t®, --. ¢@® and let the optimal

weights be a1, - - -, ax. Then the o’s satisfy the system of linear equations
N
(25) Zai(ghgi) = (f; gi)y 1 é]éN-

=1
Choose the abscissae of Wy,1 as those of Wy augmented by ¢¥+D) as yet unde-
termined except that we require
(2.6) FNVHD £ @) 1=7=N.

Let the optimal weights of Wy, be 81, - - -, By, By+1—functions of ¥+, On the
strength of the Lemma, it is enough to show that ¢&¥+D & @ can be so chosen as
to satisfy (2.6) and the condition: Bx41 # 0. The §’s satisfy the linear equations

N+1

@27) 2 Bi(gig) = (£8), 1=j=N+1.
Forl = p £ N + 1, let A, denote the Gram determinant

det [(éi,é;)], i,j= 1’ 2, -..,p‘

As t® ¢@ ... W) ¢+ gre distinet, Theorem II shows that gi, g2, - - -, &,
Sy+1 are linearly independent, and hence that no A, vanishes. Solving the system
(2.7), we get



MECHANICAL QUADRATURE FORMULAE 613

Brni1 = A/ Anyr

where the first N columns of A and Ay, are identical, and the (jth row, (N + 1)th
column) element of A is (f, g;). Subtract Y ", a; (ith column of A) from the
(N + 1)th column of A, use relations (2.5), abbreviate f — > Y a:g; as £°, and
see that

A
By = Z—IL (f°, &ny1) -
N+1

It remains to show that there is a ¢+W+) & @ satisfying (2.6) and such that
(f°, gv+1) ¥ 0. Suppose, on the contrary, that

(2.8) (f°, gny1) = 0

for every choice of ¢¥+D satisfying (2.6). Then (2.8) holds on some neighbourhood
in @. Rewriting the left-hand side of (2.8) as

2.9) Z [ % Z/ Gngeeony (tl<N+1)),,»,. . (tk(N+l) )nk] ,

n=0

where

N
ngmy = 2~ H 14+ (=% = 3 an &™) ()

i=1 nz + 1 Me=]

we see that the multiple power series (2.9) vanishes for all £ ¥+ in some neighbour-
hood in €. Since (2.9) may be regarded as a complex convergent power series in
LNVHD . (VD restricted to a real environment, all the a,,...,, vanish (see [3,
p- 34]). But this means

I(Tny..ny) = Wa(Tnye.onp)
forall ny, -+, nx = 0, and hence that
I(x) = Wx(x)
for all x € S, contradicting Remark I. Q.E.D.

3. Monte Carlo Quadratures. The N-point Monte Carlo quadrature formula is

My(x) = 7:,—:; x(£™)

where t® ... ¢ gre random points in €. The variance of the error associated
with this method of quadrature is given by

o= o /_1 R f_l 1 { fs ] [I(x) — MN(x)]2dEx} gdt,f’)

where IL-,,- dt;¢9. denotes the product of all the differentials d¢;¢? (1 < ¢ Sk,
1 £ j £ N). Using Fubini’s theorem, we rewrite this as

(3.1) o’ =27 /S { ldex,

[}

where



614 V. L. N. SARMA

(3.2) { )= /11 /11 [I(X) —%éx(t‘m)]zgdm,

which reduces to

=V/N)(x*) — [I(x)]} .
Substituting this evaluation in (3.1), we get
(3.3) Nou® = fs I(x")dex — fs I (x)]°dex .

Going back to the representation (0.1) of x(¢), we get after a routine calculation,

(xnl"'ﬂk)2 xm]...m,kxnl...nk
zl: Cni+1)---2n + 1) T zz: (mi4+n +1)---(me +n 4+ 1)°

where D, is a sum over all nonnegative integers n, ns, - - -, n4; and > 2 is a sum
over all such nonnegative integers mi, - - -, mg, N1, - - -, i that each of my + n,,

-, mx + ny is even and m; £ n; for at least one value of 7. If we integrate (3.4)
term by term with respect to dgx over S, all the terms of D, drop out, and we
are left with

(3.4) I(x") =

Lw I(x")dpx = Z [m/ (Tnye - m) dEx]

(3.5)

,Z; [3x,. Z m]

where we have used the result (1.4). This disposes of the first term on the right-
hand side of (3.3). In much the same manner, we find

R ey

Substituting from (3.5) and (3.6) into (3.3) we obtain
ou’ = (1/N)vi

=S5 Tatm)]
-ElEs{ntl]

Integrals of high multiplicity occur often enough in applied mathematics to
justify a study of the asymptotic behaviour of v; for large values of k. We note
that the terms for » = 0 in the two series in (3.7) cancel out, and that the term
for n = 1 in the first series is 2k/[9(k + 1)(k + 2)]. We write

_ 2k
Y= 90 + 1)k + 2)

where

(3.7

+ak_ﬁky

where
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el st ]
G = E;[m"; {,I=112n,~+ 1}

0 22n , k 1
b= X [3x2n )Y {H ©@n; + 1)2}] ‘

and

We note that

and that

L[ & 1
(38) Z {,I=Il @+ Y = ; {Hm} = ealk) -

V_./

n

In view of these inequalities, we have the general term in series for o

-z 1 I
© 3 T e+ (e + 2) ; {gl (n; + 1)}

< _gi Cn )
= 3 n—1
i+ 1)(er +2)(en + 1) (e + 2)[;; (ci+ 1)(c: + 2)]
< —?))_” 1 I n—1 9
(e + 1) (k + 2)c,,|:H (c:) ]
2 1

3 W=—(8/k)

By a similar argument, the general term of 8; is less than (k4/24)(8/k%)?". Hence

8[ k* k® ] -
= 00 .
oo = B < gl s T —ead 00

This proves that, for la.ge values of k,

2k
9k + 1)k + 2)

(3.9) e = + 0™ .

It is worth noting that the inequalities
(3.10) 0 < vip1 < 7

hold fork = 1,2, - - -
That v, > 0 for all & is obvious. We write v» = A; + B;, where

L) [22n—1 B { k 1 }]
4= 2 snn 2 U

b= o (0 {lets) - T {I gt

and
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In view of the inequalities (3.8) and the fact that ¢;(k) = k for ¢+ = 1, the general
term of the series for A, is less than $k(2/k??%*"—!. Then we have

_ 2k 2k =t
A =grr sy <M<tkxrne+2 T3 Z;[ ]

B %k 8 ..
SO+ DEF2) T 3k — ) = A

It can be verified that A’ — A%}, can be expressed as a ratio of two polynomials
in k — 3 with positive coefficients, and hence that Ay’ — A1 is positive for k = 3.
1t follows that A1 < A for k = 3. Treating B; in the same manner, we see also
that Biy1 < B for k = 3, and conclude that

0 < veg1 < v, k=3.

When k = 1, 2, or 3, we evaluate the first two terms of the series for A, the first
term of the series for B;, and use estimates for the remaining terms to get

vs < 0.037,
0.038 < v < 0.040,

and

0.042 < Y1,

which completes the proof of the assertion (3.10).

To illustrate the utility of the formula (2.1) for the global comparison of quad-
rature methods, we take k = 1 and find ¢%(I — G») where we denote by G; the two-
point Gaussian formula. For G, we have

{0 = 3112 Ay =1 @ = =312, A=}

(see [8, pp. 368, 369]). An easy computation shows o*(I — G,) < (0.07372)377.
To match this accuracy with a Monte Carlo formula M y, one must take N > 1,000.
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