Uniform Asymptotic Solution
of Second Order Linear Differential
Equations without Turning Varieties

By Gilbert Stengle

Abstract. The purpose of this paper is to initiate the study of a new kind of
asymptotic series expansion for solutions of differential equations containing a pa-
rameter. We obtain uniform asymptotic solutions for certain equations of the form

ey’ =al, ey, () =d/dt,

where 7 is a positive integer, ¢ and e are real variables ranging over [{| < t, 0 < e
= €, and a is a function infinitely differentiable on the closure of this domain. We
require that a(t, €) satisfy conditions which can be regarded as generalized non-
turning-point conditions. These conditions imply the absence of secondary turning
points, and reduce in the simplest case to the condition a(f, 0) = 0, but also include
cases (the interesting ones) in which a(0, 0) = 0. |}

1. Introduction. The purpose of this paper is to initiate the study of a new kind
of asymptotic series expansion for solutions of differential equations containing a
parameter. We shall obtain uniform asymptotic solutions for certain equations of
the form

(1-1) ey’ =alt, gy, () =d/dt,

where 7 is a positive integer, ¢ and e are real variables ranging over [f] < £, 0 < ¢
= €, and «a is a function infinitely differentiable on the closure of this domain. We
shall thus present a purely real variable theory.

The asymptotic theory of (1-1) (as e approaches 0) has been divided into two
cases, depending on whether or not a(t, 0) has isolated zeros. If a(¢, 0) does not
vanish then (1-1) falls within the scope of a systematic theory ([1, Chapter 6]; [2]).
However, if a(t, 0) has isolated zeros, individual representatives of (1-1) become
highly idiosyneratic, and there exists a profound literature devoted to what can be
fairly called the investigation of special cases (see the bibliography of [3]). Such
problems are called “turning point”’ or ‘“‘transition point’”’ problems and the zeros
of a(t, 0) are called “turning” or “transition” points.

We shall solve a class of problems for which the above classification is inade-
quate. We shall require that (1-1) satisfy conditions (given in Section 2) which can
be regarded as generalized non-turning-point conditions. These conditions imply
the absence of what have come to be known informally as secondary turning points,
and reduce in the simplest case to the condition a(¢, 0) = 0, but also include cases
(the interesting ones) in which a(0, 0) = 0. Our conditions have their basis in a
formal analysis which has been carried out for general linear equations by Iwano
and Sibuya [4]. They determine a finite set of differential equations which arise
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from (1-1) by transformations of the independent variable depending on the pa-
rameter e. Roughly put, each transformed equation describes (1-1) in a different
asymptotic scale in . The values of ¢ corresponding to turning points of these prob-
lems, with some possible exceptions, are the secondary turning points. Since these
values of ¢ in general depend on ¢, the secondary turning points typically lie on a
curve in (¢, €) space, that is they lie on a subvariety of (¢, €) space (which in our case
is usually an algebraic subvariety). We do not wish to perpetuate the distinction
between turning point and secondary turning point since the point of [6] and of this
paper is that the secondary turning points, properly defined, are in fact the “true”
turning points of (1-1). Ideally the best terminology would simply use the term
“turning point” in an extended sense. However, it does not seem possible to do this
without confusion (e.g. change ‘“varieties” to “points’ in our title and we refer to
a problem solved by Liouville). We have therefore selected the term {urning variety.
We are also reinforced in this choice by the fact that in applying the ideas of this
paper to problems containing several parameters, sets arise which in standard
mathematical usage are described by no term other than “variety.”

We can now describe our main result, Theorem 2 below, as uniform asymptotic
solution of (1-1) in the absence of turning varieties.

The following formal scheme can be regarded as a point of departure for our
analysis.

The transformation e*y~'y’ = r leads to the Ricatti equation

(1-2) er’'+r—a=0.
The equation ¢’ + 72 — a(t, ¢) = 0 has formal s-power series solutions
>Ry
k=0
where R, is a root, call it A, of
(1-2)0 R*—a=0
and
1 JdRy }
1-2 = — —=\— RR;/.
(1-2) Ben 2)\{ dt T 1'+i=k§i.j>0 !
Replacing o by € we obtain the formal expressions
(1-3) r= 2. "R, €),
k=0
0 t
(1-4) y = exp {e_" > e"kf Ry (s, e)ds} .
k=0 T

There is a considerable arbitrariness in this procedure and the terms of the resulting
formal series have no simple distinguishing algebraic features purely as functions
of (¢, €). In fact there are many slight variants of this scheme which would be equally
satisfactory for our purposes. We mention the following example solely for purposes
of illustration. Let a(t, ¢) = G(t, €) + €"b(¢, €) where G is, say, the (2n — 1)th partial
sum of the e-Taylor series of a. Then the formal s-power series solution of

(1-5) o' + 12— 34— =0
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with ¢ replaced by ¢ could be used instead of (1-3).

We will expend our main effort in making a detailed formal analysis of formulas
(1-3) and (1-4), accounting in a general way for the nonuniqueness illustrated above
(Section 6), establishing precise formal properties (Theorem 1, Section 9) and
elucidating their asymptotic character (Theorem 2, Section 10). To accomplish this
we require new definitions of formal and asymptotic series (Section 6) using notions
from the local theory of functions of several variables which are standard but which
do not seem to have been applied before to asymptotics.

Finally, to emphasize that we are dealing with a natural and effective means for
solving certain kinds of problems, we have attempted to include an informal sketch
of our analysis in a continued section consisting of specific examples which also
illustrate our hypotheses and results. In particular we analyse the scattering-like
problem

(1-6) ey’ + (@) + gy =0

where ¢ is a nonnegative, infinitely differentiable function which has a single zero
of even order greater than two (say 6) at ¢ = 0 and is constant for |¢| = 1.

Some of our results appear in Stengle [5]. We also note that Evgrafov and
Fedoryuk [6] study the leading term of our expansion in a function-theoretic con-
text. The author is indebted to Professor N. Kazarinoff for calling his attention to
problem (1-6).

2. Location of Turning Varieties. Basic Hypotheses. We first state some pre-
liminary restrictions which we shall either take for granted without further mention
or which happen to be consequences of hypotheses stated more formally below. A
necessary condition which we must impose is that a(, ¢) does not vanish for e = 0.
This requirement has been used as a condition precluding turning points by Evgra-
fov and Fedoryuk [6] in a context where it is viable. However, this condition is not
sufficiently discerning for our purposes and must be regarded as a necessary, but
by no means sufficient, condition. We are of course interested in the case where
a(t, 0) does have zeros and we suppose that this function has only one zero at ¢ = 0.
We thus have assumed that a(¢, 0) and a(0, €) both have an isolated zero at (0, 0).
We also suppose that these zeros are of finite order. These restrictions already
clearly delimit the scope of our results. For example the famous problem ety” =
a(t)y, where a(0) = 0, is immediately excluded.

