Generalized Finite-Difference Schemes

By Blair Swartz* and Burton Wendroff**

Abstract. Finite-difference schemes for initial boundary-value problems for
partial differential equations lead to systems of equations which must be solved at
each time step. Other methods also lead to systems of equations. We call a method
a generalized finite-difference scheme if the matrix of coefficients of the system is
sparse. Galerkin’s method, using a local basis, provides unconditionally stable,
implicit generalized finite-difference schemes for a large class of linear and nonlinear
problems. The equations can be generated by computer program. The schemes will,
in general, be not more efficient than standard finite-difference schemes when such
standard stable schemes exist. We exhibit a generalized finite-difference scheme for
Burgers’ equation and solve it with a step function for initial data. |l

1. Well-Posed Problems and Semibounded Operators. We consider a system
of partial differential equations of the following form:

(1.1) ou/dt = Au + f,
where v = (ui(z, t), - -+, un(®, 1)), f = (fi(z, 1), - -+, fulz, 1)), and 4 is a matrix of
partial differential operators in & = (21, -« +, &),

A=A t,D) = > aD’,
D = (3/dw1)™ -+ (8/0wn)™,
a:i(x, t) = Qip...in(®, t) = matrix.

Equation (1.1) is assumed to hold in some n-dimensional region € with boundary
Q.
An initial condition is imposed in £,

(1.2) u(z, 0) = uo(z) , rE Q.

The boundary conditions are that there is a collection & of operators B(z, D) such
that -

(1.3) B(z,D)u =0, rE,BE®.

We assume the operator A satisfies the following condition: There exists a scalar
product (,) such that for all sufficiently smooth functions o(x) which satisfy (1.3),
(1.4) 2Re(4¢,¢) = C(¢,¢), O0<t=T,
where C is a constant independent of ¢. An operator A satisfying (1.4) is called semi-

bounded. A general theory of such operators is given by Kreiss [6], Lions [7], and
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in the case C = 0 by Lumer and Phillips [8] (see also Yosida [15]). If the operator A
is independent of ¢, and if f = 0, this condition is essentially necessary and sufficient
for the solution operator to form a semigroup on a suitable space; therefore (1.4)
is not really a restriction for physically interesting problems.

It now follows from (1.1) that

(uh u) + <ur ut) = (d/dtx% u) = C(’”’) ’Il,> + 2|<f: u>| )

or

Ll < © + Dl + 1117
Therefore, |
a5 OF S P ROP + [ O s

In other words, we have an energy inequality for the solution u(¢), which means that
our problem is well posed.
A trivial example of a semibounded operator is the scalar operator

A=—3/3x+0', x>0)
with boundary condition u(0, t) = 0, for if we put (u, v) = [ uidz, then

Au, uy = — / uidr + / outidx
0 0

—|ua)|® + /: UTdx -+ ]: ouTidx

—(Au, uy — |u(@))® + 2/0 Re ocundz .
Thus,

2 Re (Au, u) < 2max |o|{u, u) .

The classical linear equations of mathematical physics, with suitable boundary
conditions, are all based on semibounded operators. In a later section we discuss an
extension of this notion to nonlinear equations, in particular Burgers’ equation.

2. An Approximating System of Ordinary Differential Equations. Let ¢(z),
i=1,2, .-+, N, be linearly independent functions (vector-valued) satisfying (1.3).
In the applications each ¢; will depend on N, but this dependence is suppressed for
notational simplicity.

We seek a funection v(x, t) of the form

2.1) vz, t) = Z ci(t)o:(x) .

This function will be the solution of the following system of ordinary differential
equations

(2.2) (vi— Av— f,65=0, =12 --- N.
Multiplying the 7th equation by ¢; and summing we have
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(2.3) {vi— Av — f,v) =0.

It follows immediately that v(z, t) satisfies the energy inequality (1.5).
The initial condition on v(z, t) may be taken to be

(24) <1), ¢1> = (u(x7 0); ¢'1> ’ 1= 1: 2) ) N.
In that case

©(0),2(0)) = (u(0),2(0)) = [[«(0)]| [ (0)] ,
or

(2.5) e @] = [[«©O)] .
Tt follows from the energy inequality that |jv(f)|] is uniformly bounded for 0 < ¢t £ T,
independently of the choice of ¢..
To discuss the convergence of v(z, t) to u(z, t), let w(z, t) be any function of the
form w(z, t) = Y wi(t)¢«(x) and let Lu = du/dt — Au — f. Then
w —oll = llw — w]| + [lw — 2.

