Polynomial System Satisfying a
Special Functional Equation

By A. M. Chak

A system of polynomials {P,(z)} is called an Appell set, if
1) P,/ (x) = Py(2) n=0,1,2 -- ).

Nielsen [2] considered a remarkable subset of the Appell set by considering a set
of polynomials which satisfy the two functional equations,

@) P)/(@) = Paa(z) and Pa(—z — 1) = (=1)"Pa(®)

forn = 0, 1, 2, - --; he has shown their importance in the theory of Bernoulli
and Euler numbers. Later Ward [4] generalized the set by considering a set of
polynomials {¥,(z)} for which

3) Y, () = Yoa(z) and Y.(axz + b) = mYa(z)

forn =0, 1,2, --- and a and b are any complex numbers. More recently Sharma
and Chak* [3] studied a class of polynomials {H,.(x)} in z, such that for n =
0,1,2 ---

) D,{Ha(@)) = Haa(z) where D,f(e) = L=SE),
Immediately after, a paper by Carlitz [1] appeared studying various polynomials
related to Theta functions. It was this paper of Carlitz which suggested, as a
natural study, the systems of polynomials which satisfy a functional equation of
the form

) D {H,(x)} = H,—1(¢*r) where k is a real number,

andn = 0, 1,2, ---;and also to examine some subsets of this class of polynomials
which have properties analogous to regular and cyclic sets of Nielsen [2] and of
Ward [4].

1. (g, k)-Harmonic Sequences. If H,(z) = >, a:x* we put
n n—1

Huaz + bl = X ai(az + b)a—; where (az + b). = ] (az + b¢") ;

=0 r=0

H,*[ax + b] = Zo a;(ax 4+ b)¥_; where (ax + b),,*q"““‘“h = (b+ az), ;

n n
H,[z] = E aiq(n—z)(n—z—l)hxn—t : H.*[z] = Z aiq—(n-—z)(n—z—l)/2xn—-1 .

=0 1=0
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*R. P. Boas and R. C. Buck, (Polynomial Expansions of Analytic Functions, Ergebnisse der
Math., Vol. 19, 1958, pp. 44-45) call them Brenke polynomials and Waleed A. Al-Salam (a paper
in press) calls them g-Appell polynomials and discusses their algebraic structure also.
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We shall use the following notations:

=@ -1/@-1), [l=I[Fz-:] [x-s+1];

[2]! = ]z — 1]---[1],  [0]'=1; [§]=ms/(s1!, [3]=1.

In analogy with Nielsen [2] we shall call the set of polynomials {H.(z, q)} =
{H.(z)} which satisfy (5) to be ‘“(¢, k)-harmonic”. If [H.(z), k] and [K.(z), k]
are two (g, k)-harmonic sequences, then it is easy to prove that

(a) there exists a sequence of constants {h,} such that

n n—1
— k(=D (n—i—n/2 __ T
H,(z) 4 hig Rk

H,.(0) = h, ;
Dy{H,[z]} = Hanald"" 2] ,

(b) (’ﬂ=0,1,2,"‘);
D {H*[z]} = H¥.l¢" '],

(€) Do Hu(2)tr = eqi(xt)h(t) where

n=0

00

eqx(z) = né%_[%;T!qlm(n—l)h and h() = Z%hnt" ;
H,[z + b] = Z% é_:]_‘ qki(i—l)/zH"—i[q,“-b] ’

n

i
X

HX*[z + b] = Z W q—ki(iq)/zH:_i[q“b] ’
(d) 1:0 i.
H.[b+ z] = Z:ﬂ _%fﬂ gD i(i—l)/2Hn_£(qkib) ’

H*b+z] = Z% [_5:]_' g vl GeD iy

(e) there exists a unique sequence {a,} such that for all n

K.(z) = aoH,(z) + anH1(z) + - -+ + a.Ho(z) ;
(f) DH.*(x) = H._1(¢"*z) where H,*(z) = H,*(z,q) = Ha(x,1/q) ;
(g) the expression

n

Ank = Z (—'1)an—s(qkax)Ka(q("_S)kIC] q—ks("_a)

8=0
is a constant, while the polynomials
Ghz) =TT A+ ¢ X Haoo(@* 0K [g" "]
r=1 EE]
form a new (g, k)-harmonic sequence;
(h) if
Hiz] — Ha[—1 4+ 7] = K. a(2),
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then if only one of these (g, k)-harmonic sets is given the second is completely
determined;

@) if

H.[z] + Hi[—1 + 2] = Ku(z) ,
then also if one of these is given the other can be completely determined.

As particular cases of these results we can get all the results obtained by Sharma
and Chak [3] by just taking k¥ = 0 and those of Nielsen [2] by further taking the
limiting case of the difference operator D, with ¢ — 0 i.e. the differential operator
D = d/dx.

2. (g, k)-(I) and (g, k)-(II)-Regular Sequences (when ‘“a”’ is Not a Root
of Unity). If the set of polynomials {H.(x)} satisfies the two functional relations
(n =071;2) )

2.1) D, {H,(x)} = Hoa(xg®) and H,[ax + b/¢*] = m.H.(z),
then we shall call them (g, k)-(I)-regular sequences. If “a’ is not 0 or 1 it is easy
to prove that:

The necessary and sufficient condition for a (g, k)-harmonic sequence {H,(z)}
to be (g, k)-(I)-regular is

(2.2) H,[b/¢*"] = a*H,(0); n=0,1,2, ---.
If we expand the left-hand side of (2.2) and equate, we easily get
hob”Ank(a q)
2.3 hn = :
(23) (@a—1(@ —=1)---(@" - 1)
where
1 1-a) 0 o --- 0
¢
k+1
q 1 2
1-a) 0 --- O
k @
A, (a, =
(a, q) {;ﬂ(k:l) 3{«:1 3kl - a3) 0
(™) 3] (@2 g [
q(k+l)n(n—l)/2 q(k+l)(n—l)(n—2)/2 1
@' (@' — 1] ' S gt

We can also define another set of polynomials {H.(x)} satisfying, for
n=2012---

(2.4) D {H,(x)} = Hy1(xg*) and H,[b/¢"* + ax] = m.H,[x]

and call them (g, k)-(II)-regular sequences. If “a” is not a root of unity we can
easily get the necessary and sufficient condition [3] for this set also.

3. (g, k)-(T)-Regular Sequences and the Case when “a” is a Root of Unity.
For both (g,k)-(I)-regular and (g,k)-(1I)-regular sequences we see that hy, ke, - - -
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are finite only if “a” is not a root of unity. If, however, a” = 1 [r = 0 (mod p)], then
it is easy to see that an infinite sequence of polynomials {H,(z)} does not exist
which satisfies (2.1) or (2.4). In order to be able to discuss the case when “a” is a
root of unity we take the two functional equations as given in (3.1) below (instead
of (2.1) and (2.4)) introducing special triangular matrices T' and 7 of nonzero
numbers similar to the ones introduced in [3] and get all the results obtained in
[3], for (g, k)-(T)-regular sequences defined by (» = 0,1, 2, -- )

3.1) D, {H,(x)} = Hpa(¢*z) and H,T(ax + b/¢*") = mH.(z).

Following [3] we can easily get the results for these more general cases. If we
take & = 0 we get the results given in [3].
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