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1. Introduction. The economy of the Gaussian quadrature formulae for carrying 
out numerical integration is to some extent reduced by the fact that an increase in 
the order of the formulae makes no use of previous integrand evaluations. Kronrod 
[1] has shown how the Gauss formula of degree 2n - 1 can be extended to one 
of degree 3n + 2 by making use of the original n Gauss points and an additional 
set of n points. However, it is not possible to proceed further than this without 
using an entirely new set of points with a resulting waste of computational labor. 
It may be noted that due to the absence of a convenient error estimate for the 
Gaussian formulae it is usually necessary to carry out a quadrature using more 
than one order of formulae to check the convergence. 

In this paper a set of integration formulae is derived based on a set of 2r + 1 
Gauss or Lobatto points, where r is an integer. If the original points are denoted 
by xj, j = 1, 2 . . ., (2r + 1), then r subsets of points X2i(j1)+l, j = 1, 2, .. 

(2r-i + 1) are obtained for i = 1, 2, * , r by successively deleting alternate 
points from the preceding subset. The integration weights associated with each 
subset can be determined as described in Section 2. In carrying out an integration 
the number of points is successively increased until convergence appears satis- 
factory or until the number of points reaches 2r + 1 corresponding to the full 
accuracy of the Gauss or Lobatto formulae. Since each subset includes the points 
of the previous subset, no integrand evaluations are wasted. The degree of pre- 
cision of the successive formulae are one less than the number of points used, 
since they are of the Newton-Cotes type. For the base formula, the Newton-Cotes 
weights and the base weights degenerate of course to one and the same. 

The integration formulae have been derived for the basic set of 33 Gauss points 
(r = 5) as well as for the sets of 65 Gauss and Lobatto points (r = 6). It was con- 
sidered that the 65-point Gauss and Lobatto formulae were capable of dealing 
with all but pathological integrands so that it was unnecessary to base the formulae 
on higher values of r. For example, the Gauss 65-point formula will integrate 
powers of x up to 154 with a relative accuracy of just less than nine decimal digits. 

The Chebyshev expansion method of Clenshaw and Curtiss [2] has also the 
characteristic of not wasting previous integrand evaluations, and a comparison 
with the new formulae is therefore presented in Section 3. The Clenshaw-Curtiss 
quadrature formulae may be interpreted as the Newton-Cotes formulae with the 
abscissas Xk = cos (kir/(n - 1)), k = 0, 1, * * n - 1. These formulae will be 
referred to later as Chebyshev formulae. 

2. Evaluation of the Integration Weights. The Lagrangian interpolating poly- 
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nomial of degree n - 1 for a function f(x) given at the points xi, i = 1, . n, is 
n 

P(x)= Li(x)f(xi) 
i= 

where 

Li(x) = Fi(x)/Fi(xi) 
and 

k 

Fi(x) = H (x- xj)l(x- xi). 
j=1 

Thus the weights of an n-point integration formula 
rl ~~~n 

f f(x)dx = E if(xi) 
are given by 

i= Li(x)dx. 

These weights can be evaluated exactly in a numerically stable fashion usinig a 
Gauss formula with n/2 points when n is even and (n + 1)/2 points when n is 
odd. It is to be noted that the weights for any quadrature formula, including the 
Gaussian and Lobatto formulae, can be calculated in this way. 

If the derivatives of the integral are Inown as well, the Hermite interpolation 
formula allow the weights Bi and Ci of the formula 

r1 n n 
f(x)dx __ Bif(xi) + E Cif'(xi) 

-1 -i= 

to be obtained from 

Bi= f [1 - 2Li'(x)(x -x)]Li(x)dx, 

C= f (x - x)L i2(x)dx. 
1 

These weights can be evaluated exactly using a Gauss formula with n points. As 
Lanczos [3] has noted, the inclusion of the n values of the derivatives in an arbi- 
trary point formula gives rise to an integration formula with the same integrating 
power as the n-point Gauss formula. 

3. New Formulae. By the method of Section 2 integration formulae with 5, 9, 
and 17 points were derived, based on the 33 Gauss points, together with formulae 
with 5, 9, 17 and 33 points based on the 65 Gauss and Lobatto points. The Cheby- 
shev formulae for 5, 9, 17, 33 and 65, were also derived for- comparison. The in- 
tegrand weights for the Lobatto, Gauss and Chebyshev formulae are given in 
Tables* MI, M2, M3 and M4. All the Gauss formulae used to evaluate the weights 
were obtained from Gawlik [4]. The weights associated with the 65-point Lobatto 
formula have been given by Rabinowitz [5] and have not been included in Table 

