The Calculation of the Eigenvectors
of a General Complex Matrix by Inverse Iteration

By J. M. Varah*

Introduction. In this paper, we are concerned with finding approximations to
the eigenvectors of a general complex n X n matrix 4, assuming good approxima-
tions to the eigenvalues have been found. In Section 1, we describe the method
used, which amounts to one step of the well-known inverse iteration technique for
a particular initial vector. We show that the eigenvector approximation thus ob-
tained is as accurate as can be expected using single-precision arithmetic. An Algol
60 program using this method for the case of a general real matrix is given in the
microfiche section, and the details of the program and an example are given in
Section 2. In a second paper [7], we will describe a technique which gives rigorous
a posteriori error bounds for such an approximate eigensystem, and which, ap-
plied repeatedly, can yield a better approximate eigensystem if the matrix 4 is
known to more than single precision.

1. The Basic Iteration. We are concerned with finding the column eigenvectors
of a general complex n X 7 matrix 4, that is, the columns of a matrix X so that
AX = XA, where A is the diagonal matrix of eigenvalues {A;}1" of A. We assume
the following:

(i) A has been scaled so that ||4]|2 = 1, for convenience.

(ii) A has been reduced by a similarity transformation to upper Hessenberg
form, i.e. a;; = 0 for j = ¢ — 2. This reduction is usually done by Householder
transformations or by elementary row and column operations. Both are discussed
in Wilkinson [6, Chapter 6].

(ili) approximations {\; }:" to the eigenvalues of A have been found, and are
such that each is an exact eigenvalue of a slightly different matrix A + E». The
most popular eigenvalue method lately has been the QR method, which is known
to give such approximate eigenvalues. This and other methods, including a Laguerre
iteration developed by Parlett [3] are discussed in Chapters 7 and 8 of Wilkinson [6].

To find the eigenvectors, the inverse iteration technique has been very success-
ful; namely we perform the following iteration for each eigenvalue approximation \:

(1) (A - >\I)y(k) = y(k—l) ) k= 1: 27 )

with y© some arbitrary vector. The iteration is performed by first forming the LU
decomposition of (A — AI) using Gaussian elimination. That is, we form a unit
lower triangular matrix L and an upper triangular matrix U such that LU =
P(A — N) + F, where P is a permutation matrix and F is a matrix of rounding
errors. Then the two resulting triangular systems are solved.

It is our purpose here to show how the inverse iteration technique can provide
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as good an eigenvector approximation as can be expected. In fact, since A is gen-
erally not represented exactly in the machine and because of rounding errors, all
we can expect of an eigenvector approximation is that it can be an exact eigen-
vector of some matrix A 4+ E, with ||[E|ls < ¢y, where ¢ is close to 1 and

7 = max {n: Il +19) =1}.

Here fi(g) denotes the floating-point machine-calculated value of the arithmetic
expression ¢.
TuaeorEM 1. If at any step in the iteration (1), we find
ly®lls _ 1

>
”y(lc—l)”2 4 m

then the computed vector y® 4s the exact eigenvector of a matrix A + E, where
|E|lz £ rm, r = r1 4+ 12 + 73, and 71 and rs are small machine constants.

Proof. In the machine computation, since we use Gaussian elimination with
partial pivoting, we know from Wilkinson [5, p. 98] that P-ILU = A — N\ + F,
where ||F||; £ rii. Moreover, in solving the triangular systems obtained, we
know from Wilkinson [5, p. 102] that

" (PPLU + Gp)y® = y&=1 |

where ||Gi||: £ ra1. Here 71 and 7, depend on the machine arithmetic. Thus we
have exactly

(A =N + F + Gry® = y&-b |
Now let u = y®/||y®]||; and v = y*/||y®|,. Then the above gix;es
A—-MN+F+G—vuHu=0.
Taking £ = F + G — vu* gives

B2 £ (r1 4+ ro)m + [[y® 2o/ ly® |2 < 791

This completes the proof of the theorem.

So one strategy would be to use the basic iteration (1) and iterate until
ly®]|s/|ly®2]; is close to ;1. Wilkinson [6, Chapters 5 and 9] uses this tech-
nique, with y® = P-1Leande = (1, 1, - - -, 1)7. He iterates until the norm ratio
is close to 57! and then does one more step. This strategy has two faults: first of
all, we cannot guarantee that we will obtain a norm ratio close to #:~!. In fact,
one can give examples where the iterates increase in norm by only n1 1/ at each
step. In practice however, such a large norm ratio is usually obtained on the first
iteration. But even so, for matrices with poorly conditioned eigenvalues, if we con-
tinue to iterate, the norm ratios are much less than ;7 on each subsequent itera-
tion, so even the “‘one more step’’ is not a good idea. We take a different viewpoint:
we can guarantee a large norm on the very first iteration by choosing the initial
vector properly.