We now analyse a(t, €) in terms of its formal power series at ¢ = ¢ = 0.

Notation. Given an infinitely differentiable function ¢(¢, €), let ¢ denote the
formal power series of ¢ at { = ¢ = 0. We also use circumflexed quantities to denote
formal power series not necessarily associated with a given function or the product
of such a formal power series and an infinitely differentiable function.

Since a(t, 0) has a zero of finite order, say mo, at t = 0, it follows from the Weier-
strass preparation theorem for formal power series [7] that ¢ has the unique factori-
‘zation

mo—1
(2-1) 4= <t”‘° + Z_; t’"e"‘“’pm(e))m = P,

where P (e) is identically zero or else a unit in the ring of formal power series, k(m)
is a positive integer defined only if pn(e) is a unit, and U, is a unit.
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We now apply the characteristic polygon of Iwano and Sibuya. We obtain the
characteristic polygon @ of (1-1) in the (k, m) plane by forming the convex hull of
the vertical ray, So = {(0, m)|m = m,}, the points (k(m), m) from (2-1) and the
point (2n, —2). The boundary of this hull is the characteristic polygon, and evi-
dently the points (0, mo) and (2n, —2) are vertices. Since a(0, €) has a zero of finite
order, po(e) # 0 and the point (£(0), 0) appears in the hull. As our first crucial
technical hypothesis we assume: (k(0), 0) 7s a vertex of @. We denote the sides of €
between (0, mo) and (k(0), 0) from left to right by Sy, Sa, - -, S,. Let S; be de-
seribed by the equation

(2-2); k+68m =y,

where §; and v; are positive rationals with least common denominator nj, and let
the lower right-hand vertex of S; be (k;, m;). It can then be seen that the change of
variables

t = éis ,
(2‘3)1' j=1;27"'7p7
y(t7 €) = ’I.U(S, e) )
transforms (1-1) into

2
(24); i %‘? = [™a;(s) + €7"8;(s, ") w
s
where «; is the polynomial
(2-5); ai(s) = 00(0,0) 35 pu(0)s"™
((m) ,m) S8 ;

and B;(s, w) is an infinitely differentiable function. The original equation (1-1) can
be designated as (2-4), if we let §o = 0 and append

(2-5)0 ao(s) = s~maq(s, 0) .

Briefly summarized, the sides S; determine the essential ways in which a leading
part, s™ia;(s), can be brought out of the transformed coefficient.

We can now state the following

Conditions Precluding a Turning Variety.

1. (k(0), 0) is a vertex of €.

2. ao(S) = 0, —lo é S é to.

3. aj(s) 0, — o0 <s< w0, 7=12 ... p.

Condition 1 has the following significance. Since € is concave upwards, the
vertex (2n, —2) must lie strictly above the line k + d,m — v, = 0 which contains
Sp. Hence 2n — 25, — v, > 0. This implies that (2-4),, and hence each problem
(24);,7=1,2, - -, p, depends on ¢ in a singular way. In other words we must re-
quire that each of the related problems has the singular kind of dependence on the
parameter which disposes toward an asymptotic theory. Condition 2 merely re-
states that a(t, 0) has no zeros other than ¢ = 0. Conditions 3;,j =1, ---p — 1
assert that (2-4); has no turning points other than s = 0. Condition 3, refers to
(2-4), which has the special form

62"_2"\;”_71’d21,0/ds2 = [ap + e”"PBp]w



SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS 5

since m, = 0. Since 0 = & < & - -+ < &, the transformation ¢ = se?» describes
(1-1) in the smallest or “innermost” asymptotic scale. Thus condition 3, asserts
that this innermost problem has no turning points.

The absence of turning varieties will insure the formal validity of our results in
the precise sense of Theorem 1 below. In addition we require a more analytical
condition of a familiar kind which will imply that we can determine solutions of
(1-1) which do not undergo a transition from violent growth to violent decay. In the
absence of such a condition we would be forced to subdivide [ — ¢, ¢] into contiguous
closed subintervals. Since a(Z, ¢) does not vanish and the underlying (¢, ¢) domain
is contractable, a continuous choice of arg a(¢, €) is uniquely determined by its value
at a single point. We refer to such a choice in the following.

Nontransition Condition. There is a continuous determination of arg a(t, )
satisfying

larg a(t, €)| = 7.

We could use other inequivalent conditions instead : for example, |arg G(¢, €)] = 7
where d is the “leading part” of @ used in Eq. (1-5). Also in some cases a shorter
section of the e-power series of a could be used.

3. Examples.

3.1. We consider (1-6) assuming that ¢(¢) has a zero of order 6 at ¢ = 0. The
vertices of the characteristic polygon are (0, 6), (1, 0) and (2, —2) and there is only
one relevant change of scale, t = € /8 s, determined by the line joining (0, 6) and
(1, 0). This leads to the transformed problem

(38-1) Eld*w/ds” 4 (as® + 1 4+ °8(s, " H)w =0

where @ = ¢®(0)/6! > 0. This problem has no turning points. Accordingly the
original problem, which has a turning point at ¢ = 0, has no turning varieties.
Clearly the nontransition condition is also fulfilled.

3.2. The problem

&y’ = (it + e + i)y
determines two changes of scale, t = €'%s, t = es, and corresponding equations
e 2dw/ds® = (s[1 + #5?] + 7w
ed*w/ds* = (z + s + zes®)w .

Here ap = 4, ai(s) = 1 + 4s? as(s) = ¢ + s, and the problem has no turning varie-
ties. However, the nontransition condition fails since the range of a is a curve in the
complex plane crossing the negative real axis at ¢ = — ¢ when ¢t = — ¢2/3, This is
not serious since we can obtain separate results on two contiguous domains of the
form —tp =t = —e3,0< e=< gand -3 =1 < 1,0 < e = e

(In considering the extension of this problem to complex values of ¢ and e, it is
clear that the complex algebraic curves determined by 7t + ¢ = O and ¢ + 7¢ = 0
are the turning varieties. However, extensions of the nontransition condition must
account for geometric phenomena, of great complexity.)

3.3. For each of the problems ey” + (&* + )y = 0 and &&” + t(t — &)y = 0,
we obtain a polygon with only one numbered side Sy, to which corresponds the lead-
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ing part tmag(t) = % Thus ¢ = 0 is a turning variety of each problem. In these
examples the varieties t + 7¢ = 0,¢ — 7e = 0,¢{ = 0, and ¢t — ¢ = 0, which account
for the vanishing of the coefficient functions, are too close in the relevant scales to
justify distinguishing among them. It is also natural to describe { = 0 as a double
turning variety for each problem.