Now, let ¢ = v — w. Then, (Lv — Lw, ¢) = —(Lw, ¢), and

el = Cllell* + 2L, ]

So e(t) satisfies (1.5) with u replaced by e and f by Lw. Therefore we have
convergence in the norm, as N — «, if for each N there exists a function w(z, t) =
> wi(t) ¢:(x) such that |Jw — »||(0) — 0 and

lw—w]|—0, [Lw]|—0

uniformly in ¢. This means that u(z, t) must be well approximated by linear combi-
nations of the ¢,.

It is also possible to obtain an a posteriors error estimate. Let § = u — ». Since
Lu =0, {Lu — Lv, §) = —(Lw, 5), therefore

¢ ’
26) IBOI* = <SP + fo O Lol at

The existence of this error estimate makes this method particularly attractive;
however, we do not pursue this any further in this paper. The system (2.2) is dis-
cussed in Lions [7].

3. An Approximating Discrete System. The differential equations obtained in
the preceding section can only be solved numerically ; therefore one might as well
start out by replacing the time derivative by a difference quotient. We do this as
follows: Let v»(x) be a function of the form

3.0) (@) = D eldix) .

For each n let

n n N At N N .
(3.1) <p+1_v _A(t“/z)z(v"'l-l—v)—fAt,¢i>=0: z=1,2,...,N.

A different system is considered by Lions [7]. We take initially
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(32) <UO’ ¢l> = (uﬂ, ¢1> .

The matrix (¢, ¢;) is positive definite, so (3.2) has a unique solution {c°, -- -,
~°}. Suppose the ¢;” have been found. Then (3.1) has a unique solution if and only
if the system

@ = AT A™/2,0) =0

has only the trivial solution. Multiplying by ¢,»*! and summing we have

<v'n+l n-l-l) <AAtvn+1/2 vn+1>

Then
@, ™Y = Re (AAw™/2, ")
< (AIC/4)W™, Y.
Thus, if
3.3) CAt < 4,

(3.1) has a unique solution.
We obtain an energy inequality from (3.1) by multiplying by (¢,#** + ¢;*) and
summing over ¢. This leads to

1 = 11 S € G+ I+ Al 0 )]

Using the Schwarz inequality, the triangle inequality, and dividing by |jv»+]| +
lvn]| we get

(3.4) o+ = G Wl + g7 M1
This implies that
35) Il = Kaat, ')l + (max [I71)Kx(at, 0

where

t ’
lim K,(At, 1) = €,  lim K.(At, ) = / O Py
At—0

At—0 0

Let wi(z) = D w¢:(x). Let

M=W—-§—A(w"“+w") - f.
Then, similarly as in Section 2,ifas N — o, At — 0,
(3.6) lu@mat) —w'| >0,  [o° =’ >0,
and
(8.7) [|Zw|| — 0

uniformly in n, n At < T, for some w*(x), we have convergence.
We have exploited the semiboundedness of the differential operator A to obtain
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a convergent discrete scheme. This has also been done by Kreiss [6] in a different
way.

4. Approximating Systems of Higher Order in Time. The system (3.1) has been
shown to be convergent as N — «, t — 0 if (3.6) and (3.7) hold. We might, how-
ever, keep N fixed and think of (3.1) as an approximation to (2.2). In that case there
are approximations of higher order in A¢ that might be considered. Suppose that
f = 0and A is independent of ¢. Then there is no loss of generality in assuming that
C = 0, in which case we have [jo"+|| = |jv7|.

Now, let
(4.1) P = {{¢5, o0} »
4.2) Q = {(4¢;, 69} .
Then (2.2) becomes
(4.3) de/dt = P7'Qc = Sc,

where ¢(t) = (c1(t), - -+, ex(t)). Let
(e, d)y = (D cipil), 2 didps(2))

and let ||S|| be the induced norm. From (3.1) we have

&= (I — AtS/2)~ ' (I + AtS/2)c".
Since

e = 1™ = 0" = [le"l
we have shown that
(I — AtS/2)™*(I + AtS/2)|| = 1.

Let r(2) be a diagonal element of the Padé table for e2. Then ||r(SAD)|| < 1 (see
Thomeé [14]) and ¢*t! = r(SAt)c* will be a stable (in N and At) discretization of
(4.3). By choosing the right r(2), the truncation error (for fixed N), will be O(At)?
for any I.