THEOREM 2. Let \ be an approximate eigenvalue of A with (A — N + Fy)
singular and ||Fy|ls = r-n1, and let PALU be the LU decomposition of (A — N).
Let G be a matrix of linearly independent columns {g:}1 and consider solving UZ = G
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Sor the columns z; of Z. Suppose ||zx||e = ||24|le, ¢ #= k, and let y@ be the computed

solution to Uz, = gi. Then y@ satisfies

ly©ls/lly e = K-m1,
with

K = nv/2-condy (@) - [(n\—/l—21) (re+7) + Tz:l ,

where 1 and s are given in Theorem 1. Thus y@ s an exact eigenvector of (A + E)
with ”E“2 é (K -I— r1 -I— 7‘2)171.

Proof. Since (A — N + F,) is singular and A — N = P'LU — F, with
”F“2 = 1M1, then

(PULU—-F+Fyv=0
_for some vector v. Since L and U are both nonsingular,
v = U-L'P(F — Fi),
giving
[T = IPIIL |2 4 o)1

Now since 4 is in upper Hessenberg form, L has only one nonzero element in
each column below the diagonal, and because partial pivoting is used, this element
is less than or equal to one in magnitude. Let Ly ,,; be the nonzero off-diagonal
element in the jth column. Then solving for the ith row of L~ (whose elements
are denoted by L73}),

> LatLs;

k=j+1

|L7}1l = = ILZ}nj'ij,jl ’ J=t—1,1—2,---,1.

We claim |L7;| < 1 for all 4, j. To see this, fix 2. We proceed by induction on
j=14—11—2 ---, 1, using the above equation. Now clearly |L7: =
lLi,i—ll é 1 and L;l = 1. FOI‘j < 7 — 1,

IL5] s |Lakl-1 =1
using the induction hypothesis, since k; > j. Thus

L7 = (n(n + 1)/2)'2 < (n + 1)/ ¥ 2,
and
0 = (v + 1)/ V2)(r + ri)m.

Now we are solving UZ = @G and hence

1Z12 2 [1Tls/11G]2 -
Let the columns of Z be 2;, ¢ = 1, - -+, n, and suppose |z|lz = |[zl]s, ¢ = k.
Then

1 LU,
=—|Z|| =2 —0—"—".
”210”2 = \/,n ” “2 = \/’I’L ”G—1”2

Now let our iterate y be the computed approximation to 2, that is, the machine
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approximation we would obtain solving for the right-hand side gi. Then y®@ satis-
fies (U + Gu)y® = gi, with ||G1]|2 < rom, as in Theorem 1. Hence

1 < ”I + U~1G1”2

1= s

When we solve for y® in this way, our initial vector y© = P~'Lg,, so that

Iy lls < [P~ Lll2- |Glle < @n)2| s ;

= v/l (U7 + rany)

and hence

O]
||y(l)”2 = n\/Z(”G”2”G—1“2) ) I:(n v 1) (r4r) + 7‘2]’71 =K-n.
lly™ [l V2

Finally, applying Theorem 1, we see that y® is an exact eigenvector of (4 + E),

with [|[E||s £ (K 4+ r1 + 72)n1. This completes the proof of Theorem 2.

In effect, this just says that since (A — AI) is very nearly singular, the near-
singularity will be reflected in an inverse iterate with a large norm, for some initial
vector. So in theory we could take any nonsingular G and solve for each column.
But this takes too much work: solving for every column takes n® operations. How-
ever, we do not have to find the column which gives the maximum solution norm,
only one where the norm is large. So we want to use a G in practice that gives a
large norm for the very first column in most cases.

As Wilkinson noticed in [4], taking @ = I can be very poor. Here we are just
solving for the columns of U, and many of the matrices which arise have no
small diagonal elements in U although it is nearly singular. So it may be necessary
to solve for several columns of U~ to find one with a large norm. Wilkinson has
shown that the initial vector e = (1, 1, - -+, 1)7 gives good results in practice;
actually any such vector with lots of nonzero components would probably work as
well. However, it can happen that z = U-%e is not large in norm either; we still
must have other choices available.

The strategy we propose is to take for G the orthogonal matrix

@) gi; = cos 2r(1 — 1)(j — 1) 1 sin 27(c — 1)(G— 1) .

n n
The first column is exactly the vector ¢ and in practice this almost always gives a
solution with a large norm. If it does not however, we go on and try the second
column, ete. Also note that GTG = nl so that cond; (@) = 1 and thus this gives -
the best possible bound in Theorem 2.

2. Description of the Program. The Algol 60 program, M-9, in the microfiche
section herein, applies to a real matrix A reduced to upper Hessenberg form. The
reason for this is twofold: first, for an Algol compiler that allows complex declara-
tions, the code for a general complex matrix is simpler than that given here be-
cause only the (a) iteration below is necessary. Secondly, if the matrix is real, time
is saved by using a specialized program. For best results, the input matrix A should
be “balanced” so that its sth row and column sums are roughly equal. This can
be done by diagonal similarity transformations (see Osborne [2]). Also, the matrix
should be scaled so that ||4]]; is close to 1.0.
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An Algol 60 program for the reduction to upper Hessenberg form using House-
holder transformations is given in [1] and a similar program using elementary
similarity operations is forthcoming in Numerische Mathematik. An excellent pro-
gram for calculating the eigenvalues by the QR method is forthcoming by Wilkin-
son in Numerische Mathematik, and the Algol 60 code for the Laguerre iteration
of Parlett is given in [3].