3.4. The problem ety” = (%(f) + €)y, ¥(0) = 1 has a turning variety t = — €'/,
Thus our results taken in total do not apply. However, it is not hard to extract
partial results which elude the classical methods. For example our formulas give uni-
form asymptotic solutions on [0, o] (more generally on [—€'/ 4 Ce*/*, 1] where
8 > 0, although we shall not prove these results). This is significant because this
one-sided failure of our hypotheses (a turning variety intersecting only the negative
real axis) produces a two-sided failure of the classical asymptotic expansions. Finally
it appears that a single uniform theory of solutions on [—t,, o] can be obtained by
combining our methods with the comparison methods of R. E. Langer.

4. The Connection Problem for the Classical Expansions. Our hypotheses bring
problem (2-4); within the scope of the standard theory if s is restricted to a finite
closed interval not containing s = 0 forj = 0, - - -, p — 1 or to any finite closed in-
terval if j = p. It is then the case that on each such interval, Eq. (2-4); has a funda-
mental pair of solutions w;(¥ (s, €), ¢ = 1, 2, which possess simple asymptotic repre-
sentations w;(s, €). However, these results do not reveal to what extent the formal
expressions ;9 (te?4, ¢) will describe the limiting behavior of the solutions,
w; (D (%5, €), of (1-1) obtained by reversing the transformation (2-3) ;. Moreover the
solution pairs w;(?(te-%, €) are, in general, different solution pairs of (1-1). Among
these pairs must persist linear relations depending on e. It is the case that the formal
expressions ;(? are of limited usefulness unless we have an asymptotic description
of these relations.

We will determine the full range of validity of the classical expansions and the
linear relations or connection formulas relating them by the simple procedure of
breaking down our uniform asymptotic solution into classical forms on suitable
subdomains.

5. Examples (Continued).
5.1. Formal methods given in [1] lead to formal solutions of (1-6) having the
form

G oo [ ere i [ w1 )

where the brackets enclose a formal power series in e with coefficients which are
infinitely differentiable functions of ¢. Evidently these formulas are meaningless at
t = 0, but they are known to represent solutions of (1-6) on any closed interval not
containing { = 0.

Similarly the transformed problem (3-1) has formal solutions

(5-2) (as®+ 1)1 exp |::!: ;W/O (ao® + 1) ?do + ﬁ/; E(;B?%_%))T/zd” + - ]

which represent solutions of (3-1) on any closed s-interval. It is not hard to see that
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the formulas (5-2) cannot be meaningful if we reverse the transformation ¢ = €l/6s
since, for example, if ¢ = 5 near t = 0, then A(s, ) = 0, and (5-2) does not even
depend on the function ¢.

We are thus concerned with three solution pairs: a pair represented by (5-1) on
some negative ¢ interval (pick 7 = —i, in (5-1)), a pair represented by (5-2) on a
finite s interval, and a pair represented by (5-1) on some positive t-interval (7 = ).
But for small e the three corresponding ¢~-domains do not overlap. For this reason
the results we have described are not sufficient to determine asymptotically the
linear relations connecting the three solution pairs. A simpler problem of a similar
nature is the scattering problem: to find the relations expressing the solution pair
of (1-6) which has complex exponential form for large positive ¢ in terms of the pair
which has the same form for large negative ¢.

5.2 An algebraic connection problem. We consider the problem of finding as-
ymptotic formulas for the roots of A2 + ¢(¢) + ¢ = 0 where ¢, t, € are as in problem
(1-6). Let ¢(t) = t%2(t) where ¢ > 0. Then the global continuous roots of the
previous equation have asymptotic representations

Ae~ WY £ G/ T+ - 0<t St A,
~ i (e’ + D4 oo =€, 5| £ 50,
~FYTF G/ - —h S -4 <0.

It is perhaps appropriate to regard the choice of sign here as a little connection
problem since the series can be computed by formal procedures which provide no
clue as to the correct choice. Also the series have formal irregularities resembling
those in series (5-1) and (5-2). Finally the roots undergo a Stokes’ phenomenon or
change in the analytic form of their asymptotic representations. As we will see,
these irregularities will partly account for more recondite irregularities in the
asymptotic solutions of (1-6).

6. General Formal and Asymptotic Series. In this section our object is to give
convenient definitions of formal and asymptotic series depending on a single small
parameter, e. We first deseribe a bare context in which we can place the notion of
uniform asymptotic expansion. Let X be a quite general set and let Q be a subset of
X X (0, €] on which the function 1/e is unbounded. Let B’(Q) denote the ring of
complex valued bounded functions on Q. Then eB’(Q) is a proper ideal in B’(Q) and
can be used in the following way to induce a notion of formal convergence in the
ring of complex valued functions on Q.

Definition 1." A sequence {fy}, k = 1,2, - - -, of complex-valued functions on Q
is formally convergent to zero if for any positive integer N there is a k() such that
v € VB'(Q) for allk = k(N).

We note that if f; converges formally to zero then all but a finite number of the
fx belong to B’(Q). In the next definition we put a restriction on these possibly un-
bounded terms. _

Definition 2'. A series of complex-valued functions on @, D s fi, is formally
convergent if for some N and all k, fr, & ¢ ¥B’(Q), and if the sequence f; converges
formally to zero.

We define the sum and product of formally convergent series by D o fi +

Do g = 2eeo (fe + gi) and (Do fi) (2oimo g) = 2 ieo( 2 iof i96—s). Since
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these operations lead to series which are again formally convergent, the collection
of formally convergent series is a ring ®'(Q). However, this ring is too large to be of
much use (e.g. the seriesf + 0+ 0+ ---and 0+ f + 0 + - - - are different ele-
ments of ®'(Q)). It is not hard to verify that the subcollection B¢ (2) of series for-
mally convergent to zero, that is, series for which the sequence of partial sums con-
verges formally to zero, forms an ideal in ®'(Q2). We can thus form the quotient
ring ®'/®,’ or equivalently introduce the following terminology.

Definition 3'. The symbol = or the term ‘“formal equality’’ denotes equality in
®'(2) modulo B¢’ (Q).

The preceding definitions are partly analytic in nature and do not have the
purely algebraic character, for example, of the theory of formal power series. They
will be applied to such series as the right-hand side of (1-3), the terms of which are
not distinguished by any simple algebraic properties, and which itself has no signifi-
cant uniqueness properties.

We next give a related definition of uniform (more precisely, uniform in z)
asymptotic expansion.

Definition 4'. The series D - fi is a uniform asymptotic expansion of f if for
some N, fi € ¢VB'(Q) and the sequence f — » _%_; f; converges formally to zero.
We indicate this relationship by writing

f'\'gfk-

Remarks. Evidently a uniform asymptotic expansion is a formally convergent
series. If we identify f with the trivial formal series f + 0 + - - - then f ~ E fr 18
equivalent to f = > fr. Also if f ~ > feand D fi = > g then f ~ > g so that
asymptotic expansions are well defined modulo ®,’. They are also unique modulo
®’, that is, as elements of ®'/®,’, but since elements of ®," abound, asymptotic
expansions are not unique in any more refined sense.

