Numerical Methods and Existence Theorems
for Parabolic Differential Equations whose
Coefficients are Singular on the Boundary

By Pierre Jamet

I. Introduction. In a previous paper [6], S. V. Parter and the author have studied
finite-difference methods for elliptic differential equations of the second order
whose coefficients are singular on a portion of the boundary; the uniform con-
vergence of the approximations and the existence of a solution of the Dirichlet
problem were proved for a class of such equations. The present work is an exten-
sion of those results to parabolic initial boundary-value problems. The class of
problems that we consider includes the cases of nonhomogeneous differential equa-
tions, of time-dependent coefficients, of time-dependent domains and of over-de-
termined Dirichlet problems.

Let @ be a bounded (open) domain in B* and let P = (x4, - - -, x,) denote an
element of G. Let L be a differential operator of the form
n 2 n
(1.1) Lu = Ea,sﬂ-l— Zb, 9u —cu.

r,s=1 axraxs r=1 ox r
The coefficients a,; = as, b, and ¢ are functions of P; we assume that they are
“smooth”* in the interior of G; but they may be singular, for instance be un-
bounded, as P approaches the boundary G of G. Moreover, we assume

n

(1.2) 21 ars(P)eEs 20, V(- -+, &) #0,VPEQG,

r,8=

(1.3) cP)=0, VP EG.
The work in [6] was devoted to the elliptic case:

n

(1.4) Zl ars(P)eEs >0, Vi, -+, 8} =0, VPEG.

T, 8=

In the present paper, we are primarily interested in the parabolic case:

am(P) =0, r=12---,n,
n—1

(15) Zl ars(P)grss >0 ) V{EI; tt En—l} #0 )

.(P) <0, VP EG.

In this case we shall write , = ¢ (time variable). However, for greater generality,
we will take, at first, the operator L in the form (1.1) and we will only assume
conditions (1.2) (1.3).

Let T'; and Tz be two complementary subsets of 0G; T'1 # &. Let f(P) be a

Received December 4, 1967.
* We need not specify now the degree of smoothness.
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bounded function defined on G and which is “smooth’’ in the interior of G; let
g(P) € C(@). We consider the differential equation

(1.6) Lu=f
and the boundary value problem

Lu(P) = f(P), PEG,
' u(P) €ECHH NCEUT) NB@G),
where B(G) denotes the space of all bounded functions on G.
We say that (1.7) is a problem of “Dirichlet type”’*. Of course, I'y cannot be
chosen arbitrarily if we want problem (1.7) to admit a unique solution; this choice
depends on the type of the operator and on the singularities of its coefficients near

the boundary. A simple example is the following:
Let G C R? be the triangle 0 < z < ¢ < 2 and let

Suppose f(P) &€ C3G) N B(G). Then, problem (1.7) has a unique solution pro-
vided we take:

Mi={P=(t);0st=2=<2}U{P=0(0,8;0=t<1}.

Problems of the type (1.7) have been studied by J. J. Kohn and L. Nirenberg
[7]; these authors give results concerning existence, unicity and regularity of the
solution; however, our hypotheses are different from theirs and, therefore, our
existence and unicity theorems are also different. Finite-difference schemes for
time-dependent problems with singular coefficients have been studied by D. Eisen
[4]; this author studies the relations between stability and convergence, in the
framework of the Lax-Richtmyer theory [11].

In Section 2 of the present paper, we recall the basic convergence and existence
argument which was used in [6]; it is based on the notion of ‘“‘discrete barrier”’; the
presentation is more general than in [6], which is necessary for the applications to
a wider class of problems. Our fundamental Theorem 2.1 reduces the questions of
convergence and existence to three independent questions which are studied in the
three following sections: uniform boundedness of the approximations, interior
equicontinuity and existence of local discrete barriers. Section 6 is devoted to
the problem of unicity. Finally, Section 7 is an account of numerical experiments.

I1. Finite-Difference Schemes and Discrete Barriers.

1. Generalities. Let h be a parameter (for instance an m-vector with positive
components) and let G(k) be for each & a finite set of points in G@ with the following
property: ,

(2.1) sup d(P, G(h)) >0 ash—0.**
PEG

* It is of no significance for this problem to know the values of f(P) on 9G or the values of
g(P) on G U I';.. But we will need those values for the discrete analogue of this problem; they can
be chosen arbitrarily.

** We denote by d(E, E’) the distance between two sets E and E’ in Rr,
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Let G(h) and G (h) be two complementary nonempty subsets of G(h). We assume
that '

(2.2) Max d(P,dG) —0 ash—0.*
PEIGMH) -

To each point P & G(h) we associate a set 9U(P) C G(h) — {P} which is called
the set of neighbor points of P in G(h) and which satisfies

(2.3) Max Max d(P,P’)—0 ash—0.
PEGMH) P'ENP)

We assume that, for A small, G(h) has the following “connectedness’” property:
VP & G(h), 3 a sequence of points Py, Py, - - -, P, such that

Py=P,
(2.4) Py, Py, -+, P, EGH),
P.€3G() ,

Pi+1€m(Pi); 1=0,1,---,(r—1).
Let v(P) be a function defined on G(h). At each point P &€ G(h), we define
2.5) Lw(P) = —AP, Po(P) + 2. AP, P)Ww(P').
P'ENP)

We assume that, for h small, the operator Ly is of positive type, i.e., for all P & G(h)
AP, P)>0; A@,P)>0, VP € w(P),

(2.6)
E(P) = A(P,P) — P,%(P) AP,P) 20.

Under such hypotheses, the following maximum principle hoids: let »(P) be any
function defined on G(k) and such that Lw(P) = 0, V P € G(h); then

Max »(P) < Max {0, Max v(P)}.

PEGM) €96 (h)
Now,.we introduce some notations and definitions which will be used later. Given
any subdomain @’ of G, we define
Gh ={PEGWNEY,
(2.7) , G’ ={PEGH) NG;(P) €C'},
aG'(h) = G'(h) — G'(h) .
Definition 2.1. Uniform consistency. Let @' C G. We say that Lj is a uniformly
consistent approximation to the operator L in G if, Vo & C*(G"),
Max |Ly¢(P) — Lé(P)| -0 ash—0.
PEG' ()

Definition 2.2. Discrete equicontinuity. Let @ C G and § = {v(P; h)} be a
family of mesh-functions defined on G(h) for each h. We say that the family & is
equicontinuous in G’ if, given any ¢ > 0, there exists a constant > 0 independent
of h such that |»(P; h) — v(P’; h)| < ¢, YP, P’ € G'(h) such that d(P, P") < 1.