The eigenvectors of the Hessenberg matrix are found as follows:

(a) if the eigenvalue approximation X is real, we form the LU decomposition of
(A — \) and solve Uy® = g, k = 1,2, - - -, where the g; are the columns of G,
defined by (2). We continue until ||[y®|]. > Kn5:!, where K is a fixed tolerance.
The process requires about #n?(k + 1)/2 multiplications; ‘

(b) if N = £ + v, » ¥ 0, we proceed as in Wilkinson [6, p. 630]. Since X is also
an eigenvalue approximation, we form the LU decomposition of

B =4 —-XN)A - X))

and solve

1 ,
Uy® =g, &¥=——@-Ey®, k=12

We continue until [[y® 4 @2®|, > Kn,~'. Since the matrix 42 is formed only
once, the work per eigenvalue is about n*(k + 11/6)/2 multiplications.

If any zero pivots are encountered in the LU decomposition, they are replaced
by 71 max;,; |a;;|, so that we can backsolve. If any eigenvalue approximations are
identical, they are perturbed by an amount close to #; so that a different LU is
formed. Then if there are distinct eigenvectors corresponding to these eigenvalues,
the two inverse iterations should give two distinet eigenvectors.

This program has been tested on scores of matrices using the Burroughs B5500
at Stanford University. We give one example:

a;;=n-+1—max (7,5), if j=7—1 and n =12
=0, otherwise

This is the Frank matrix discussed by Wilkinson ([6, p. 92] and [5, p. 151]). It is
in upper Hessenberg form and its eigenvalues are all real and positive. However,
the Wilkinson conditions of the eigenvalues deteriorate as we go from biggest to
smallest, and are about 10~7 for the last three eigenvalues. The eigenvalue ap-
proximations were found using an early version of Wilkinson’s QR program on the
B5500 where 71 = 3 872 The smallest three eigenvalue approximations are only
correct to about two significant figures; nevertheless each is an exact eigenvalue of
a slightly different matrix, as are the eigenvector approximations and each of the
latter was found on the first inverse iteration.
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Mis1) CLUMMENT Su THE INCREWENT VARIABLE IN THE FOR LOOP WAS A
VALUL UN LWTRYS

QR Kisi SIEF W UNTIL N O
GIN

MENT FLRST PERTURD EIGENVALUE IF JOENTICAL TO SOME PREVIOUS)
Jisu} :
£QK 1=l STCP 1 YNIJL Ke1
IF KIRLIJSRTRIK] A RTICIIsRTIIK) THEN JSsJyel)
RRESKTNIK)¢INUNMACHEPSXVAXCI»ABSC(RTRIK)) )}
RISSKTILK)S
LE "i#0 A (™ ASQCALC) THE
BEGIN CUMMLNT COMPUTE Af2 FIRST COMPLEX EIGENVALVE
LNCUUNTERED}
tur Ls=1 STEP 1 UNTIL N QO
£OH Jisy STEP 1 UNTIL N QO



ASQUI»J)ssINNERPROOUCTCP,MAXCI=1,1)sMINCJI+1,N),

ALIsPYALPSI],0))
ASUCALCS=]RUE
ENU;
COMMENT NUW GENMERATE BoTHE MATRIX TN 8E REDUCED)
LF wisU THEN
QEGIN CUMMENT REAL ETGEAVALUE = BsA=RARxIQENTITYS
Mis);
tur ls=1 STEP 1 UNTIL N DO
BEGLN

FUR Jisy $TEP 1 UNTIL 1=2 DQ RCT,J)ss0}
FUR JyisMAX(T=1,1) SIEP 1 UNTLL ~ QO
BLisJgltsALT,J))

8l1s1its8C1s]1)=RR

END ELSE
BEGAN CUMMENT CUMPLEX EIGENVALUE =

BE(A®CRRORIXNIIXTUENTITY)IRCA=(RR=RIX])XIQENTITY)}
Mix2) KAHSQIsRRE24RIN2) RR21s2xRR}

UK Tisi STEP 1 UNTIL W QO
gl QAN

PUR Jisy STEP | UNTIL =3 Q0 B(1,J)ss0)
1t 123 THEN BUI,1=2)1=ASQ(I,1=2)}
PUR JisMAXCl=1,1) §1££ 1 YN N 00
Bl1,J)t=ASQLTIsJI=RR2xAC],J])}
BlI,1)3sBL1s]1)eRABSQ
(4.1
ENU GENERATLIUN OF BJ

E

COMNENT NUW REDUCE B TO LU FORM M GIVES THE NUMBER OF
SuBULIAWONALS OF B3

GAUSOMIN,MyB,EPS»PIVOT)S

C18313 S11=203

EQR 13=1 S7eP 1 UNTIL N QQ X(I)ss1}

FOR 1INSts1 STEP 1 UNTIL N 0O
i N

SULVE(N»BsX»UT»PIVOT)}

It ®is0 T4EN
NURMREAL (NI UT»YNORM)