The above notion of asymptotic expansion is determined (in Definition 1’) by
the nested sequence of ideals, €*B'(Q), k = 1, 2, - - -. It is possible to define more
general kinds of asymptotic character by introducing more general sequences of
ideals but the preceding notions seem to include very many cases of interest. Indeed
our most delicate results involve other sequences of ideals but since these depend on
the individual features of (1-1) it is most natural to let these ideals appear more
explicitly in our results.

Using the formal convergence described above we can consider formal solutions
in ®'(Q) of an equation =(z, ¢, y) = 0 if  is a polynomial in y with coefficients in
B'(Q) or ®'(2). We now refine and elaborate the above scheme in order to be able
to consider analogous solutions of differential and partial differential equations. We
restrict our previous definitions to the case where X is Euclidean ¢-space R? with
coordinates z1, - - -, z,. Thus Q is a subset of R7 X (0, €. Let K(Q) be the ring of
complex valued functions f on @ such that the restriction of f to each e-cross section
of Q is infinitely differentiable. (We recall that a function on a subset ¥ of R is de-
fined to be differentiable if it is the restriction to Y of a function differentiable on
some open set containing Y.) We want to specify a subring of K(Q) in which the
function f(z, €) = e generates a proper ideal and in which this ideal induces a formal
convergence which is preserved under z-differentiation. The ring K(Q) is itself much
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too large (eK(Q) = K(Q)) and likewise the ring K(@) M B’(2) contains sequences
such as € sin (e*/<x;), formal convergence of which is destroyed by differentiation.
At the other extreme the ring of functions with bounded z-derivatives of all orders
could be used, but this is too special for our purposes since we are forced to consider
functions which respond to differentiation in an unbounded manner (solutions of
(1-1) for example). A suitable intermediate choice is the following. Given a fixed
nonnegative integer M let B(Q, M) be the subring of K(2) N B’ consisting of func-
tions such that derivatives of all orders with respect to the differentiations ed/dz;,
j =1, -, gbelong to B'(Q). We then proceed as above. We shall retain the same
terminology : “formal convergence,” “uniform asymptotic expansion” etc., with the
understanding that the preceding preliminary uses are being superseded.

Definition 1. A sequence fi, k = 1,2, - - -, of elements of K(Q) is formally con-
vergent to zero if for any positive integer N there is a k(N) such that fx & "B(Q, M)
for all & = k(N).

Definition 2. A series of elements of K(Q), D =1 fi, is formally convergent if for
some N and all k, fy € e V¥B(Q, M) and if the sequence f; converges formally to zero.

Again the collection of formally convergent series is a ring ®(Q?, M), actually a
differential ring with derivations 8/dxx, k = 1, 2, - - -, q. Similarly it is easy to see
that the collection ®B(Q, M) of series formally convergent to zero is a differential
ideal, that is, ®, is an ideal closed under differentiation. This means that the 9/9x;
act naturally on the quotient ring ®/®,.

Definition 3. The symbol = or the term ‘“formal equality” denotes equality in
® modulo ®,.

We can now consider formal solutions in & of partial differential equations
7(y) = 0 where 7 is a polynomial in y and its z-partial derivatives with coefficients
in B or ®. Such a problem corresponds in a well-defined way to the corresponding
problem #(y) = 0 in B/®, with coefficients in the same quotient ring, or less ele-
gantly expressed: we are sure that if y; is a formal solution of 7(y) = 0 and y» = y:1
then vy, is also a formal solution.

Finally we have the corresponding notion of uniform asymptotic expansion.

Definition 4. The series 3 71 fx is a uniform asymptotic expansion of an element.
fof K(Q) if for some N, fi & e ¥B(Q, M) and the sequence f — Z’§'=1 fi converges
formally to zero. We indicate this relationship by writing

f S g
k=1

It happens that a uniform asymptotic expansion in this sense can be termwise

- differentiated with respect to . For if f ~ D xeo fx, then for some N the sequence

f— 2% ofi,k =1,2, -, is a sequence of elements of e¥B convergent to zero.

This implies that the sequence (6f/dz:) — D _%-00f,/02: k = 1,2, - - - is a sequence

of elements of ¢ ¥MB convergent to zero, which means that (df/dz;) ~
Z’:Ll 8fk/8x,

Similar properties are enjoyed by the formal e-power series expansion of an
infinitely differentiable function of (z, €) of which our kind of expansion is a generali-
zation. It is known that any formal power series is the asymptotic expansion of
some infinitely differentiable function. We require a similar result for our kind of
formal series. For purposes of exposition we suppose that z is one-dimensional al-
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though the conclusion and proof are easily modified to include the case where
z € Ra.

LeMMA. Any formally convergent series vs the uniform asymptotic expansion of
some function.

Proof. If Z,;‘;l fi(z, €) is formally convergent then there exist integers M, N
such that

(ad;)mfk (@,¢) € EVOB(Q, M)

where ¢(k) is a nondecreasing function of k approaching 4« as k — . Otherwise
expressed, there exist constants b, such that

| (@/dz)" ol < b B

where we can suppose that b,.;, = 1. Let 6(u) be an infinitely differentiable function

identically 1 near zero, identically O for + = 1 and satisfying 0 < § = 1 for all w.
For any & > 0 let F'; be the function

k
Fi = o(e‘kl Zob,,.,,)fk.

The sum f = Z“;I F, is finite for each e since F}, is zero unless €k! Z',‘,,go b < 1.
This implies that for k = m

d m
l(d—) Fs

This ensures that for large %

(g‘éﬂf -3 Fk) € STTHOR @),

J=1

E—S—N —m My (k)

< Tl

which implies f ~ D w1 Fz. And since > ie1 fi = -1 F we conclude that

fNEJk-

k=1

7. Examples (Continued).

7.1. If the functions a(f) are each infinitely differentiable and the (¢, u) are
polynomials in » with infinitely differentiable coefficients for |{| < o, then the series
> v ()€, D ren ax(t)é/h, where h > 0 and D jzs mi({, log €) ko8 198 ¥ are rather
conventional examples of formally convergent series. Here @ = [—t,, to] X (0, €]
and the underlying ring can be taken to be ®&(, 0). However there seems to be no
advantage in strengthening our definitions to exclude bizarre dependence on e. For
example if bx(e) is any sequence of individually bounded unmeasurable functions
> e ax(t)bi(€) € is also formally convergent in the same sense.