Definition 2.3. Discrete uniform convergence. Let G’ C G. Let {o(P; h)} be a

* Tt is important to observe that we do not assume G(h) n 4G = .
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family of mesh-functions defined on G(h) for each h and let u(P) be a function
defined on G'. We say that »(P; k) converges uniformly to «(P) in G’ as b — 0 if
Max |v(P;h) — u(P)] >0 ash—0.
PEG (W)

Now, let us consider an infinite family {h} of parameters h, with zero as an ad-
herence point, and the corresponding family {Zs} of operators.

Definition 2.4. Discrete barrier. Let @ € 0G. A function B(P; Q) is a strong
(local) discrete barrier at the point @ relative to the family {L} if there exists a
neighborhood NV of the point @ in the relative topology of G such that

(2.82) B(P;Q) € C(N),

(2.8b) BQ;Q) =0,

(2.8¢) B(P;Q) <0, VP EN — {Q},

(2.8d) LiB(P;Q) — E(P) 21, VP & N(h) and Vh small enough.

Now we consider the following system of linear equations
Lw®P) = fP), P€Gh),
v(P) =¢(P), PEoGH).

It follows from our hypotheses that, for & small enough, this system has a unique
solution »(P; h); this is a direct consequence of the maximum principle.

TuEOREM 2.1. Let § = {v(P; h)} be the family of the solutions of (2.9) for all h
small enough. Let us assume

(i) There exists a function (P) € C(G) such that Ly¢(P) = 1, VP € G(h) and
Jor all h. ;

(i) For any G’ CC G T and for any sequence {v(P; hn); hn — 0} C &, there exists
a subsequence which converges uniformly in G’ to a solution of Eq. (1.6).

(iil) At each point @ & Ty, there exists a strong (local) discrete barrier relative to
the family {L}.

Then, problem (1.7) has at least one solution w(P). Moreover, if this solution is
unique, v(P; h) converges to u(P) as h — 0, uniformly in G — N(T';) where N(T'z)
s an arbitrary neighborhood of Ts.

Proof. The proof of this theorem is a modification of the proof of Theorem 2.3
in [6]. We shall concentrate mostly on those modifications and refer the reader to
[6] for more details.

We observe that assumption (i) implies the uniform boundedness in @ of the
family {v(P; h)}; this follows from the maximum principle and from the bounded-
ness of f(P); we denote by M a uniform bound for |v(P; h)|. Let @ &€ T and let
B(P; Q) be a strong discrete barrier at Q; let N be a neighborhood of  for which
conditions (2.8) are satisfied; we can write N = N, (\ G where N, is a neighbor-
hood of @ in R* Let Ny CC N, be also a neighborhood of @ in R* and let
N’ = N¢ N G. It follows from assumption (2.3) and definition (2.7) (applied to
the subdomain N) that, for A small enough:

(2.10) ON(h) C 9G(h) U (N — N') .

(2.9)

t @ CC G is an abreviation for @ C @' C G. We say that G’ is an “interior”’ subset of G.



NUMERICAL METHODS AND EXISTENCE THEOREMS 725

Let M’ = Suppey |f(P)|; let € > 0 be arbitrary and let us consider the two func-
tions
211) F(P) = 9@ — ¢+ 1B(P; Q)
GP) =g(@Q) +e¢—2B(P;Q),
where 7 is so large that
n > Max {M', |g(@)} ,

(2.12) F(P) =¢9(P) =G/P), VYPEN,

FP)= —M <M = GP), VPEN - N'.
It is easy to check that, for i small enough:

Li/F(P) =z Lw(P;h) =2 LiGP), VPENM),
F(P) = v(P;h) = G(P), VP € oN(h) .

Therefore, using the maximum principle, we get
F(P) =v(P;h) =GP, VP EN(®) .

The rest of the argument is the same as in [6].

Remark. Theorem 2.1 holds, more generally, for all monotone finite-difference
operators such that E(P) = 0, VP € G(h).

2. The parabolic case. In the following sections we will restrict our attention to
the parabolic case (1.5); moreover we will assume a,, = 0if r # s. We assume that
the coeflicients of the equation and the function f(P) are in C*(®). All of what
follows is valid for any n, but, to avoid complications in the notations, we will
assume n = 3 and we will write: z1 = z, 2 = y, 3 = t and

o'u
oz’
where a(P), o' (P), d(P) > 0 and ¢(P) = 0forall P € G.

Let h be a positive number and let us consider the square net

ou U O o
Fhgg T LY G e

(2.13) Lu =a o1’

R(h) = {P = (¢h, jh, kh); 1, j, k integers } .*

To any point P = (¢h, jh, kh) & R(h) we associate a set 91o(P), which consists of
the five points

(@ = Dh,jh, kh) , (b, (j == Dk, kh), (G, jh, (b — D) .

Let 914(P) be the set of the five segments joining the point P to each of the points
of 9Mo(P). We define

Gh) =GN RM),
Go(h) = {P € G(h); To(P) C G},
Ti(h) = {P EG(h) — Go(h);d(P, T1) < h}.