ELSE

Ugglh
CUMMENT CALCULATE VT FROM CA=RRYJOENTITY)XUTORIXVT=0)
tur fs=s1 SIEP 1 UNTIL N DO

VIt1)is= INNERPRODUCT(JoMAXCTI=151)2N2ALT2J]suUTLJ),
*RRXUT(1))/R]I)

NURMCUMPLEXC(N»UT»VT,VNORN)

L)

I vNONM 2 NNORMTOLERANCE INEN . 10 BIGNORM}

CUMMENT IF NOT» GENERATE NEW INITIAL VECTOR USING ORTHOGONAL
CUSINE VECTURS)

TisC1xC*S51xS3 S18sS1xCeCixS3 C1sT)

AL1)1=C28m1) S2tsQ)

LUK 12 STEP 1 UNTIL N DO

PLGIN T38C2xC1°82xS51)



S21282xCi+C2xS13
C21a1} xlJyls=sC2+4S2
thy
ENU LTNS;

COMMENT JTEKATE DID NOT CONVERGE = SET VECTOR = 0)
EOR i3=1l §TEP 1 UNTJL N Q0 UCTI,K)s%03

LE %T#0 IHEN FOR 18sy STEP 1 UNTEL N DO UCI»Ne1)ss03
U tiIN}

BIGNORMS

COMMEN{ 1TERATE HAS CONVERGED ~ STORE ‘IN U3

EQOR 13s1 STEP 1 YUNTIL N DO UL1,K)s=UTC1))

Lf wi#0 THEN EOR l3sy STEP 1 UNTIL N QQ UCI,Ke1)ssvTi(I))
FINS

END K
END HESSVECTURSS



ggngigugg EIOENSYSTEMRUUNDSCNIA,LAMBDA, XsDELTASBETA,ToY»LAMBOAINKP,

EIGENVALUERAUIUS,XIMP»E IGENVECTORRAQOTIUS,POORINVERSE)S
YALUE NoBETASULLTA,T)
INTEGE!™ MrT,UETA; REAL OELTAS BOQLEAN POORINVERSE)
LUNG CUMPLEX ARRAY AsLAMBOA,X, Yo AMBDAIMP,XINVP)
LONG wEAL ARKAY EIGENVALUERADIUS,ETGENVECTORRADIUSS

BEGIN-COMMENT ELGENSYSTLMBOUNDS FINDS IMPROVED ESTIMATES® AND BCGUNDS
FOR THt ELUENSYSTEM OF THE NxN CDMPLEX MATRIX As» GIVEN A FULL SET
OF APPROXIMATE EIGENVALUES IN LAMBDA, AND A FULL SET OF CORRESPONe
DING APPRUXIMATE EIGENVECTCRS IN X, NELTA IS THE MAXINUM RELATIVE
ERROR IN THE ELEMENTS OF A REPRESENTED IN THE MACHINE, BETA IS THE
NUMBER BASE UF THE MACHINE» AND T IS THE NUMQER QOF BASE BETA DIGITS
IN EACH FLUATING POINT NUMBER: Y [S THE QUTPUY APPROXIMATE INVERSE
FOR Xo THE IMPRUVED APPROXIMATIONS TO THE EIGENVALUES UF A ARE
STOREVU LN LAMBOUAIMP, wITH THE BOUND FOR THE OISTANCE BETWEEN THESE
NUMBERY AU THE TRUE EIGENVALUES IN EIGENVALUERADIUS. SIMILARLY THME
IMPROVEU APPRUXIMATIUNS TO THE EIGENVECTORS ARE STORED B8Y CCLUNMNS
IN XIMPs niln THE AUUNDS IN THE CORRESPONDING ELEMENTS OF
EIGENVLCTURRADIUSs PUURINVERSE IS SET TO TRUEC IF THE MATRIX X COULD
NGT BE INVERTED, OR IF THE CALCULATED INVERSE Y IS SO POOR THAT THE
RESINUAL MATRIX EsI=XxXY HAS L=INFINTTY NORM LARGER THAN 1,0,

THE LANGUAGE USED IS STANDARD ALGOL 60 EXCEPT FOR THE ADOITION

OF COMFLEA AND LONG (MEANIANG DNUBLE PRECISION) DECLARATIONS, WE
ASSUML VHAT ThE FUNCTION ABS IS DEFINEN FOR COMPLEX ARGUNMENTS ANO
GIvES Tht MOUULULSS

COMMENT FikdST DECLARE UTHER PROCEDURES)

REAL PROCLUUNE MAXCASH)}
YALUE A»H; RLAL A8}
MAXs=1F A>8 THEN A ELSE B

REAL PROCEUUNE MINCA»B))
YALUE Asbis REAL A,H3
MINs=z[F A<b Jhty A ELSE 93

COMPLEX £RUCEVYRE ROUNDCA)}
VALUE A} LUNL CQUMPLEX A3

BEGIN COMMEN] THE HNDY UF ROUNO IS LEFT UNDEFINED., THE USER MUSTY
INSERT A FHUGRAM WHICH ROUNDS A LONG COAMPLEX VARTABLE TGO SIAGLE
PRECISLUN}