7.2. If f(e) is infinitely differentiable at ¢ = 0, then its formal Taylor series
D o cxét is an asymptotic expansion in our sense. Moreover, on the domain
Q= {{ e:]t — ¢ > &, 8 > 0}, we have

()~ £l
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where the underlying ring can be taken to be ®(2, 1). However on the domain
Q' = {(@, €):|t — ] > elog 1/¢} this series has no asymptotic character in our sense.
Roughly speaking, on @ the series behaves at worst like an asymptotic power series
in ¢, while on Q' its behavior degenerates to that of an asymptotic power series
in (log et A weaker kind of convergence induced by an ideal generated by
(log e1)~! would however be relevant in the latter case.

8.-An Ad Hoc Preparation Lemma. Thus far our analysis of (1-1) has depended
chiefly on the formal factorization (2-1) of d and the derived characteristic polygon.
We next obtain a related factorization of the function a itself. We recall that the
leading parts of the transformed problems (2-4); are determined by the exponent
pairs (k, m) which lie on the characteristic polygon. In the following definition we
identify the simplest polynomial which determines essentially the same leading
parts.

Definition 8.1. Let P(Z, €) be the polynomial in ¢ and e derived from the formal
factorization (2-1) and from the characteristic polygon according to

P=4+ 2 "PL0).
(k,m) E81U83...USp

We now consider the factorization a = P(P~a). Following the point of view of
Section 6 we will characterize the quotient U = P-lg by its membership in a
differential ring.

Definition 8.2. Let Q(to, e1) be the domain [t] =< 2,0 < ¢ = & = . Let 2(¢, €)
= (2 4 €2)12, Let A = A (o, e1) be the subset of K(Q(ty, €1)) consisting of functions
7 such that

(-&)reraua, r-om -

Remarks. The collection A is a differential ring with derivation zd/d:. Since we
have assumed 2n — 26, — v, > 0 it follows that §, < n. This readily implies that 4
is a differential subring of B(Q(t, €1), n) which we shall henceforth suppose to be
the ring underlying our use of = and ~.

We can now state the following

PREPARATION LEMMA. For e sufficiently small the function a can be represented in.
the form

(8-1) a = PU

where U is a unit in A (t, e1) and P is defined by (8-1).

Proof. We first observe that given any ¢; > 0 there is an ¢ sufficiently small such:
that for ¢, < |f] < toand 0 < € = ¢ both P and ¢ are units in the ring of infinitely
differentiable functions, so that on this domain the factorization is trivial. It thus.
suffices to prove the lemma for |{] < ¢, 0 < € = e where both ¢; and ¢ are suf-
ficiently small. But for ¢; and e sufficiently small the Malgrange preparation theo-
rem [8] implies that corresponding to the formal factorization (2-1) there is a factori-
zation of a of the form ¢ = mu where = is a monic polynomial in ¢ of degree m, with.
coefficients which are infinitely differentiable functions of ¢,  is a unit in the ring of
infinitely differentiable functions of ¢ and ¢, and # = Py, @ = U,. We consider the
equation Py(7, €) = 0 as an algebraic equation for 7 with coefficients in the ring of
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formal e-power series. This equation has m, solutions in the ring of formal power
series in some fractional power of ¢. We choose m, infinitely differentiable functions
of this fractional power of e having the formal roots as asymptotic power series. Let
P; be the monic polynomial in ¢ having these functions as roots. Then the coefficients
of P; are easily seen to be infinitely differentiable functions of e. Also P, satisfies
P, = # = P,. Hence each coeflicient of the polynomial in ¢, # — P31, has a zero of
infinite order at e = 0. Thus for any integer M the Malgrange factorization can be
written in the form

(8-2) a = (P14 e"Q)u

where @ = e ¥(x — P,) is again a polynomial in ¢ with infinitely differentiable
coefficients.

We now examine the linear factors of Py, P; and P. The portion of the character-
istic polygon of (1-1) between (0, mo) and (k,, 0) is the Newton polygon of Py. It
follows (Semple and Kneebone [9] or Bliss [10]) that the roots of P, have the follow-
ing form. Corresponding to each zero { of one of the leading parts a;(s), there is a
root of Py having the form

=e‘5kg'+...-

By construction this formal series is the asymptotic series for a root 7, of P;. Since
the polynomial P agrees with P, in terms which lie on the Newton polygon, there
is a root 7 of P possessing a convergent series with the same leading term. Under
the hypothesis that there are no turning varieties none of the possible values for ¢
are real. It follows that for e sufficiently small, |[¢ — 71| > ce?* and [t — 7| > ced*,
where ¢ > 0. In particular, the linear factors of P; and P are never zero on Q(f, €;).
It then can easily be seen that the functions

t— 71 I —7 4 2 2

L, t—7’ t—1’ ?’ t— 7’ t—‘rlandt—T

are bounded, and therefore generate an algebra of bounded functions. Since the
application of zd/dt to each generator again yields an element of this algebra, we
conclude that this algebra is a subset of 4. In particular (¢ — 7)~'(t — 71) is a unit
in4.

We now choose M = mon + 1 in Eq. (8-2) obtaining

a=P { +ean}u.

Since Py/P is a product of factors of the form (¢ — 7)~'(t — r,) it is a unit in 4.
Similarly P—tem is an element of A. For ¢; sufficiently small P1/P + e(em"/P)Q has
a bounded inverse which in turn readily implies that it is also a unit in A. Finally
U = P7la = {P7'Py + e™™*P-'Q}u is also a unit in A which concludes the proof.

We remark that P is uniquely determined by (1-1) but the functions = and P,
appearing in the proof of the preparation lemma are not.

9. Formal Solutions. The following theorem establishes that series (1-3) is
formally convergent and that it behaves roughly like a power series in the quantity
I —_ enz—]P—1/2'

TurorEMm 1. If Eq. (1-1) has no turning varieties, then for e; sufficiently small the
sequence Ry, defined by (1-2) satisfies
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9-1) ¥R, € PY’T"A where I = f27'P7H2.

Moreover the series

0
= k
r = Ze”Rk
k=0

s a formal solution of e’ + r2 — a = 0.

Proof. 1. We first show that the sets P12I*A are differential ideals in A4, that
is, ideals in A closed under the action of zd/di. Evidently P2 is bounded. Also
2P~'dP/dt is a sum of elements of the form z({ — 7)~!, where 7 is a root of P. These
have been established as elements of 4 in the proof of the preparation lemma. Hence
2P~'dP/dt & A. The identity

(o) = () o)
-7 2 (@) ) )

and induction shows that (zd/dt)¥P” is bounded for all N, that is, P12 € 4.

We next verify that I is bounded. In the proof of the preparation lemma it was
established that for small e; the linear factors of P corresponding to the kth side of
the characteristic polygon satisfy [t — 7| > ce’*. Hence, since |z71| < €2,

(9-2)

IIl < Cen—(25k—6p) /2
where the indicated sum is over all linear factors of P. But the sum, 8, is just the
order of the zero of a(0, €) at ¢ = 0 which is k, or v, (see Eq. (2-2)). Hence

1] < g&r,

Since the inequality 2n — 26, — v, > 0 is a consequence of our hypotheses preclud-
ing turning varieties, we conclude that I is bounded, and even more, that the powers
I* form a sequence formally convergent to zero. Now, carrying over the above argu-
ment for P, since zI~dI/dt = —(2/2)P~'dP/dt — i/z belongs to A, identities similar
to (9-2) show that I & A4.