* The letter M preceding a table number refers to the microfiche card. 
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Mt. The 65 Gauss points and weights have not previously been tabulated and had 
to be calculated to derive Table M2. To assess the integrating power of the for- 
mulae each was applied to integrate powers of x higher than those which should be 
integrated exactly. In Figs. 1 to 4 the modulus of the fractional error (defined as 
the ratio of the error to the true value of the integral) committed by the various 
formulae is plotted against the power of x being integrated. It can be seen that the 
formulae based on the 33 Gauss points probably give the best overall performance. 
The Lobatto formulae appear to be particularly good at integrating very high 
powers of x. A further indication of this is evident from Table 1, which records the 
performance of the various formulae when integrating fL x + ''2dx, whose 
integrand has a singularity in its derivatives at x = -1. This integrand could 
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TABLE 1 

Errors in Calculating fk11 I x ? 1211 '2 dx 

Basic points Number of points 

5 9 17 33 65 

Gauss 65 0.0569 0.0180 0.0041 0.0029 -0.0011 
Gauss 33 0.0507 0.0194 0.0011 0.0026 
'Chebyshev 0.0627 0.0160 0.0064 0.0021 -0.00078 
Lobatto 65 0.0608 0.0168 0.0058 0.0025 0.00039 

probably only be approximated with acceptable accuracy by a polynomial of very 
high degree. It would thus seem that the Lobatto based formulae may provide a 
useful scheme for controlling the accuracy and econoinmy of numerical integrations. 

The tables were calculated using at least thirty-digit arithmetic and are correct 
to all figures given. The usual checks of integration of powers were successfullv 
applied. It is interesting to note that the weights of all the formulae are positive 
so that their stability is likely to be high. 
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Tabl 2. 05 point G_&" I.s. ff0 L0- 

POUtR ex 65 poest vuhts 33 poit eigtt 17 po.st v.41bis 9 po.1t w4hts S po't weights 

.9032 6097 75612 87727 .17292 58251 30025 09010)-2) .3061 97016 b6131 19554-2) .737)S 622 6W1 97790(-2) .21905 59*7 *645 7376-(-l) .71239 00696 0*3 49172)-1I 

.99195 09W60 6109 16305 .0215 29172 09073 2506 -2) 

."12. $2771 76801 16$72 .63)07 425T? 9717S 4SX36-2) .1295 67302 53133 101834-1) 

.96.3943121 6703 *9137 . o01 26 "916 "107)-2) 

.97613 15396 33511 16907 .10632 67467 95979 6f1I6-I) .2155. 1702) 26746 017304-1) .w3X 33S29 2S52 75302(4I) 

.91210 7"77 155 23771 .1)060 31163 "99 4660 1)I 

.9002 0*1 60407 50637 -15257 91214 6*03 10.6-1 ) j0591 $3706 97903 10069)-1) 

."167 "672 2090 33791 .17620 92199 76702 46513)-1) 

.91319 3490 4204 2*173 .10162 SO0 67500 62*2-1) .39029 729*0 6)509 %2-491-I) .7630 33291 6 199242-1) .1544 62 79133 *9 

.6260 760 06730 931*2 .21620 36121 30 67066)-H 

.6696 9799 26407 03619 .2360 12969 12972 267004-1) .473*1 6977 12917 S2956).!) 

. 8032 97520 990 2039* .25621 $0693 60377 52;S9-I) 

.18Th 59259 22S1 6539 .2753S 95*9 0653 46961)-IJ .5034 09703 *0153 6633(-I) .11006 0050 67592 7907k 

.79027 6957 92121 04304 .293$7 06770 93106 "073 -1) 

.7599 43229 61"99 0"7 .31170 S9036 01601 462970)1) .62273 70111 5072 50920(4I) 

.7r96 16763 29629 67901 .32082 61967 64S 75006)-I) 

.6*25 469S52 13991 63355 .3^516 61$19 65.90 5819S5-1) .6"00 52616 2S5 07271(-I) .13813 61131 616S0 66992 .277$4 2)9-5 21063 95091 ."551 53702 14679 66006 

.65"5 O901 93625 13304 1607S *2322 55652 739S04.1) 

.62213 15090 6S400 24150 .37569 3 62S77 0 -36-i) .751N 39$66 57990 900101-1) 

.54 11406 6007 31332 .34936 71920 9611 624-1) 

.56S9 792W 6277 136S5 .90236 67927 34S05 1)622)-i) .30645 *7555 61372 2996S(-1l .16049 11529 09157 6)671 

.5036 2760 55006 66236 .61b39 9901 72902 9)037)-.) 