EN0 ROUNDS

PROCEDURE INVERSEC(N,X»YsEsSINGULAR))

YALUE ™3 ANTLUER N3 CUMPLEX ARRAY X»YsE) LA SINGULAR)

QEGIN COMMENT THE 8n0Y UF {NVERSE IS LEFT UNOEFINEO, THE USER muST
INSERT A FROGRAM WHICH PINDS A SINGLE PRECISION APPROXIMATE INVERSE
FGR X AND STUKRES IT IN ¥ LEAVING X UNCHANGED, THE PROGMHAM MyST
ALSO CUNPUTE THE RESILUUAL MATRIX € s JeXY USING QOUBLE PRECISION
ACCUMULATIUN UF INNER PRODUCTS., FOR THE USUAL METHOD OF GAUSSIAN
ELIMINATIUN wITH ITERATIVE IMPROVEMENT, € IS THE LAST NESIOUAL
MATRIA CUMPUTED RY THE ITERATIVE IMPROVEMENT, WE ASSUME THE PROGRAM
TRANSFEKRS 10 LABEL SINGULAR IF X IS TOO SINGULAR TO INVERT}

EAD INVERWSES



FACTOKSMADIUSSRADIISUM,USUNS

LONG REAL MAXCOMPS COMPLEX SC1J LONG COMPLEX SCD13

JNTEGEN LlousKoMo UMAX)

REAL AKRAY UsPQL1SN,ISN]» YRONSUM) XCOL SUMSFMAXCOL »PORONSUMSROOTOISTANCE,
ABSBOUNU»UISTERROR,UBND, VBAND, YERCWSUMC L SN}

COMPLEX ANKAY FoPL1sN,18N),RUCTOIFFERENCE,UL18N))

LONG COMPLEX ARNAY VI18N)}

COMMENT FINSI CALCUL{}C BASIC ROUNDING ERRORSS

ETA13s] ;00x2xBETASCI=T)} COMMENT THIS 1S A BOUND FOR THE HOUNOING ERROR
MADE IN EACH GF THE FULLOWING REAL SINGLE PRECISION OPERATIONSS
ADDs» SUDTRACTSMULTIPLY2DIVIDE,SQUARE ROOT, IT IS MULTIPLIEQC BY 1.06
YO PERMIT EASLER CALCULATION OF ACCUMULATED ERRORy THIS ROUNDING
ERROR BUUND 1S PESSIMISTIC, AND COULD PROBABLY BE DECRELASEQ FOR
THE ACILAL MACHINE USEDS

ETA28m1,UCR2xBE1APC1=2xT)3 CQVMMENT A BOUND FOR THE CORRESPONOIMG REAL
O0uBLE FKECISIUN UPEKATIONSS

EPS1tanxE 1AL} CUMMENT USED IN THE BOUND FOR A REAL SINGLE PRECISION
INNER PHUUVUUCT UP N TERMSS

EPS21u(N*VSIXETA2) COMMENT USEOD. IN THE BOUNC FCR A COMPLEX OOUBLE
PRECISIUN INNEN PKCOUCT OF N TERKSS

PCORINVERDL 83}

GCMMENT NOw P ORM APPROXIMATE X=INVERSES

INVERSECNsAs YoF s SINGULAR) S

NUn BEGIN MAIN PXOCEQURE EJGENSYSTEMBOUNOSS
&E£f£§{052953'SCoSS.AMAXoVgUﬂDCNAX&SNSUﬂotsl1DETl29£PSloEP520
c

GOMMENT AU FIND RUK SUMS OF Y AND YXE,COLUMN SUMS OF X» MAXIMUM
ELEMEN! UF As» AND MAXIMUM ROW SUV OF E» WHERE EsIexY 1S STORED IN F}
AVAXISsYSUMSSLMAXRUNSUNISO)
EQR lss=y 4LF 1 UNILL N Q0
GEGIN S1385238531s54180)
EQUR Ju=1 STEP 1 UNIIL N QO

S118510A8SCY(1,J)))
S218524A85(X[J» 1))}
$318534A8SCF(1,J)))
SCu11=0)
£QR xi=1 STEP 1 UNTIL ™ QO
SCULISSCULeYLT»KIxFIK,J)} COMMENT COMPLEX DOUBLE PRECISION
UPERATIONS
S&185a4ABSC(RUUND(SCD1) )}
AMARSSHAX(AMAX» ABSCALTPJ)))
£n0 3
YROWSUMLL)38S1X(14EPS1+IxETAL))
YSUMIsYSUMeYRUNSUMET)S
YEROWSUML 1 ]ssSA}
XCOLSUMLI)IeS2x(14EPS143xETAL))
LE S3 > LMAXRUWSUM THEN EMAXROWSUM. i S3
EhR 1)
ANAXIsAMAAXC14S%ETAL)}
YSUMISsYSUMXC14EPST)}
LVAXROWSUMIS(EMAXRINSUMXCI4EPSI4AXETAL) ¢ (EPS24ETA2)IRYSUM ¢ ETA2)
x(1¢5S2ETAL))
£0R Issg IEP 1 UNIIL N 00