5. Nonlinear Problems. Much of the previous discussion can be extended to
nonlinear problems. Suppose the problem is

5.1) us=Aw) + f,

where A (u) is a nonlinear operator. Suppose further that

(5.2) 2Re{A(u) — A(@),u —a) < Clu — 4, u — a).

Then (5.1) is well posed, for if u, @ are two solutions corresponding to different.

initial data, and if 6 = w — 4, then

d
= 1ol* = cllal)®,

so that we again have an energy inequality.
An example of an operator satisfying (5.2) is
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i)
Aw) = flua), f') =0, u(0)=ul)=0.
We set up a nonlinear approximating discrete system as follows:

(5.3) @ =" — AA(Q"T H+0Y)/2) — Alf,¢) =0, i=1,2 ---,N.
Let ¢ = (er"*, « -, ea™t), and let P = {{¢;, ¢);}. Then (5.3) can be rewritten as

(5.4) c+ G() =2b

where
bi=ci" + At Z (P)ikf, 64
CONEPEIS | (A DY

For any vectors ¢, ¢ in @V, let v(z) = D cipu(x), 5(x) = 2 Eipi(x), and let
(¢, &) = (v, B). Then (c, &) = 2 (Pc)s, s0

(@(0) — G(&),c — &) = (v — 1, v_5>_4At<A(v+v> A({;_;v')’vgﬁ

Therefore,

Re (G(c) = G@),c—2&) = (1 —CA/2)p — v —0) 20

if CAt < 2.
Thus, G(c) is a monotone operator in the sense of Minty [9]. Minty proves, for
Hilbert spaces, not just @¥, that (5.4) has a unique solution if G(c) is monotone.
Of course (5.4) will have to be solved by iteration. In the numerical example
considered in the next section a form of nonlinear successive substitution was used.
We conjecture that there is some “‘natural” iteration which is sure to be convergent.
A nonlinear problem which does not quite fit the hypothesis of semiboundedness
is provided by Burgers’ equation:

(5.5) AWU) = €Uz — utt,, f=0, ¢>0
with boundary conditions u(0) = w(1) = 0. It is shown in Lions [7] that if

{u, v) = /Olu(x)i)(x)dx,

then (A (u) — A(@), u — @) £ C(w){u — 4, u — ). In this case the constant C(x)
depends on one of the functions. However, we can still make a statement about
convergence; we now require in addition to (3.6), (3.7), that C'(w*) = const for
nAt < T,N — .

There are some practical questions concerning the use of (5.3). Suppose that
(u, v) = [ u(x)s(x)de. Then, except in very simple cases, the numbers A®W), ¢
should be generated by quadrature formulas. That is to say, if g(z) = A (v)(z) then

(5.6) (A©), ¢0) =2 2 ajg(z))bi(a;)

with suitable weights {a;}, and nodes z;. In this way the equations (5.4) can be
formed by a computer program. Done in this way, however, the method is very
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inefficient, for (4 (v), ¢:) must be recomputed at each iteration. Even in the linear
case (Av, ¢;) must be recomputed at each time step if the coeflicients of the differ-
ential equation depend on ¢ (but see above (5.4)).

One possibility for speeding things up is to replace 4 (v)(x) by a linear combina-
tion of the ¢;, by interpolation. Probably, however, some derivatives should be
removed by integration by parts. For example, for Burgers’ equation

1 1
2 2 09
6.7 _/; W)pide = — _/0 u —a;dx.

Now replace u2(z) by Y dipi(x), so that [ ¢;(d¢:/dz)dx need be computed only
once. This seems to work in this case (see next section). In general, of course, we
would be perturbing the operator 4, and there is no guarantee that the problem is
stable with respect to such a perturbation.

6. Local Bases and Generalized Finite-Difference Schemes. We now observe
that in many cases an inner product under which the operator 4 is semibounded is
given by an integral over the set Q. Therefore, if each ¢; vanishes outside some small
set 3, the matrices derived from (3.1) are sparse. The analogy with finite-difference
schemes becomes more direct if there are, say, N of the z;in @ such that ¢;(z;) = §:;;
for then the ¢,» in (3.0) are v*(x;) and, through (3.1), become approximations to
u(x;, nAt). Similarly, other unknowns might be the derivatives of » in various
directions. In other cases (like that of the splines to be discussed), although
¢;(x;) # 8,5, v may still be regarded as giving a smooth interpolation of a function
which approximates u(z, n At) at the x,. The ¢; to be considered here, then, are
functions whose support in @ is small and which satisfy the boundary conditions
(1.8). The matrix problem then generated by (3.1) we shall call a generalized finite-
difference scheme. The set of functions {¢;} is called a local basis.