* For greater simplicity we consider a square net instead of a rectangular mesh; of course,
this is not essential.
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We choose I'(h) and G(h) arbitrarily provided T'i(h) C T'(h) and Go(h) C G(h).
Now, we must define the set 91(P) and the operator L; at each point P € G(h).
We do this in the following way: at each point P € G(h) — Go(h) we define 91(P)
arbitrarily provided 91(P) N Go(h) # ¢, and at each point P & Go(h) we take
N(P) = Mo(P); this choice guarantees the ‘“‘connectedness” of G(k) for h small.
At each point P € G(h) — Go(h) we define L; arbitrarily provided conditions (2.6)
are satisfied at that point. At each point P & Gy(h) the choice of L; depends on
the operator L; let v,, vz, v,, - - - denote the usual forward and backward difference
quotients of the function v; we define

(2.14) Lw(P) = avsz + 8= Ya + LI vy + B2 Yy T Yy + Y _ Y — g,

where the coefficients «, 8, - - -, § are functions of P and h, and are related to the
coeflicients of the operator L; here are two possible choices for those coefficients:
First choice.

a(P;h) = a(P),

6(P;h) =d(P).
Second choice. For each P = (2, y, t) € Go(h), let

z+h/2
ar(P;h) = exp/ ﬁ_ri__

alz, v, Tk
z—h/2
w(P;h) = expf Z%’Z t g dz,
'p. V2 Y (1, 2, t)
a'( h)—-exp o (@, 2 1) %
, y—h/2 M
a ! (P; h)—exp/ a(x,z,t)d’
and
a(P;h) = a(P) oy (P;h) ‘g a_(P; h) ’
8(P; k) = a(p) il = a(Bih),
(2.16)

aI(P;h) = o/ (P) 0‘+,(P;h) 'g a'(P; h) ,

y@m=ﬂmwmm;w@w’

v(P;h) =c(P),
8(P;h) = d(P) .
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Of course, the choice (2.15) is more natural; it is also easier, except in particular
cases for which the integrals above admit simple analytic representations. How-
ever, this choice is not always suitable, because we want the operator L, to be of
positive type for h small; this condition is not always satisfied for the operator
corresponding to the choice (2.15): it depends on the behavior of the coefficients
of the operator L near the boundary. On the contrary, the operator corresponding
to the choice (2.16) is always of positive type; to see this, we observe that at each
point P & Go(h) this operator can be written in the form

_ _ by
(2.17) Lw®P) =a %ilz A als | %t 3 ey ,

where all the coefficients a, oy, a—, - - -, § are nonnegative.

We will need also the two following properties of the operator L;, which are
satisfied for both choices (2.15) and (2.16): ‘

(A) The operator L; is a uniformly consistent approximation to L in any in-
terior subdomain ¢ C C @. This follows from the relations

a(P;h) = a(P) +0(1),

(2.18) B(P;h) = b(P) 4+ 0(1),

8(P;h) = d(P) +0(1),

which hold uniformly in @’ for kA small.*

(B) Given any interior subdomain &' CC @ and any positive integer p, all
the difference quotients of order p of the coefficients «, 8, - - -, § are uniformly
bounded for all P & G'(h) and for all  sufficiently small.

III. Uniform Boundedness in the Nonhomogeneous Case. In order to apply
Theorem 2.1 to inhomogeneous problems, it is necessary to study the existence of a
function ¢(P) which satisfies condition (i). The existence of such a function guaran-
tees the uniform boundedness of the approximations »(P; h). We give here a few
simple criterions for the existence of ¢(P).

Let L be the operator (2.13). Let G(h) = Go(h) and let L, be defined by formula
(2.14) together with (2.15) or (2.16).

1. First sufficient condition. Suppose ¢(P) > m > 0 in G, then there exists a
function ¢(P) which satisfies condition (i) of Theorem 2.1.

Proof. Take ¢(P) = —1/m.

2. Second sufficient condition. Suppose d(P) > m > 0 in G. Same conclusion.

Proof. Take ¢(P) = — (K + t/m) where K > 0 is chosen so large that ¢(P) < 0
in G.

3. Third sufficient condition. Suppose a(P) > m > 0 and |[b(P)] < M in G.
Same conclusion.

Proof. Take ¢(P) = Klexp(px) — K'], with p > M/m and K, K’ sufficiently
large.

* Tt is interesting to note that conditions (2.18) are also necessary for the uniform consistency
of the operator L; to the operator L in G”.
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IV. Interior Estimates. Let L be a finite-difference operator of positive type
which has the form (2.14) for all P & Go(h) and which satisfies properties (A)
and (B) (see the end of Section II). Let § = {v(P; h)} be a family of mesh-fune-
tions defined on G(h) for each h and such that Lyp(P; h) = f(P), VP & Goh).
Let §® be the family of all difference quotients of order p of the functions of &.
Let G’ be an arbitrary interior subdomain of G.

TuroreM 4.1. If the family F is uniformly bounded in G, then it is equicontinuous
i @'. Moreover, each family F® is equicontinuous in G'.

This theorem is an extension to parabolic problems of a well-known theorem
for elliptic problems, which is due to Courant, Friedrichs and Lewy [1]. These
authors proved this theorem in the particular case of the Laplacian operator in
two dimensions; more general proofs were given later by W. V. Koppenfels [8] for
general elliptic operators in two dimensions and by C. Cryer [3] for elliptic op-
erators in B*. Those proofs are based on a discrete analogue of Sobolev’s imbedding
theorem (see [12]) which was first discovered by Courant, Friedrichs and Lewy in
the case n = 2:1let @’ CC @ and let p > n/2 be an integer; assume that the sums
Bn > gy wA(P; h) are uniformly bounded for all w(P; k) which are difference
quotients of order =<u of the functions of &; then the family & is equicontinuous
in any subdomain G CC @'

This theorem shows that we have only to prove the uniform boundedness of
the sums h* D g gy w*(P; h). This proof is based on the discrete analogue of Green’s
formula (see Cryer [2]). To avoid complications, we will develop the argument only
in the case n = 2, i.e., we consider only two independent variables z and ¢; it is
clear that this argument which is only a modification of the argument used by
Courant, Friedrichs and Lewy in the elliptic case, can be extended to R" in the
same way as in the elliptic case.

Let h be so small that G'(h) C Go(h). Then, at each point P & G'(h), we have

(4.1) Lw = avez + Bs + v3)/2 — yo — dvr = f,

where the coefficients «, 8, v and § satisfy conditions (2.18) and v = 0. We shall
assume 6 = 1, which is not a restriction. For A small enough, we have
0<m<alP;h) <M,

BP; W), ly(P; )], 1 Ps R < M,

for all P &€ G'(h) and for some suitable constants m and M. We will assume that
M is also an upper bound for F and for any of the difference quotients of «, 8, ¥ and
f which will be used in the proof. It will be convenient to write Ly = L — v3
where L) denotes the space-operator

LYy = ow.z 4 Bve + v2)/2 — ..