YEROWSUML 1 )3 (YERUWSUMIT IXC14EPS1+4XETAL) ¢ YROWSUM(I)
X((EPS24ETA2)XYSUMSCETALIEPS2IXEMAXROWSUNSIETA2))
X(146%ETAL)} :
LF EMAXROWSUM 2 1 THEN
BEGIN COMMLANT THE CALCULATED INVERSE Y IS SUCH A POPR INVERSE FOR X
THAT OUr BOUND FOX THE L=INFINITY NORM OF THE RESIOUAL MATRIX
1S LARGER YHAN 1,0} ‘ . N
PGORINVERSES= [RUF )
GO 10 Fin
EMD3

COMMENT NOw FORM RESIOUAL FsAxXxexx(DIAGCLAMBDA)Y))
FCR Tss1 S1EP 1 UNTIL N 00
BEGIN S133U3 SCLisLAMBDA(I )}
"‘égg Jisi SIEP 1 yNTIL N QU
BEGIN SCL1s=0}
EQn nt=1 STRP 1 UNTILL N DO
SCO188SCO1oACI»X)IxX{K,T)I COMMENY COMPLEX QOUBLE PRECISION
UPEXATIONS ’
SCO1835C01=X{Jr1)xSC1} CQOMMENT COMPLEX DOLBLE PRECISION
UPERATIONS
FCJ2 1 J8SRUUND(CSCOL)S
S113MAXC(ST1,ARSC(FLJr11))
LT
FMAXCULLIJS=SIx(1eqxtTAL)
EnD I

CCMMENY NOw FORM PeyYxF}
£CR lssy DIEF 1 UNTIL N 0O
A

8EG]
FOR Jts1 STEP 1 YNTIL N 00
SLU18s0}
FOR K321 STEP 1 UNTIL N
-n-bculllafotoY(loleF(K%%ll COMMENT COMPLEX DOUBLE PRECISION
UPERATIQON) :
PLi»J)83aRUUND(CSCOY)
END U
LAMBOALIMPLI)SSLAMBNALTII4PITI,1)3 COMMENT COMPLEX QOUBLE PRECISION
UPEXATIUNI '
END 1)

CCMMENT NUR CALCULATE W» THE WATRIX BOUNDING THE ERROR IN P}
S1181=EMARRURSUM=( 1 oEMAXRONSUMIXETAL}
S21sANAXXLETA4LPS240ELTA))
S3ts3IxETALS
FGR Iisy S1tP 1 UNTIL N DO
HEGIMN SASSEPS2uFMAXCOLII I CETAIXFMAXCOLET)+S2xXCOLSYMIT)
+S3IXARSCLAMBOALI1)x(144xETAL))/SY3
SSisFMARCULLI)/SY)
EOR Jt=1 STEP 1 yNTJL N OO
Q(Jr1)IS(LTAIXABSCPIYpl})xC144XETAL)GVYRONSUML JIXSA
SYERONSUMLJINSS) x (1410XETAL))
CQUIs1)mQULIRT)*ETA2XCARSCLAMBOALTI])*ABSC(P(I»1)))
GhO 1)



iiﬁuiﬂl NUR FLIND MATRIX PQ = ABS(P)#Q ANO ITS OFF=0CIAGONAL ROw SUMS}
tsy 1EP 1 UNTIL N DO
BEGIN S11303

EQR Jt®1 STEP 1 UNTIL Ie1,1¢1 STEP 1 UNTIL N DO

BEGIN Pullry)esCABSCPIT,JU))40010J))X(C14SxETAL))

S18=31¢rQ(1sJ)

ENDS

PORDnbuhllJllSlx(lotPSI)
END3

COPMENT NUW BUUND LTGENVALUES AND EFGENVECTORS = I IS THE INDEX OF THE
nunt CUNSIVEKED)
FGR Is=s1 SI1er 3§ LaTlL N DO
GEGIN COMMENT FARST FINO DISTANCES BETWEEN RCOT I ANO REST}
EQR Jis1 STEP 1 UNTJIL [=1,141 STEP 1 UNTIL N DO
BEGIN KUUIUIFFEKENCEL JYssRCUNDBCLAMBDAIMP(I)=LANBDAINPLU])}
LUMMEN] CUMPLEX DOUSLE PRECISION OPERATIONS
UISTERKORIJ)ISCETAL4ETA2)x(ABSC(ROUNDCLAMBCAINPLI)))
+AUSCRUUNDCLAMBDATINPTIU]))IN(148%ETAL)S
ROUIUISTANCE(J)1sABS(ROCTDIFFERENCELUY)

hD 3

Eﬂungnt NUm BOUND THE leTH EIGENVALUE USING THE GERSCHGORIN THEOREN,
THE SMALLEST ISQOLATED DISC IS FOUND USING A DIAGONAL SIMILARITY
TRANSFURMATION wITH MULTIPLIER (BETA4M), FIRST FIND THE
APPRUXINATE EXPONENT M3