We now apply zd/dt to P'2I*A obtaining

d ap ( 1,2>k 1,2< d ) 1y < d )
dtP IAC —P I'A + P dt A+ P th

C P”‘"(zp-l ‘fiP >I A + P ( e >A + Prig

C P'*r*4 .

Thus P'2I*4 is a differential ideal in A.
2. We now prove the inclusions (9-1) by induction. By the preparation lemma

Ro = &+ a'* = &£ PY?U'* € P'’4

since the square root of the unit U is easily seen to belong to A. Thus (9.1) is true
for k = 0. Suppose it is true for ¥ = <. Then by (1-2);
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G+ p e” _d_>m ,__1_ knp  jnp
€ Riy _——2Roz (z a/e R; 5R, k+j=i§k+]>oe Rie™" R ;

- I(z —Li—)Pl’zl"A L+ P2 S pRpipliry
dt jHk=it+1
€ P14
3. It follows from estimates of I made above that

€ &rmig

Hence (9-1) implies that the series D .o €*R; is formally convergent. Finally,
substitution into e*dr/dt + r* — a leads to a series which is formally equivalent to
zero.

10. Formal Solutions are Asymptotic Solutions. We now show that the Riccati
equation has solutions which are represented asymptotically by the above formal
solutions.

TrEOREM 2. If €my” = ay has no turning varieties and |arg a(l, €)| < = then for &
sufficiently small and [t] < 1o, 0 < € < €1, solutions exist such that

YLy~ 3SR

where

Re—a=0, Riyr=— %RO-\R,/ + > R,-R,-}.
t+j=k+1; ,5>0

Proof. As a preliminary step we select a function S such that S ~ D iz €"Ry.
Imitating the construction in the Lemma of Section 6, for any § > 0 it easily follows
that we can construct an S also satisfying

S e (e2n—8/P1/2z2)A .

Let R = Ry + e*R;1 + S. Then R is an element of B(Q, n) (actually of 4(Q)) such
that R ~ D i—o €*R;. We will establish the existence of suitable solutions of the
Riceati equation by regarding R as a very excellent initial guess for Newtonian
successive approximations.

We transform the initial value problem

en,rl __I_ 7.2 —a=0 s ’r(—to) = R(_to)

by the change of variable r = R + €% into the equivalent integral equation

o) — _/;ttaexp [—26_" /: Rdail{a +olds =0

where @« = ¢™(a — R? — ¢R’) is a function asymptotic to zero. We consider the
left side of the integral equation to be a function, F(p), on the Banach space of con-
tinuous functions on [—t,, to], vanishing at —¢,, endowed with the maximum norm.
To establish the theorem it suffices to show that F(p) = 0 has a solution satisfying
p~0.

We use a basic result about Newtonian approximations due to Kantorovich
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[11, p. 708]. Kantorovich’s theorem requires estimates for F’ and F”, the first
and second Fréchet derivatives of F, and implies that if ||{F’(0)}'F(0)| < =,
[{F’(0)}*F”(0)|| < L and 9L < 1/2, then F(p) = 0 has a solution satisfying
loll < (1 = (1 — 29L)1)/L. In our case F’(0) is the identity mapping and F”(r) is
independent of r. Hence we require estimates for ||F(0)| and ||F”|.

In order to establish these estimates we must use the nontransition condition
which implies that a(t, €) has a root By = o'/ satisfying Re a'/2 = 0. Then since for
any positive §

n 2n—6

R = 4" —Z-(;Eloga—l—

where b is bounded, we conclude that the kernel

b

12,2

2 t
h(t,s) = exp — —e-/ Rdo
can be estimated by

a, e "

3]s {w = )

— n— _45 -0 * dT

Choosing & to be smaller than the positive quantity n — v,/2 — 8, we obtain
|h(t, s)| < Ca®.
Since F(0) = | £, h(t, s)a(s)ds we conclude that
[E©)] £ Ce"laf| = n(e) .

Also F”(r) is the bilinear mapping given by F”(r)(u, v) = 2 [, h(t, s)u(s)v(s)ds.
Hence

[n(t, s)| <

|F” ()|l < Cse ™" = Le) .
Thus the quantity n(e)L(e) decisive for Kantorovich’s result is Cse7|e||. Since

a~0, ||| € e'B’ for each N. This implies that for small ¢, n(e)L(e) < 1/2. Hence
there exists a solution p of F = 0 such that

lloll < @ = (1 = 9(L(e))*"*)/L(e)

which implies that p & ¥B’ for each N. This in itself does not insure that p ~ 0.
However, this relation follows from the fact that the functional equation F(p) = 0
implies that any solution in B’(Q) which is continuous in ¢ for each e actually belongs
to B(Q, n). Finally we observe that for the other choice of square root, Ry = —a'’?,
the proof carries over if we replace the boundary condition p(—ty) = 0 by p(te) = 0.

CoroLLARY. Under the hypotheses of Theorem 2 there exist solutions y.. such that
the functions

i
exp F {e_” / a'’ (s, e)ds}yi(t, €)
0

possess uniform asymplotic expansions.
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Proof. Theorem 2 implies that ¥, exist such that

t © t
log . — e"‘/ o' + L loga~ ) e""/ Ri(s, €)ds .
0 4 = 0

Since e* f ; Rids € e~ 121wB the expansion for the function on the left leads
easily to an asymptotic expansion for its exponential. Termwise multiplication of
this expansion by a=1/4(i, €) gives the required expansion.

11. Examples (Continued). Theorem 2 ensures that (1-6) has solutions y.
satisfying

t
elogy, ~ = z] (¢ + €)' ds — ilog (¢ + e
(11-1) T

F i€’ f t {i (6 + 0 — 2o + e)‘“}ds + -
+ (8 16 '

These formulas cannot be further simplified without sacrificing the uniformity of
the expansion.

12. Solution of the Connection Problem. Since we possess uniform asymptotic
solutions on [—to, o] we already have, in principle, connection formulas. We need
only break down our formulas into the simpler classical forms and read off the
connection constants. In carrying out this reduction we will obtain precise results
about the range of validity of the classical expansions. However, our main interest
in Theorem 3 below is that it contains an effective procedure for computing the
connection constants.