Let h be fixed (sufficiently small so that the preceding conditions are satisfied);
following Courant, Friedrichs and Lewy, we consider an expanding sequence of
concentric rectangles in G'(h), say {Qo, @1, - - -, @i, -+ -, @n}, such that

Q= {P = (2,1) = (th,jh) EG'(); S T S 0,5k =J S Ji'},

(4.2)

=G —1, tpa=u+1, =0 —1, =4 +1.
We deﬁne Sk=Qk—Qk_1 and Rk= {P= (ih,jh)ESk;i='ikorik’}.
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First we prove the following lemma:

Lemma 4.1. For every function w(P) defined on G(h), the following inequality
holds

(m =53 5 % 0 527 5wl
4.3) + (gk) o’ — sz_l awz) + M(l + %)if ZQkZ w’
+ h(%l n 1)(§w2 + X w2>,

Sg—1
where «k s any positive number and 1 = k = N.

Proof. We will make the following convention: for any function w(P) defined
on G(h), we denote

w = wi; = w(ih, jh)
Wir1 = Wiy1,; = ’w((’t + l)h; ]h) ’
Wip1 = W4, 541 = w(th, (j + Dh, - --),

i.e., we drop the first index each time it has the value 7 and the second one each
time it has the value 7.
Using those notations, we define

A(w) = agw? + aww, + (w/2)(Bw). — (8/2)ww, + yw?,
A(w) = aiw + azwws + (Ww/2)(Bw)z — (B/2)wwz + yw? .

Let jo = j = jo'. An elementary manipulation based on summation by parts gives

a Z Aw) +A(w) = -2’ E wlyw

+ [aﬁwil - aiow?o + (1/2)(Biy + Biwiwi]
+ [a‘llwfl, - aio'wgo' — (B/2) Bir + Bir)wiywiy’]

. !
10
2 0 2 2
< =287 20 wh'w + (aqwi, — aiqwih,)

1=1g
+ (ail'wﬁ'l' - aio'wzio,)

+ R(M/2) (why + wh + why + wh)

Summing from j = jotoj = 7o/, we get
R AW +Aw) S —20" 3 3 wh'w
Qo Qo
(44) +(Zaw2— Zaw2>+h%<}'_‘,w2+ Zw2>.
R1 Ro Ry Ro
Now, let 7o = 7 < 7). By summation by parts with respect to j, we get

jo’ jo’
45) B Y (wd+wd) = 20" Y wwe+ Wh + wh — w} — wh) .

J=Ju J=jo
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Using the identity
hwsi = we — wi; = (Wy + wi) — 2w, ,
we deduce, for 7o < 7 < 7

Jjo Jo
h* 20 wwe = (wjgw;, — wiw;) — 2k D, wws
=70 =710

1 jo'
= — ? (wg'o + w2]'1 + w?'o' + w?jl’) — 2h Z ww, .

J'=jo

Taking this inequality into (4.5), we get

jo’ . o’
B Y (w4 w) < 4h Z wws + 2w, + i) .

J=j J=Jjo

Summing from ¢ = 4y to ¢ = 71, we get
B2 D (we+wi) S4h Y D owwi+2 D wt.
@ @ S1

Multiplying this inequality by /2 and adding (4.4), we get
5 E 40+ A + L w40 ]
< — 21 ZQOZ w(Ln'w — we) + (;1 aw’ — %J«xﬁ)
+h%(2w2+ Zw"’)+h ij2

Ry Ry

Hence

b’ ZQZ (A w) + A(w)) < 24 ZQOZ lwl| Liw|

+ <}I; aw” — RE aw2> + h(M/2 + 1)(%2 w' + w2).

Sy

(4.6)

The next step of the proof is to estimate h2 > D o, (w2 + w:) in terms of
2 353 0, (Aw) + A(w)). We have

4.7 B’ ZQOZ (Aw) +Aw)) =B+ C+D+E,
where

B =1 ZQOZ (eiprws” + aiqws?) |

C=n ZQOZ w (W, + azws) ,

D=7 2, 2 w((Bw). — fu. + (Bw)z — Bu:)

X
= E Z:QZ w(Wiy1B8: + wi1Bz) ,
E=2"Y > vw' =0.
Qo
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Using (4.2) we deduce
B = mh’® Z Z (wx2 + w?v?) y
Qo
€1 = Mr* 2 3% (fwllwa + wllws)

<My DIPIEUES M e 2, 2w 4w
for any positive number
ID| < MK ZQIZ w’.
Using those estimates we deduce from (4.7)
(m — «M/2)R’ ZQ?: (w,” + ws’)

<h ; 20 (Aw) +A@w)) + M + 1/x)h* ZQ]Z w” .

Lemma 3.1 follows directly from (4.6) and (4.8) and the obvious fact that the pre-
ceding argument is valid for any & and not only for &k = 1.
We will need also the following:

Lemuma 4.2. Let @' CC G’ be an arbitrary interior subdomain of . Suppose
that w(P) satisfies for any rectangle Q. C G'(h) an inequality of the form

B0 30w + ws) < MO(Z ow' — X ¢.w2>

(49) Qr—1 R Rj_q
+M1h(2w2+ Zw2>+Mzh2ZZw2—[-M3,
Sk Sp—1 Qk

where Mo, M1, M2, M3 are positive constants and where ¢(P) is a positive bounded
function defined on G'(h).

Then, we have an estimate of the form

(4.10) B2 2w <KX S wt+ K,

Q@ (k) a (b
where the constants K and K' depend only on the constants Mo, M1, M, M3, on the
bound of the function ¢(P) and on the domains G and Q.

Proof. The proof of this lemma is essentially contained in Courant, Friedrichs
and Lewy [1]. It is based on a double summation of inequality (4.3).

Proof of Theorem 4.1. Now that we have Lemmas 4.1 and 4.2, we are able to
prove the theorem (in the case n = 2). First, we observe that, in the case n = 2,
the discrete analogue of Sobolev’s imbedding theorem is true if we assume only
the boundedness of the sums h* D> iy v, h2 D D ey 0 and b2 3. D gy 0%
(see Courant, Friedrichs and Lewy [1]).

We will study separately each of these sums.

(a) Boundedness of h* 3D ey va* Since [o(P; h)| < M and |Lpw(P; k)| =
If(P)| < M, VP & G'(h), it follows from Lemma 4.1 that the function w = »
satisfies an inequality of the form (4.9). Applying Lemma 4.2, we deduce that the
sums B D> ¢ @ v, are uniformly bounded, where G/ , just as @, is an arbitrary
interior subdomain of G.