[F Is1 IhtN K132 ELSE Kiz13

Stis]f nUUIOIslanccln)so THEN O ELSE RnOtolSYANCE[KllPﬂlxol)}

FUR Jiskel oTEP 1 UNTIL I-1,14x STEP 1 UNTIL M~ 0D
S1:=MINCST1,1F ROOTOTSTANCECJIs0 THEN O

LLSE ROUTOISTANCE(JI/POLJs1)))
LF S1<1 TheN Mis0 ELSE MISENTIERCLNCSI)/LNC(BETA) )}
FACTORI=BLTA®NS

COMMENT NUn MAKE SURE I=TH DISC 1S ISOLAPED)
NERDISCS
RADIUSIS(FURURSUMIT]/FACTCGR+Q[I»1))IXC14ETAL)}
FOR yt=1 SigP 1 UNTIL I=3s0+y STEP 1 UNTI{L N OO
BEGIN
RADIZISUM3S(axETAIXROOTOISTANCECJ)40ISTERRORIJVI*Q[J»JI*PRARONSUNLY]
onaulusornctORxPotJ-l))x(lorxc1A1)s
LF NUUTUISTANCE(JISRADIISUM T
BEGAN CUMMENT U1SC IS NCT xsoma €D = REDUCE ™ IF PGSSIBLES
If m>C [hEN
PEGIN NisMel}
FACIURI=FACTCR/BETAS
GU 1D ~NEWDISC
kN0 LLSE
ULGIN CIUENVALUERADIUS(I)ts=y}
CUMMENT DISCS I AND J CANNOT BE SEPARATEO=HERE ONE COULO
UUTPUT THIS FACT AND GIVE THE OVERLAPPING DISCSs
VISCISABSCLAMBDA=LAMBDAL]))<RADIUS»
UISCUsABS(LAMBDA=LAMBDALJI)<CRADIISUM=RADIUS)}
fUk Kizg STEP 1 UNTIL N DO XIMPIKsI)ssX(Ks11}
6y 10 ENDVECTOR

.13



YEROWSUM{1)3s(YERUWSUMI T IxX(14EPS144XETAL) ¢ YROWSUM(I)
X((EPS24ETA2)XYSUMI(ETALSEPS2)XEVMAXRONSUMSETA2))
X(146%ETAL)S »
LE EMAXROWSUM 2 1 THEN
BEGIN COMMLANT THE CALCULATED INVERSE Y 1S SUCH A PODR INVERSE FOR X
THAT OU« BOUND FOK THE L=INFINITY NORM OF THE RESIOUAL MATRIX
IS LARGER TMAN 1,03
PGORINVERSESSTRUFS

GO 10 Fin
EADS

COPMENT nNOn FONM RESIDUAL FesAxXxexx(DIAG(LAMBDA))}
FCR lais1 SIEP 1 UNTIL N 00
BEGIN S133U3 SC1IsLAMBDA(I)}
CUR Jis1 SIEP 1 UNTIL N QO
BEGIN SCUL1s=0)
EQun nt=1 $TEP 1 UNTIL N 0O
SCO188SCO14ACUsXIxXIK,1)3 COMMENY COMPLEX QOUBLE PRECISION
UPEKATION}
SCD18s5CO1=X[JsT)xSC1) COMMENT COMPLEX DOLBLE PRECISION
UPENATIONS
FCJ21I8SRUUND(SCOL)S
S183MAXCSI»ARS(FIJYs11))
LT
FMAXCULLEJS=S1X(14qxELTAY)

ErD I3

CCMMENT NOw rORM PeyxF}
€O/ Tisg DIEP 1 UNTIL N DO
BEGIN
FOR Jts1 SITEP 1 yYNTIL N 0O
S(U11s0}
FOR K321 STEP 1 UNTIL N D
-n-bcoltlbeIOY(loK)xF(KTgll COMMENT COMPLEX DOUBLE PRECISION
UPERAT]ION)
PLi»J)3s3RUUND(CSCLY)
END U3
LAMBOAIMPLE) IsLsAMBNALTII4PII,1)3 COMMENT COMPLEX QOUBLE PRECISION
UPEXATIUNI )
£AD 13

CCMMENT NURN CALCULATE §» THE MATRIX BOUNDING THE ERROR IN PJ
S1181EMAXRURSUM=( 1 4EMAXROWSUMIXETAL S
S21sAMAXXLETA4LPS240ELTA)}
S3ts3IxETAL)
FGR Bis1 S1EP 1 UNTIL N QO
HEGIN SO SSEPS2xFMAXCOLLII I+ (ETAIXFMAXCOLET)+S2xXCOLSYMIT)
+S3IxARSCLAMBOACI))IX(148xETAL))/SY)
SSIsFMARCULLL11/S1)
EOR Jts1 SIEP 1 yNTJL N QO
QlJ21)ISCETAIXABSCPLJs I )Ixn(144%ETAL)SYRONSUM[ JIxSA
SYEROMSUMLJIXSS) x (1410%ETAL)S
QUILT1183QLIs1)¢ETA2XCARSCLAMBOAL]])*ABS(PLI»1])))
GhO 1)



mgunax.nux.o} CUMMENT COMPLEX OOUBLE PRECISION QPERATIONS
EIGENVECTURRADIUSI JMAX» 118 sVBNOL UMAX)/SIx(142%ETAL)S
ENOVECTONS
END I3
60 10 FING
SINGULARS
PCORINVERSL 33 JRUE) COMMENT THE MATRIX X COULD NOT BE INVERTEOS
fFINS
END EIGENDYSTEMBUUNDSS