.46193 97015 6919S OS770 .*2550 05.2 675 027n-1) .6S122 30703 95099 2*37(-1) 

.41637 S2166 23404 00927 .63562 29359 5006 66S*)l-I) 

.f376* 66151 22066 01201 .66676 2)929 50929 794.3)-I) .60927 6$515 099") 70013(-I) .17793 759S 79179 17030 .1 3 Q05 63219 1371 

.329* 0919 37466 90764 .4526) 99102 6100 3067"7-1) 

.26361 SS5 02296 7)061 .659 66916 66S16 6696%0-1) .91999 19S97 66639 S9324-1) 

.23751 720)3 96616 066$7 .4599 21S97 29)6 913223-1) 

.19067 265S6 26162 76977 .67061 67901 09S 272764-1) .*166 15499 9626417)0-1) .16629 o09 S0197 0997 

.14334 95S*6 997S 17113 .* 16"2) 26SS 031S51-1) 

.95776 6530 91975 05450)-1) .677*1 3*966 12906 21504-1) .95501 959O36 7.321 95.54-1) 

67993 4665 31716 57$21-1) .%7906 69250 04994 620914-1) 

.0 .*7961 06929 60. 161304-1) .4590%. 551g 7%960 9029S5-1) .191" 35766 9529 6376S .36%65 6S5*1 22096 07363 .76029 12*96 69S11 5S053 



Table 3. 33 point Gauss based foreulAs. 

Points * x 17 point weights 9 point weights 5 point weights 

.99742 469*2 46455 21727 .11623 49999 61774 10637(-1) .28220 52928 72118 72213(-1) .85481 63137 13397 12011(-1) 

.96682 29096 89992 76893 .48568 44100 19008 39306(-1) 

.90231 67677 43433 58304 .80362 29158 91677 86887(-1) .16051 86377 65131 69293 

.80616 23562 74166 S8980 .11125 28477 03219 22361 

.68173 19599 69742 78627 .13694 53995 20868 36957 .27498 26866 29756 86132 .53423 75368 55781 14693 

.53338 99047 86347 61355 .15883 02328 43363 17321 

.36633 92577 48073 34107 .17431 31094 29639 89209 .34855 05608 69857 42723 

.18643 92988 27991 57234 .1841 98781 3802 26688 

.0 .18736 85995 55242 07573 .37547 51708 96084 29223 .76056 16635 4575S1 2208 



rabl f. qm", *.mm 

Polate 'at 66 p.1st OWe t 33 poist _eiOs 17 point weIbts 9 poLat weights 5 p019t nigts 
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.320 75346 OD&" $90 .3260 65116 76663 3T566(41) 

.77301 053S3 62736 9606S .31141 29710 6076 2336-1) .62272 1"S03 32*0 04260(-11 

.709" 11253 $695 "130 .327963 SU6 "763 26952-1) 

.70710 67611 66S57 S527 .3%710 69616 09251 1621(4-1) .6927 5743 06*A W996(-1) .13695 6'663 46233 07393 .27930 S07)3 65079 01?. .3333 33113 33333 33333 

.671S3 69366 67016 6007 .36370 9 206 631 6323-0613 

.63439 32641 6346S 69623 .379S 45992 1666 176-1) .7563 60 136" 7066-1) 

.59569 9306 976J33 3439* .3963 96671 29360 9*30(-1) 

.55357 02330 19602 223" .60S1 01360 03576 33905(.1) .61636 6179S 6636S 1029"4-) .16317 26662 61703 30291 

.Sl160 27661 53221 72*6 .62103 33111 16161 0224(0-i) 

.67136 67366 35967 64466 .63"91 51%96 16906 297(-1) .96S77 S3S6 16276 35776.-1) 

.6275S 9.936 30262 0"97 .64379 17923 92573 1S73(6-1) 

.36261 34323 6S069 7717S .6S351 10"95 16606 72a7S(-1) .90706 11266 22 S965431) .16167 37662 3693 33666 .3617:. 765S7 20669 76161 

.3366 96533 92220 0S075 .96217 6751 09253 70664-1) 

.2W026 4772 5S62 36769 .067 93560 "66161 *0722(61) .93963 2*63 67617 3569-1) 

.26398 01799 93263 6699 .4791 06653 12001 9312(-1) 

. 1909 03220 16126 26767 .691 63J577 25122 0560-1) .96292 3359 56661 7921-1) .169l 3*66 2132 671S 

.16673 006766 3361 7316 .61SS356666 71410 527S94 -1) 

.6017 16032 .6S1 24 *037241) .7 1662 6533 0 6-1) 

.69067 67632 761 14236(-1) .690 01663 1035S 329334-1 

.A60? 62331 6t9665600-1) .90176 37776 17662 967S11-l) .1661 01316 21690 52737 .33365 0S736 50796 b5077 .6200 00000 0(006 00000 
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