4.8)
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(b) Boundedness of k2 DY e ay v Let w = v,. We deduce from (4.1)
Lyw = fo — a;ws — B((w + wiy1)/2) + YaVit1 -

Therefore
K? Za(; ||| Lsw| < MA* ZGZ(; [lwl + wllws| + $lw|® + $w|lwin| 4 M].
Applying the inequalities

lw| £ 31 + v,
|w||ws] £ w?/2 + kw,>/2,
[wllwia| £ w*/2 + wina/2,
and using the previous result on the boundedness of k2 > > ¢ &) w?, we deduce

5 Za,gj lwl|Liw| < (k) + x(M*/2)h Z(}:,U; |wa|*

where () is some positive constant depending on M and «. Choose « such that
m — k(M/2 + M?) > 0 and set this estimate into (4.3). We get an inequality
of the form (4.9) and therefore we can apply Lemma 4.2 which shows that the
sums A% D, >y 03 OT B2 D D ¢y v2 are uniformly bounded for any ¢’ CC G-
But, (4.1) yields

[vil < Mvaz| + M(|oo| + |va])/2 + Mo + M .

Therefore, the boundedness of the sums h? ZZG' @ Vs and h? ZEG/ &) Vi im-
plies the boundedness of the sums h2 3> @y 052 (o1 22 D D gy 08)
(¢) Boundedness of h* > > ¢+ @y vz1. Let w = v,. We deduce from (4. 1)

Lyw = fi — aws — Bi(vs + vz)/2 — vw
= fi — (as/a)(f — Bz + v3)/2 + v + v3) — Be(vs + v2)/2 — v .

Hence
[Lnw] < M1+ M/m)(1 + [o] + (|va| + [va])/2) + (M/m)]ve] .

Taking this inequality into (4.3) and applying the previous results on the bounded-
ness of the sums A2 >, > .2 and A2 D> v we deduce, as before, an inequality
of the form (4.9) which by application of Lemma 4.2 ends the proof of (¢) and of
the interior continuity of the family §. The interior equicontinuity of the families
F® is proved in the same way, after differencing the finite-difference equation
(4.1) p times.

CoroLLARY 4.1. Same hypotheses as in Theorem 4.1. Then, any sequence
{o(P; hn); ha — 0} C § admits a subsequence which converges uniformly in G' to
solution of the differential equation (1.6).

Proof. For h small enough, @ is covered by cubic cells of the mesh; by linear
interpolation in those cells, we can extend the mesh-functions into continuous
functions defined on G’. Thus, an equicontinuous family of mesh-functions is ex-
tended into an equicontinuous family of functions defined on all of G’. The theorem
follows by application of Ascoli’s theorem to the families §, F© and @ and be-
cause of our consistency assumption (2.18).
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Remark. We have assumed that the coefficients of the differential equation are
in C=(G). Indeed we do not need so much smoothness. The degree of smoothness
which is needed in Corollary 4.1 depends on n. In particular, in the case n = 2,
our proof of Theorem 4.1 shows that the family ¥ is equicontinuous in any interior
subdomain of @ if we assume only Lipschitz-continuity of the coefficients and of
the function f(P) in any interior subdomain of @; for the equicontinuity of the
families §© and §® we need the assumption that the coefficients and the function
f(P) admit Lipschitz-continuous derivatives of order 2 in any interior subdomain
of @; if we do not assume so much, then we can only prove that the limit function
is a weak solution of the differential equation (1.6); to prove this we use the fact
that the operator L, is a weakly consistent (see [6]) approximation to the operator
L in any interior subdomain of G. Very general results concerning weak solutions |
of coercive parabolic problems and their numerical computation can be found in
Raviart [10].

V. Existence of Discrete Barriers. Let L and L, be the operators defined by
(2.13) and (2.14). Throughout this section we consider a point @ = (xo, Yo, fo) On
T'; and we study various types of local conditions on G and on L, which guarantee
the existence of a strong discrete barrier at Q. We assume that there exists a neigh-
borhood N of @ such that G(h) N N C Go(h) for h small enough.*

(1) First sufficient condition. Assume that the coefficients of the operator L are
uniformly continuous and that L, is a uniformly consistent approximation to L
in a neighborhood of Q.**

Assume a(Q) > 0*** and that there exists a nondegenerate sphere through @
whose intersection with G is the single point @ and whose center is not in the plane
x = xo. Then, there exists a strong discrete barrier at Q.

Proof. Let us take the origin at the center of the sphere and let

s=22+9y 4+ 2, so = 8(Q) = a + yo* + .
Let k and p be positive constants and B(P; Q) = k(s — s¢?). This function
obviously satisfies condition (2.8a, b, ¢). Moreover, we have
LB(P; Q) = 2kps—»2(p 4+ 1)(az® + a'y?) — s(a + bx + o’ + by — df)]
— ¢B(P; Q) .
In a certain ﬁeighborhood N of @ we have a(P) > 3a(Q) > 0, z® > 3z and
therefore
LB(P; Q) > 2kps—™3(p + Da(@)xs* — s(a + bxr + o’ + b'y — di)].

It follows that LB(P; Q) can be made arbitrarily large in N provided we choose
k and p big enough. In particular we can choose & and p such that

LiB(P; Q) — E(P) = LyB(P; Q) — v(P; h)
= LB(P;Q) —c¢(P) +0(1) >1in N, for h small enough.
* For instance, this condition holds if N n T, = J or if we choose G(k) = Go(h).
** Observe that this condition is satisfied for the 2 operators L; corresponding to formulas

(2.15) and (2.16).
*** The values of the coefficients at @ are defined by continuity.
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Thus, B(P; Q) is a strong discrete barrier at @.

Remark. Of course, we get a similar condition by permutation of z and y.

(2) Second sufficient condition. Assume that the coefficients of the operator L
are uniformly continuous and that I, is a uniformly consistent approximation to
L in a neighborhood N of Q. Assume d(Q) > 0 and that there exists a nondegen-
erate sphere through @ with radius B > (a(Q) + ¢'(Q))/d(Q), whose intersection
with G M N is the single point Q and whose center lies on the half-line x = o,
Yy = yo, t < to. Then, there exists a strong discrete barrier at Q.