We now restrict our attention to one space dimension, reserving a comment on
higher dimensional problems for the end.

As an example of (3.1) we consider the heat equation using piecewise linear
approximations. That is, we consider

Ut = Uzz,y (-Ty t) - (O; 1) X (0) T] ’

u(0,¢) = u(l,t) =0, u(z,0) = ue(x) .

The operator A = 9%/9z? is semibounded with respect to the inner product
(f, g) = [} fgdx, with constant C = 0. Let & = 1/N, and let ¢; be the local basis
for piecewise linear interpolation of a function at z; = ¢/N,7=1,2, ---, N — 1:

(6.1)

ei(x) = (@ —xi)/h, zin Sz =1y,
(6.2) = (.’13,'4.1 i x)/h y g <z = Tit1,y
= 0, otherwise.

Since ¢(x;) = 8;; the coefficients ¢;* of (3.0) may be regarded as v;» = v*(z;). We
make a weak extension of 3%/dz? to continuous, piecewise differentiable functions
v by setting

1

1
@™/82", wy = — / 0, Wy + 0D
0

0
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(Although the piecewise linear functions are not in the domain of 4 = 9%/92? we
have selected them for our example because the inner product, as extended, is
quite easy to calculate and yields by (3.1) a matrix problem which bears a very
strong resemblance to a quite reasonable finite-difference scheme.) Applying (3.1)

we obtain equations which are (with the notation v;,; = (v, — »,)/ At and v;z =
(i1 — 20 + 00)/h?)
(6.3) B @isre + i+ vimns) = B0 + %) .

(Next to the boundaries, (6.3) is to be regarded as holding with ve» = vy = 0, all n.)

If At = Mh? this is equivalent to (5) on page 189 of Richtmyer and Morton [10]
with § = 1/2 — 1/6\; thus is quite close to their accurate and stable scheme (6)
where § = 1/2 — 1/12\. The initial condition (3.2) amounts to integral least squares
approximation of the initial data by piecewise linear functions.

Because 8%/dx? remains (weakly) semibounded on the piecewise C! functions,
the proof that [o"+|| < |v*| of Section 3 holds. Our convergence analysis breaks
down, however, for ||6%/d2?|| remains undefined.

Suppose, now, the boundary conditions in (6.1) are of the form

(6.4) uz(0, t) = aou(0, t), us(1,8) = —au(l,t); ana1 =0,

(for which A = 94?/92? remains semibounded as before). A local basis, y;, for the
space of piecewise linear functions satisfying (6.4) is given by ¢; = ¢4, 2 < 7 <
N — 2; together with the linear combination, ¥, of ¢o and ¢1 which satisfies (6.4)
and yi(z1) = 1, plus a similar linear combination, Yx_1, of ¢x_1 and ¢x. It is seen
that »(0) and »(1) do not enter the resulting matrix problem; from the difference
equation viewpoint the ‘“boundary” equations have already been substituted in
the “interior” equations. However, one can regard the resulting matrix equation as
(6.3) at each interior mesh point together with two additional equations for
vo® = (0) and vx* = v(1) of the form

(" —v")/h = lao+ O 1" ;
(an b 1)71:/_.1)/}& = [—al + O(h)]v}b_l .

Other schemes, probably more accurate at the boundaries, could be found by placing
the boundary /2 from its interior neighbor or by using local bases for piecewise
quadratic (or higher degree) interpolation near each boundary. The support of the
latter local basis functions spreads farther than 4 into the interior; thus, from the
difference scheme view, they let more interior mesh points interact with the bound-
ary data.

We should emphasize that we do not necessarily intend that the user of this
method explicitly calculate the coefficients of the matrix problems, as we have done
in (6.3). Rather, we expect the coefficients to be obtained by numerical quadrature.
As we have indicated in Section 5, this will be very inefficient unless the coefficients
of the differential operator are independent of ¢, or unless one is willing to replace
those coefficients by functions of the form > @.(t)8:(x), in which case the quadra-
tures need be done only once.