RIGOROUS MACHINE BOUNDS FOR THE

EIGENSYSTEM OF A GENERAL COMPLEX MATRIX

J. M. Varah

See drticle in this issue for explanation of symbols in table.
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gngiin*ag E1VENSYSTEMBUUNDSC(N»%, LANBOA» X»OELTAsBETA,TsVsLAMBDAIMP,
GENYALUENAVIUS, XIMP,E1GENVECTORRADTUS ,POORINVERSE )}
NsBETALVELTA,T) '
INIEGE® N»T,UETAS REAL OELTA) BOOLEAN POORINVERSE)S
CUNPLLX AsLAMBOA,X,Ys AMBOAIMP ,XINP}
KEAL ARMAY EIGENVALUERADIUS,ETGENVECTORRADIUSS

COMMENT EIGENSYSTEMBOUNDS FINDS INPROVED ESTIMATES AND BOUNDS
FOR THE ELUENSYSTEM OF THE NxN COMPLEX MATRIX A» GIVEN A FULL SET
OF APPROXIMATE EIGENVALUES IN LANBOAs, ANO A FULL SET OF CORRESPON=
0ING APPRUXIMATE EIGENVECTORS IN X, OELTA IS THE MAXIMUN RELATIVE
ERROR IN THE ELEMENTS OF A REPRESENTED IN THE WACHINE, BETA IS THE
NUNBEK BASt UF THE MACHINE, AND T IS THE NUMBER OF BASE BETA DI6GITS
IN EACN FLUATING POINT NUMBER, Y IS THE OUTPUT APPROXIMATE ‘INVERSE
FOR X, THt IMPROVED APPROXIMATIONS TO THE EIGENVALUES UF A ARE
STOREU IN LAMBDAIMP, WITH THE BOUND FOR THE DISTANCE BETWEEN THESE
NUNBERS AND THE TRUE ETGENVALUES IN EIGENVALUERADIUS. SIMILARLY THE
INPROVEVU APPRUXIMATIONS TO THE EIGENVECTORS ABE STORED BY COLUMNS
IN XIMP, mlTM THE RUUNDS IN THE CORRESPONDING ELEMENTS OF
EIGENVECTURRADIUS. PUURINVERSE IS SET TO TRUE IF THE MATRIX X COULD
sNOT BE INVENTED, OR IF THE CALCULATED INVERSE Y IS SO POOR THAT THE
RESIDUAL MATRIX Es[=XXY HAS LeINFINITY NORM LARGER THAN 1,0,

THE LANGUAGE USED IS STANDARD ALGOL 60 EXCEPT FOR THE AOOITION
OF COMPLEX' AND LONG (MEANING DOUBLE PRECISION) OECLARATIONS, WE
ASSUME VHAT THE FUNCTION ABS IS DEFINED FOR CONPLEX ARGUNENTS ANO
GIvES THE MOUULLUSE

COMMENT FARST DECLARE UTHER PROCEOURES)

MAXCA»B))

YALUE A-8) BLAL A8}
MAXsa[f A28 THEN A ELSE 8

REAL MINCA»B))
A A»B}
WiNss]Ff A<d IHEN A ELSE 85

[ X PNUCLUUNE ROUNDCA)S
e a - Lhke cuupLex &)
,gﬁlh WEN] THE B80ODY UF ROUND IS LEFT UNDEFINED., THE USER MUST
SERT A PNOGRAM WHICH ROUNDS A LONG COMPLEX VARIABLE 70 SINGLE
PHRECISIUNS

£AD ROUND)

INVERSECN,X» Y»E»SINGULAR) S
YALUE ~7 AINILGER N3 COMPLEX ARRAY X»YsE) SINGULAR)

COnnENT tﬁf‘inov UF INVERSE IS LEFT UND €0, THE USER nysST
INSERT A PROGWRAN WHICH FINOS A SINGLE PRECISION APPROXIMATE INVERSE
FOR X AND STURES IT IN v LEAVING X UNCHANGEO, THE PROGRAM MysT
ALSO CUMPUIE THE RESIVUAL MATRIX € = JeXy USING QOUSLE PRECISION
ACCUMULATION UF INNER PRODUCTS. FOR THE USUAL METHOO OF GAUSSIAN
ELIMINATION WITH ITERATIVE IMPROVEMENT, € IS THE LAST HESIOUAL
MATRIX CUMPUTED RY THE ITERATIVE INPROVEMENT, WE ASSUME THE PROGRAw
TRANSFEKS TO LABEL SINGULAR IF X IS TOO SINGULAR TO INVERT)

END INVENSE)