Proof. Let B(P; Q) be defined as before. Then

LB(P; Q) > 2kps—>[dt — (a + bx + o’ + b'y)].

Since the square bracket tends to Rd(Q) — a(@) — a’(Q) > 0 as P — @, we see
that LB(P; Q) can be made arbitrarily large in a neighborhood of @ provided we
choose k and p large enough. It follows as before that B(P; @) is a strong discrete
barrier at Q.

Remark. The condition on the radius R of the sphere is perhaps unnecessary;
however, it is related to the results of Kohn and Nirenberg [7] who emphasized
the influence of the radius of curvature at a “characteristic’’ point of the boundary,
on the smoothness of the solution.

(8) Third sufficient condition. Assume that there exists a neighborhood N of @
such that G@ N N lies in the half-space ¢ > t,. Assume that the coefficients of the
operator L are bounded, except d(P) which may be unbounded, d(P) > k(¢ — to)°,
¢ < 1, k > 0. Let L be the operator corresponding to formulas (2.15) or to formu-
las (2.16). Then, there exists a strong discrete barrier at Q. '

Proof. Let us take the origin at @.

Case 1. Suppose 0 < ¢ < 1. Let B(P; Q) = —a? — 4> — K¢+, K > 0. Then

DL Al el O N )
LiB(P; Q) = —2(a+ Bz + o + B'y) + Kd A —vB(P; Q) .
But
1—0 1—0o
ki == 7 ki — o) > Kk — o) .

h

It follows that condition (2.8d) is satisfied if we choose K large enough. Then,
B(P; Q) is a strong discrete barrier at Q.

Case 2. Suppose ¢ < 0. Let B(P; Q) = —a® — 3> — Kt, K > 0. Then, for K
large enough, B(P; Q) is a strong discrete barrier at @ (straightforward).

(4) Fourth sufficient condition. Suppose that there exists a neighborhood N of
Q such that @ N N is a cylinder parallel to the ¢-axis. Let us write L = Lo — d(3/0t);
Ly is an elliptic space-operator whose coefficients may depend on ¢. Define L’ in
the same way as LY, i.e., Liw = L% — v3.

Suppose that there exists a function Bo(P; ) which does not depend on ¢ and
which is a strong discrete barrier for the family of space-operators L’ for any ¢
such that |&. — {| < 7, where r > 0 is a constant (independent of &). Suppose (P)
is bounded. Then, there exists a strong discrete barrier at @ for the family of
operators L. '

Proof. Bo(P; Q) satisfies the conditions
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Bo(P; Q) = Bo(z,y;Q) €ECG@NN),

Bo(zo, y0;Q) = 0,

Bo(z,y;Q) <0, V() # (0,0,

LBy(P;Q) — E(P) = 1, VP EN (ﬁ) and VA small enough .

Let B(P; Q) = KBo(P; Q) — (t — 1)?, K > 1.

This function satisfies conditions (2.8); therefore it is a strong discrete barrier
at @ for the family of operators Lj.

(5) Applications. By means of the fourth sufficient condition, all the results of
[5] and [6] for elliptic operators L° are directly extended to the corresponding
parabolic operators L = L° — d(d/dt).

Ezxample 1. Let ¢(x) be a convex function defined for all real z and such that
[ (@) — $(@s)|/|z1 — 2| < M for all z; and x; # x1, where M is a positive con-
stant. Let @ be the curve ¥ = y — y(z) = 0 in the plane t = 0. Let Gobea
bounded simply-connected plane domain whose boundary consists of a portion of
€ and of a smooth curve which lies entirely in the region ¥ > 0. Let G =
Go X (0, T) be a cylinder and Ge = G N {P = (z, 9, 1); Y > €}. Let T2 =
{P= (2,9, T) € G} and T, = 8G — Ts. Let

S R IV I
1) _6x2+ay2+b6x+b6y—6t’

where

bP), VP ECG)INC(@), Ve>0,
(5.2) [b*(P) + b¥(P)? <k/Y + K, VPEQG,
0<Fk<min{l,2/M}, K>O0.

Let L, be the operator defined by formulas (2.14) and (2.15). Cond.ltlons (5.2)
imply that this operator is of positive type. Let v(P; k) be the solution of (2.9).

THEOREM 5.1. Under the above hypotheses, problem (1.7) has a unique solution
u(P) and v(P; h) converges uniformly to u(P) in G as h — 0.

Proof. Let @ = (zo, Yo, to) & 0G be such that (xo, yo) € € and let
Bo(P; Q) = —(& — zo)? — Y¥ where k < k' < 1. The function Bo(P; @) has
the properties required for the application of our fourth sufficient condition (see
[5, p. 121]). The existence of a discrete barrier at the other points of I'y follows
from our first and second sufficient conditions. The existence of a function ¢(P)
satisfying condition (i) of Theorem 2.1 follows from our second sufficient condition
in Section III. Unicity follows from the maximum principle for parabolic operators
(see Lemma 6.1). So, we can apply Theorem 2.1.

Particular cases. @ is the z-axis and

(53) =L+ & T <L,
oz’ y oy 4t

or -
9’ 9’ c 4 9

(5.4) L=—+4+"—+4— = o] <1.

o’ ey | y 9z at’
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CoROLLARY 5.1. Let Go be a “regular’* convex plane domain in the plane t = 0 .
and let G = Gy X (0, T). Let Ty = {P = (z,y, T) € G} and Ty = G — T..
Let L be the operator (5.1) where

o), V(P eC=(a),
(5.5) [*(P) + b*(P)'® < k/d(P,0G) + K, VP EG,
0<k<1/42, K>0.

Let Ly, be the operator defined by (2.14) and (2.15) and let v(P; h) be the solution of
(2.9). Then, problem (1.7) has a unique solution u(P) and v(P; h) converges uni-
formly to w(P) in G as h — 0.

Proof. Same as for Theorem 5.1.

Ezxample 2. Let ¢ be the same domain as in the particular cases above. Let

© (5.6) ‘ L—yi+~+———2 lo] <1
y 9y aot’ !
or
5.7 =‘1—’Q_+n_2+—“——i, o] < 1.
Y ox y 0y ot

And let L; be either of the operators defined by formulas (2.14) and (2.15) or by
formulas (2.14) and (2.16). Then, the conclusion of Theorem 5.1 holds.