Before leaving the piecewise linear approximations for higher order ones we
wish to consider another example: that of Burgers’ equation

U+ UUy — €Uzz = 0.
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It was indicated in Section 5 that the space operator is semibounded in the sense
of (5.2) under the inner product {f, gy = [? fgdx with appropriate boundary con-
ditions. Applying the previously discussed piecewise linear technique we arrive
at the matrix problem, (in the notation preceding (6.3) together with »; =
(vir1 — vi1)/2h),

0= Wip1,e + 4i,e +vi1,0)/6
6.5) + 38 Wi 4 0 + va)/3 — el
+ oD + oM+ 0D /8 — @l

As initial data we used

uer) =1, 02<1/2,
=0, 1)2S2<1;

and took v(z) at ¢ = 0 to be the integral least squares piecewise linear approximation
to uo(x). (It might be noted that this type of approximation exhibits symmetric
Gibbs phenomenon of about 139, of the jump at each corner of the discontinuity.)
Cole [4] exhibits the exact solution of Burgers’ equation with such discontinuous
data for the pure initial-value problem; it is a wave traveling to the right at velocity
1/2 which has the shape (asymptotically, as ¢ becomes large) of [1 — tanh (x/4¢)]/2.
We considered, however, the boundary-value problem, fixing u(0, t) = 1 and
u(1, t) = 0. Rather than subtract off, say, 1 — z to make the boundary data homo-
geneous by putting a source in the equation, we simply formed (6.5) by applying
(3.1) with

N
U(x) = _Zo C»in(ﬁi(x) y Con = ]_’ an =0 ;

taking inner products only with the ¢, of (6.2) withz =1, ---, N — 1.

The matrix problem was solved at each time step by making a guess of v *!
using (6.5) with the average of v, replaced by v;,; and all space differences taken at
time n At, then applying the following nonlinear successive displacement technique:
regarding (6.5) as a system of equations g:(v"*') = 0; replace »**! by vt —
g:(v"t")/[8g:/0v »H1(v7+1)], and sweep from right to left ({ = N — 1, N — 2, - -+, 1).
Convergence of this process to the solution of (6.5) generally occurred in 6 to 8
sweeps (convergence was judged complete when (6.5) was satisfied with a maximum
error of 10~%). Sweeping from left to right took perhaps 3 times as many sweeps to
attain comparable convergence.

Some of the results are indicated in Fig. 1. Fig. 1a is a graph of the initial data
with A = 1/100. The half-width of the final traveling wave of this amplitude may
be estimated from Cole’s solution as 9¢ to 14¢ (depending on whether one can
discriminate between 19, or 0.19, of the wave height and 0, respectively). Fig. 1b
indicates the final form (taken at ¢ = 1/2) of the traveling wave calculated using
(6.5) with ¢ = 3 X 10~%, At = h = 1/100. Fig. 1c shows the result under similar
conditions with ¢ = 7.5 X 10~%. Experiments with other parameters indicate (as
might be expected) that, when the wave width is less than about 4h or 5k, permanent
oscillations are found in the shape of the numerical solution in back of the crest.
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Figure 1. The significant part of some piecewise linear approximate solutions to Burgers’
equation using (6.5) ff with At = h = 1/100.

Anticipating that with a more complex set of basis functions or a more involved
nonlinear term, one would really like to compute the inner products once and for all
(rather than recomputing those involving the nonlinear terms at each time step),
we tried expressing uu, in Burgers’ equation as %(u?),, interpolating u? as 3, ud¢
and then using (5.7). The resulting matrix problem is remarkably like (6.5); being
obtained from it by replacing (1 + v; 4 v:-1)/3 by (©ip1 + vi-1)/2. The numerical
results are essentially the same.
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We now turn to the use of local bases which, if applied to interpolate a smooth
function of one space variable, would yield more accurate approximations than
piecewise linear interpolations do.

The first example is the local basis for local two-point Hermite interpolation of
degree 2k -+ 1 (see, for example Ciarlet, Schultz, and Varga [3]). The coefficients
may be regarded as v(z,), v'(z:), - - -, v® (z;). The local basis is two mesh intervals
wide. Each element, ¢;;, is a polynomial of degree 2k + 1 between the z; = 7/N;
is in C*[0, 1]; is identically zero outside [z;—1, :+1]; and satisfies

¢ @) = 63 (@) =0, ¢ @) =6, Li=0,-+-,k;i=0,---,N.
For a given mesh size, h = 1/N, there are about (¢ + 1)N elements in the basis;
and the (k + 1)N X (k¥ + 1)N matrices which result from integral inner products

have band widths of 4k 4+ 3. Error bounds for the interpolation of f &€ C%+2[0, 1]
are of the form