To study the relation of our uniform asymptotic solutions to the classical
asymptotic solutions we must introduce a covering of [—t,, f] by 2p — 1 contigu-
ous closed intervals I_, 1, I_py2, - -+, Lo, I1 -+ Ip—1. We define these by I =
(sgn k)Jp—lxl for k =2 0 and Iy = J, U —J,p, where

Jl = {t|sleal, t to} y
Jr = {tlskéwc’ A Sk_165];_1} k=2 .-,p—1,
and 81 < &’ < & where s > 0, and

IATIA
IIA- A

Jp = {t|0 St < 51?1} .

We remark that the upper end point of J&, k > 1, is large in the asymptotic scale
s = te%, but small in the adjacent scale s = te%-1,

We will use the technical device of the Neutriz or additive class of negligible
functions, a notion which has been developed by J. G. van der Corput [12]. For the
sake of this device it will be convenient to suppose that the quantities s, appearing
in the above partition of [0, {o] are each variables ranging over some small interval J
containing 1. We can now attack the problem of computing asymptotic expansions
for integrals of the form [ f(s, €)ds in the following way. If f(t, €) possesses simple
asymptotic expansions on each Ji, then for ¢ € Ji, we can obtain expansions for the
integral by decomposing it into [{ = pr -+ pr_l -+ ka_l + oo+ [Lon and
inserting asymptotic expansions for the integrand. However, it is self-evident that
while the intermediate computations in this procedure depend heavily on the
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variable end points of the intervals J;, the resulting asymptotic expansion does not.
It is therefore reasonable to hope that since all functions of s; which occur in the
intermediate steps must cancel in the end, these functions can be systematically
eliminated in early stages of the computation. We will show that such reasoning is
possible. We remark that this technique simplifies the computations in a funda-
mental way and it is hardly possible to analyze even simple examples without it.
However, the relation

e~ ¢/2 + log se”” — log s

shows that some caution is required. Here, although the function on the left is
independent of s, we cannot individually neglect the functions of s which appear in
the trivial asymptotic expansion on the right. It is thus essential to identify a class
of terms which can be individually neglected. The following special class will be
sufficient for our purposes.

Definition. We consider formal series in the variables ¢, s1, 82, * -+, Sp_1, €, on the
domain [—to, tg] X J? X (0, €], where J is a small interval containing 1. A series
is said to be negligible if it is a finite sum of the following: formal Laurent series in
sje or s;'e*, h > 0, with no constant term, a finite number of negative exponents,
and coefficients which are formal power series in a fractional power of e; multiples
of log s with similar coefficients. If a function f has a uniform asymptotic series of
the form

f(t) 81, ***, Spy e) Nﬁ(ty e) + N(Sl) Tty Sp-1y 6)

where F is a formally convergent series on [—to, to] X (0, &] and N is negligible, we
say that F is a neutralized uniform asymptotic expansion of f.

This definition is useful because the following lemma justifies neglecting negli-
gible functions in our computations.

LeMMA. If 0 s a neutralized uniform asymplotic expansion of a function f(i, €) of
t and e alone, then f ~ 0.

Proof. By hypothesis f(t, €) ~ N(s1, - - -, s, ¢) where N is negligible. It follows
that f has a uniform asymptotic expansion of the form

fN ,; ehk¢k(sl) ] Sp)
where Ay is a strictly increasing sequence of real numbers tending to « and ¢ is a
finite linear combination of positive powers, negative powers, and logarithms of
81, * * -, Sp—1. By the definition of asymptotic expansion there is an N, such that

N
‘f — > o < Mé”
=0

which implies that

Mft ) = erlsy, -+, 81) + €My
where ¢; is bounded. This implies that
|§01(81; teey sp—l) — §01(31,, el 8;,_1)‘ < éhz—th

for s, s’ € J, which, together with the special form of ¢y, implies ¢; = 0. Similarly
o2 = @3 = +++ =0, Thus f ~ ZehkqokNO.
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A complete solution of the connection problem of Section 4 can now be expressed
in the following result.

TuroreEM 3. On each domain t € I, 0 < e S e, k = —p + 1, -+ -, p — 1, the
solution pair yy of Theorem 2 has an asymptotic representation of the form

Y+, €) ~ WiE(s, €)éE(e)

where Wy 1s a classical formal solution pair of (2-4)x. The éx(e) are determined by
neutralized formal expansions of the formal solutions (1-4) and satisfy

" log &E(e) = fit(e) + dut(e) log e

where fiE and it are formal power series in a fractional power of e.
We omit the proof of Theorem 3 since it is well represented by our concluding
analysis of example (1-6) below.

13. Examples (Concluded). We complete our analysis of
(1-6) ey’ +(p+ey=0

by computing connection formulas relating the classical asymptotic forms (see
Section 5) valid for negative ¢ to the similar forms valid for positive t. We accomplish
this by reducing the uniform formulas given by (11-1) to two different classical
forms, depending on whether ¢ is positive or negative. Let Y ;¥ and Y z* denote the

solution pairs obtained from (11-2) by choosing + = —1 and » = -1, respectively,
as the limit of integration in the exponential. Then these solutions are related by
(13-1) Ypt = Y,7C*

where

1
elog C* ~ :l:z'/ (o + €)'%dt
(13-2) -t

Fie’ / 1 {i $(6+ 97" — 247 + e)‘m}dt + .-
4 \8 16 :

Since we will verify that ¥ 1+ and Y g* are represented by classical asymptotic
formulas for negative and positive ¢ respectively, the relations (13-1) and (13-2)
constitute, in principle, a complete solution of the stated connection problem. The
main object of our remaining analysis is to obtain more explicit asymptotic formulas
for the connection constants C+(e) by the method described in Section 12. We now
suppose, for purposes of illustration, that ¢ has the specific form described in Section
1. We assume that

1) ¢@) = Y*(¢), wherey >0,
(13-3) @) P(0) = o+ ; bt
(i) ¢ +e=1, forlf=1.

We recall Section 3, Example 1, in which we found that the relevant asymptotic
scales for this problem are t = O(1) and ¢t = O(€/%). In this case the subdivision of
[—1, 1] into contiguous closed subintervals given in Section 12 has the form
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(13-4) E[—1,1] = [=1, =] U [—s:€, 6] U [s:€, 1]

where 0 < 6 < 1/6 and, say, s; € [1/2, 3/2]. The significance of this subdivision is
that on each subinterval the function ¢ + € possesses a single, simple leading part in
the following manner. On each of the outer intervals ¢ + e¢ = ¢l + et by~?] =
#8y2[1 + O(e%)] while on the inner interval (letting ¢t = se'/%)

¢+ e~ elas® + 1)[1 + (as® +1)7" i ﬁke""‘s"“*]
k=1
~ e(as® + D1+ 0(N)].