This is a direct consequence of our fourth sufficient condition and of the results
of [6, Theorems 4.1-4.4].

Remark. The preceding conditions for the existence of discrete barriers are only
examples; we can imagine many other conditions; it seems impossible to gather all
these conditions in a unique general condition.

VI. Unicity. Again G is a domain in B? and L is the operator (2.13). We denote
by I' the set of all points @ = (zo, Yo, ty) € G which admit a neighborhood N
such that G M N lies in the plane ¢ = ¢, and G M N lies in the half-space ¢ < {;
T"is called the set of “final” points of G.

LeMMma 6.1. Suppose Ts C T, Then problem (1.7) has at most one solulion.

Proof. By the maximum principle. -

We deduce at once the following

CoroLLARY 6.1. A necessary condition for the existence of a solution of problem
(1.7) for arbitrary g(P) € C(@) is TV C T..

From now on we will assume IV C Ty and we define T = Ty — I'. The fol-
lowing lemma is a generalization of an idea which has been used by S. V. Parter
[9, §4] for generalized axially symmetric potentials.

LemMA 6.2. Suppose T' s closed and suppose that there exists a mneighborhood
N of T and a function U(P) such that

U € C*Go) N CGy — T where Go =GN N,
(6.1) LUP) =0, PeEGo,
UP)—+wasP—Q, VQ&eT', PEG —T1".

*By “regular’”’ we mean that in the neighborhood of any point @y € 9Gs, 9G, admits a
representation of the form y = ¢(z) or of the form z = y(y) where ¢ and ¢ are convex functions.
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Then, problem (1.7) has at most one solution.

Proof. We can, of course, suppose U(P) > 0 since it is always possible to make
it so by addition of a sufficiently large positive constant. Let z(P) be a solution of
the homogeneous problem associated to (1.7), i.e.

. Lz(P) =0, rPea@,
2 € CHG) N C@G U T) NBG) .

Let Cy = Suppeg—¢, 2(P) and suppose Co > 0. Let dGo be the boundary of Gl.
It follows from the maximum principle that there exists Py & dGo (\ G such that
2(Py) = Co. Let C1 = Suppeg, 2(P). Let N’ be an arbitrary neighborhood of I’
such that N’ C N and let C; = Sup peg,—n’ U(P).

Let a be a positive number and U, = Co + aU. For any a > 0, there exists a
neighborhood of I/, N’ C N’ such that U,(P) > C1in N” N G. Let Gy = Gy — N
and let dG; be the boundary of Gi. It follows from the definitions of Cy and C:
that 2(P) £ U.(P) on 6G1 — I'. Therefore, by the maximum principle 2(P) =
U.(P) in Gi1. In particular, by definition of C; 2(P) = U.(P) = Cy + aC: in
Go— N'.

Since « is arbitrary, we deduce 2(P) < Cpin Gy — N’ and since N’ is arbitrary,
2(P) £ Cyin Gy. Herlee, by definition of Cy 2(P) = Coin G.

But at Py € G, we have z(Py) = C,. Therefore, by the maximum principle
2(P) = Cy > 01in @G. This is a contradiction of (6.2) since 2(P) = 0 on I'i. There-
fore, we must have Cy < 0, which implies 2(P) < 0in @, since N can be arbitrarily
small. We deduce the reverse inequality in the same way and finally 2(P) = 0,
which ends the proof of the lemma.

TurorEM 6.1. Let G4, G, - -+, Gy, - -+, G, be a finite partition of G into sub-
domains of the form G, = G (N I, where I, is a slab t, < t < t,y1. Let T,” be the
closure of T M I, and suppose that for each r there exists a neighborhood N, of T,
and a function U,.(P) such that

U, €GO NCEL—T,)  whereG =G, NN,,
(6.3) LU(P)=0, PeqG,
UP)—>+wasP—Q, VQ&T.), P&G'-T/.

Then, problem (1.7) has at most one solution.

Proof. Apply Lemmas 6.1 and 6.2.

Now, we give an example of application of Theorem 6.1.

THEOREM 6.2. Suppose G lies in the half-space x > 0 and let L be the operator
(2.13). Let I be a slab t1 < t < ty and assume that there exists a constant K = 0 such
that b(P)/a(P) > 1/x — K forall P = (x,y,t) € G N I, x small enough.

Let T =G NI N {P = (0, t)}. Then, problem (1.7) has at most one
solution.

Proof. Let U(P) = —Kzx — Log z. We have

LUP) = a(P)/2> — b(P)(K + 1/x)
< a(P)[1/2* — (1/z — K)(K + 1/2)]
= —K%P) =20 in G N I and for x small enough .
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Therefore, the assumptions of Theorem 6.1 are satisfied.

Examples.

or

2 2
LuEQﬂ+§.i;+£(L)aﬁ_a_“
Lu=&‘+‘?_2_u+[x-f(t)]a_u_iu

et oy dxz ¢

with ¢(f) = 1forty < ¢ < ta.

The following theorem is closely related to Theorem 6.1. It can be proved in

the same way.

TraEOREM 6.3. Suppose G lies in the half-space t > 0 and let Ty be the portion of
the boundary G which lies in the plane t = 0. Let L be the operator (2.13) and let
" = Ty Assume that there exists a neighborhood N of T and a function U(P) such

that

Uec(@® NC@E — Ty,
LUP) =0,

Pc@,

where G* = G N,

UP)—>+wasP—Q, V@ € Ty, PcG —T,.
Then, problem (1.7) has at most one solution.
Example. See Section 7, Example 2.
TaBLE I
N =1/h v1i(P, h) v2(P, h) v3(P, h) va(P, h)
4 0.3245 0.3302 0.3231 0.3270
8 260 305 275 279
16 274 307 295 288
32 285 309 304 294
64 292 310 308 299
128 297 310 309 302
256 300 310 310 304
512 303 311 310 306
u(P) 0.3311

VII. Numerical Experiments. A
(1) First example. First, we study the example given in the introduction. @ is
the triangle 0 < z <t < 2 and

{P=(2,8);0st=2=2}U{P=(0,¢);0=t<1}.