IF? = 2 @il S OG™), 0=1=<2%+1.
%]

The second example of such a local basis is the basis for polynomial spline
interpolation of degree m = 2k or 2k + 1 (see, e. g., Schoenberg [11, p. 71], [12],
and de Boor [5]). There are roughly N basis functions. Each element ¢; vanishes
outside an interval of width (m < 1)h, is strictly positive inside that interval, and
is in C™ 1[0, 1]. The roughly N X N matrices which result from integral inner prod-
ucts also have a band width of 2m + 1. Error bounds for some forms of spline
interpolation of f &€ C™*+[0, 1] have been shown to be of the same order as those
for the corresponding Hermite interpolation: ||f® — > cipillle < O(A™H—1),0 < 1
= m (see, e. g., Swartz [13]).

Now, it is clear that we can satisfy any homogeneous boundary condition by
only including those basis functions which are identically zero at the boundary; it
is just as clear that we would be leaving out too many basis functions. In other
words, we would be satisfying extra boundary conditions which would, in general,
reduce the accuracy of our solution. So, we must find linear combinations of basis
functions which satisfy the given boundary conditions, but, roughly speaking, not
any others. We do this as follows for the scalar case: suppose the differential oper-
ator, A4, is of order ¢; and suppose the boundary condition at z = 0 is

(6.6) [Bu](0) = [(%ﬁb,p’)u] ©0) =0,

where £ is a nonempty subset of {0, 1, - - -, ¢ — 1} (this restriction on the order of
B is not essential); b; # 0,1l € £.

Consider first a local Hermite basis of degree 2k + 1 not less than 2¢ + 1 (so
that A may be applied without difficulty). If £ consists of a single integer, [, simply
drop’ ¢o; from the collection of ¢;;. Otherwise, let £’ be £ without its largest integer,
. Define

Yo,1 = ¢o,1’ — bi'po,i/bi, ling’,
= ¢o,1, lin{0,1,:---;0 —1} — £;

then the o — 1 yy,; satisfy (6.6) and have their support in [0, &]. Similarly, ¢ — 1
Y may be defined using the boundary condition at x = 1. These (26 — 2) func-
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tions, together with the ¢;;, 7 = 0, « -+, k;7 = 1, N — 1, and the remaining ¢o;,
onj, 0 = J =k, are used as a basis.

A similar sort of trick works for the splines of degree m = ¢ + 1. For, by the
work above, it suffices to show that there are splines y; whose support lies in [0, Z41]
and which satisfy ¢;?(0) = 6;;, 0 < 5,1 = m. Now, if

B =", t2z0,
=0, otherwise;
then the functions (I + 1 — )™, 0 = I < m are splines with the required limited
support. Since the determinant of the matrix
(M) = {[C+1-2"1%0), 0=klsm

is proportional to a Vandermonde determinant, the required y; exist.
Turning to the more general case, we now suppose « is a M-dimensional vector;
and that there are K boundary conditions at x = 0:

(o) ]o

b= (b}, O=SAN=SL,1=uv=M.
Here L would be ¢ — 1 in general. Let ¢, be the set of L + 1 linearly independent
scalar functions satisfying (as before)
(D’6)(0) =ba, OSy,NSL;

and define M unit M -vectors
ew = {0}, l=w=M.

We wish to find as many linear combinations of the (L + 1)M vectors, ¢.e,, as we
can which satisfy (6.7) and are linearly independent. Thus, if ¢ = Y a..p.,, the
numbers a,, should satisfy the K vector equations

0= xZ b [D$.]0)e,, 1<k =K.
1hat

0, k=1 ---,K;
6.7)

Hence we are looking for all linearly independent solutions to the KM homogeneous

linear equations
L M

0=§_‘5 zl:b',‘ﬁax,, 1<«=K/1SusM,
in the (L 4+ 1)M unknowns, a»,. Presumably the solutions would be found numeri-
cally (rather than analytically as we did below (6.6) where K = M = 1).

Local bases can also be constructed in more than one space dimension, with an
integral scalar product. It is not clear how to construct them so that they do not
satisfy extra restrictive boundary conditions. It ishoped that the method of splitting
(see Richtmyer and Morton [10, pp. 216-217]) will provide a way of reducing multi-
dimensional problems to sequences of one dimensional problems.
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