It follows that on these subintervals we can simplify the fractional powers of
¢ + ein (11-1) by inserting the asymptotic expansions

(13-5) @+ " ~ 'y sgn )L + (o/2)et™ " + ---]
and

7
(13-6) 6+ "~ (as® + 1)"’2[1 + ks _@_ﬁ + .. :' .
2 as + 1
If we use (13-5) to simplify Y 1% and Y z* we find that

. t
(13-7) Y. &~ (=) exp {:{: %/ swds + - -}for tE (— oo, —sleﬁ],
1
and ‘
. t
(13-7)z Yt~ 2% P exp {4_- % / shds + - - -}for tE [s1€, ).
1

(It can be seen in these formulas that we have willfully used ‘“==” to label the solu-
tions according to the formal properties of their classical asymptotic formulas.) Thus
the constants C*(e) are actually the constants relating the classical asymptotic
forms. The asymptotic behavior of C*(e) is given by the following result.

Asymptotic Connection Formulas. The asymptotic solutions of (1-6) given by
(13-7) 1, for negative ¢, and by (13-7) z for positive ¢, are related by Yz* = Y FC*
where

log C* = :{:{ / |s|® n,bds—l— —1/3/ [(as® 4+ 1)** — &*"|s|*)ds

_ 1 _
+ log €<E B — T 8% 5/2)
Y _1/2 3 1 3, 2
+ > . s Y T —a s -l—?a 18

1 _ 3 _ _ 1 _ip
(13-8) + (3 Baa? — g-,@lza m)s 1] sgn sds — 5 v

—1
"l" _[ [h(s) — (i 3201_3/2 _ 136 B Ea—b/‘.’>s_1]ds
-l—f h(s)ds-l—/ [h(s) + (i. ot %Bﬁa“”’) s"‘:|d3>}

+ 0(61’3) )

and
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his) = (1/2) (es” 4+ 1)77s” — (1/8) (es” + 1)7*78y"s"

1 _ 1 _
— (? Bocx 12 _ gﬁlza 3/2)|s|5 .
Proof. We introduce the subdivision (13-4) into the integration in (13-2), ob-
taining

5160

—s1€0
elog C*(e) ~ :I:z'/ @+ ) dt = i/ (@ + o't
1 s1€!

1
:t:z'/ Lo+ o) dt

)
o [T, 32 _ 5 2 _5/2}
i | {8¢ G+ 07" = 246+ 0" s
4o,

Changing the dummy variable from ¢ to s = e~/ in integrals over the inner interval
and inserting the asymptotic expansions (13-4) and (13-5) for (¢ + €)*2, we obtain

_3156
elog Ct(e) = :Fi/ {0+ Lyt
-1
+% e {(as6 pyeypLoas Bus'

—eyed—1/6 2 (as® 4+ 1)'7
4 Lo Bos” RURS Bs™ )
2 (as® + 1)? 8 (as® + 1)3’21

(13-9)
ds

1
:I:i/ ) (P + 2 Ndt+ --- .
S1€

We now introduce a class of negligible formal series according to the definition
of Section 12 in order to compute neutralized asymptotic expansions for the integrals
in the last formula. Specifically, we will neglect any formal Laurent series in s €’ or
s11e! /4% with a finite number of negative exponents and no constant term, and we
also neglect multiples of log s;. Since € log C'+ is independent of s;, the lemma of
Section 12 justifies simplifying the intermediate computations in this manner. We
illustrate this procedure with some specimen calculations.

L [lsty@dt = [3ey@dt — [0 py@t)dt. But [0 By(t)dt is represented
asymptotically by the term by term integration of f 3“5 £9(t)dt (where  is the formal
power series expansion of ¥), which is a negligible series. Hence in the sense of
neutralized computations

/ 16 Y (t)dt = fo 1 £y @)dt .

s1€

2. The following computation is more complicated because it involves the ex-
traction of a suitable leading part from the integrand before the previous ealeculation
can be imitated. First

5160 —1/6 5168—1/6
/ (as® + 1)%ds = / [(as® + 1) — &'"|s|*lds

—syed—1/6 —s1eb—1/6

because
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s1e8—1/6 N
_[ o?|s’ds = 5 (517194

—-8166—1/6

which is negligible. We now observe that

/‘:I:oo [( e+1)1/2_ 1/2 | d Nf { 1/2!sls<_1_/_2>( 6)—k}d
L oyeb1/o as 8 S o1/ k_ k as S .

If we imagine (but do not carry out!) the indicated termwise integration we again
obtain a negligible series. Hence, proceeding as in computation 1, we obtain

5160—1/6 0
f (as® 4+ 1)"ds = f [(as® + 1) — o'|s|%|ds

—s1e6—1/6

as the result of our neutralized calculation.

3. Our final specimen calculation shows the exceptional role played by loga-
rithmic terms. We compute [} ; ¢~'dt. As in the previous calculation we must
extract the leading part of the integrand, in this case near ¢t = 0. Using ¢ ~
($)12 ~ (o + Bit + Baf2 + - - -)7172, it is easily established that

¢—1 (t) —1/2 —3 l a—3/2B1t—2

— (a7 B — 278N + ()

where 7(t) is infinitely differentiable. As above, we again modify the integrand by
subtracting its leading part, the difference here being that the result of subtracting
the ¢! term is not negligible. We obtain

1 1
/ ; t—3¢—l(t)dt — f . {t_3‘l/_l(t) _ a—l/Zt—3 + %a—3/261t—‘2
sq€ s1€
+ G a8 — 2758, dt
1
— (3 a8y — 2077 _/ ; £de .
316

But fﬁ st = —log sy — dlog e = —d log ¢, since —log sy is negligible. Also the
remaining integral [} s can now be replaced by [i. We thus obtain

1 1
f ST dt = / {t‘3¢"1 — o
0

81€
+—%—a_3’2ﬂlt_2+ _%_ g, a..s/z 12)t_1}d8

oL, - & o )loge

Proceeding to compute neutralized values for the integrals appearing explicitly
in (13-9) in this manner we obtain the asymptotic formulas (13-8).

These formulas for the connection constants permit us to solve the following
scattering problem. Since we have assumed that ¢ + ¢ = 1 for |¢| > 1, the differ-
ential equation has pure exponential solutions for ¢ £ —1 and for ¢ = 1. The scatter-
ing matrix relates the solution pair which has this form for positive ¢ to the pair
which has this form for negative ¢. Explicitly we have the following result.

Scattering Formulas. Let E 1% be the solution pair of (1-6) which has the form
exp [£7e71] for large negative ¢, and let Ez* be the pair which has the same form
for large positive t. Then
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Lr*(t, €) = C*(e) exp [=(2/e)]ELE(, €

where the C*(¢) are described asymptotically by formula (13-8).

Proof. This follows immediately from Y z* = exp [2((¢t — 1)/¢)] for ¢ > 1 and
Y+ = exp [Fi((t + 1)/¢)] for t < —1. Hence Er* = exp [Fit/e]Y LT and Eg*
= exp [£1t/€]Y g*. Combining these relations with Yz* = C*Y T we obtain the
asserted relation.
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