I'y =

We consider the problem

(7.1)

u=0 onTy,

uECHH) NCGEUTY) NB@G) .
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The uniqueness of the solution follows from Theorem 6.2. To compute this solu-
tion (and prove its existence) we will consider four different schemes. Let A = 1/N,
" N integer; we define

R(k) = {P = (¢h, jh); 1, j integers} ,

Gh) = GNRM),

Tik) = T1 N RG),

Ia(h) = T N R(E)  where I = {P = (0,1); L=t < 2},
Go(h) = (P = (x,1);0 <z <t =2} N RM).

Thus, G(k) = Go(h) U T1(h) U Ta(k) .

04

034

02

LN
e £:127/128

TaBLE 11

£=129/128

|

————
-

e

Hid
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At each point P & Go(h) we define
Lw(P) = vz + (t/7) e +'v§)/2 — v3.
Scheme 1. We take G(h) = Go(h), 0G(h) = T1(h) U T'a(h), g(P) = 0on T's(h).
Then, the discrete analogue of problem (7.1) is .
(7"2) Lp(P) = -1, PE Gk,
v(P) =0, P&TIih) U Th).
Scheme 2. We take G(h) = Go(h) U Ta(h), dG(h) = Ti(h), Lw(P) = v,
if P € T4(h), f(P) = 0 on T's(h). Then, the discrete analogue of problem (7.1) is
L}J)(P) = —1 y P € GO(h) )
(7.3) W(P)=0, PeIib),
v(P) =0, P & Ta(h) .

Scheme 3. Same as Scheme 2, except that we take f(P) = 1 on I'z(h). Then, we
have

L}J)(P) = —1 ) P E Go(h) )
(7.4) WP) =0, PeETM,
v;(P) =1 ) P e I‘z(h) .

Scheme 4. We take G(h) = Go(h) U Tao(h), 0G(H) = Ti(h), LwP) =
vi; — 200;if P = (0, jh) € Te(h), f(P) = 0 on T's(h). Then, we have

LpP) = -1, P & Go(h),
(7.5) o(P)=0, PeETM®,
Vij — 27)0,' =0 y P = (O, ]h) & I‘z(h) .

The four schemes are of positive type. The function ¢(P) = x — t — 1 satisfies
condition (i) of Theorem 2.1; the existence of discrete barriers at the points of I'y
follows from the first and fourth conditions of Section V. Therefore, we can apply
Theorem 2.1. The four schemes (7.2), (7.3), (7.4) and (7.5) converge to the unique
solution of problem (7.1), uniformly in any G, = G — {P = (z,8);t > 1 — ¢
0 <z <el®

Table I shows the convergence at the point P(1, 2) of the functions v,(P; h),
s = 1, 2, 3, 4, corresponding to each of the foregoing schemes.**

It appears that Scheme 2 is the best; this is related to the observed fact that
the solution u(P) satisfies du/dx = 0 on I'. A closer examination of the results
shows that the convergence of this scheme is uniform in @ except for a neighbor-
hood of the point (1, 1); of course, we cannot expect better than that since u(P)
is not continuous at this point.

* A direct application of Theorem 2.1 requires that we exclude also a neighborhood of the
line ¢ = 2. But, of course, we can extend the domain @ for ¢ > 2 in such a way that the operator
remains of positive type and the “final’’ points of G (on the line segment ¢t = 2, 0 < z < 2)
become interior points. Applying Theorem 2.1 to this extended domain, we deduce that the con-
vergence in the domain @ is uniform up to ¢t = 2.

** The author is indebted to Mrs. F. Glain for the numerical computations.
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Scheme 3 is not as good as Scheme 2; but the convergence is again uniform in
G except for a neighborhood of the point (1, 1), despite the, fact that we try to
impose a wrong condition on the derivative du/dx on T.

Schemes 1 and 4 converge also, but the convergence is not uniform in the
neighborhood of I'/; in Scheme 1 we try to impose wrong values to the function
% on I'; in Scheme 4 we use a meaningless condition.*

Table II represents the solution u(P). The values of u(P) are not known ac-
curately near the point (1, 1) where this function is discontinuous

(2) Second example. Let G be the rectangle: 0 < z < 1, 0 < ¢ < T, where T
is some positive number, and let T'; be the three sides of the rectangle: + = 0,

= 1land ¢ = 0. Let ¢ be a real number. We consider the problem

8 . Ou _ .
LuEa—x2_t rrie 1 in@G,
(7.6) u=0o0nT,

wE C(@H N C@EUT) NBG .
We define R(h) as usual, T'i(h) = T1 N R(h), Gh) = (G — T') N R() and
Liw(P) = v,z — 03,

TasLE III

0.125 €0

ol

0.05.

0 0.25 0.50 0.75 i t

* Other types of finite-difference schemes with ‘““wrong’’ boundary conditions have been
studied by S. V. Parter [9’] and by H.-O. Kreiss and E. Lundqvist [8'].
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The discrete analogue of problem (7.6) is
Lw(P) = -1, P& Gh),
v(P) =0, P&Tyh).

This scheme is of positive type; the function ¢(P) = z? satisfies condition (i) of
Theorem 2.1;if ¢ < 1, we can apply our third sufficient condition for the existence
of barriers (Section 5);if ¢ = 1, we can apply Theorem 6.3 with U(P) = —z? —
Log t. It follows that

if & < 1, problem (7.6) has a unique solution; '

if & = 1, problem (7.6) has no solution: a solution of the differential equation
is uniquely determined by the boundary-values at z = 0 and = 1; we can impose
no tnitial condition.

Table III represents the solution as a function of ¢ for x = % and for ¢ = %, 0,
—%1, —1. When t — =, u(z, t) — 3z(1 — z).

For o = 1, the solution determined by the boundary values alone is:
u(z, t) = 3z(1 — ).

(7.7)

TasLE IV
N =1/h V(P, k)
16 0.12181582
32 0.12489043
64 0.12499968
128 0.12500000
256 0.12500000

The numerical experiments show that the convergence is of the order of h for
o < 1. In the case ¢ = 1, the convergence is incredibly fast even though we start
with wrong initial values; this fact is illustrated by Table IV which gives the
values computed at x = %, { = 1/16 in the case ¢ = 1.5 for different values of
h = 1/N.
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