On the Condition of a Matrix Arising in the
Numerical Inversion of the Laplace Transform

By Walter Gautschi

Abstract. Bellman, Kalaba, and Lockett recently proposed a numerical method
for inverting the Laplace transform. The method consists in first reducing the infinite
interval of integration to a finite one by a preliminary substitution of variables, and
then employing an n-point Gauss-Legendre quadrature formula to reduce the in-
version problem (approximately) to that of solving a system of # linear algebraic
equations. Luke suggests the possibility of using Gauss-Jacobi quadrature (with
parameters a and 8) in place of Gauss-Legendre quadrature, and in particular raises
the question whether a judicious choice of the parameters a, 8 may have a beneficial
influence on the condition of the linear system of equations. The object of this note is
to investigate the condition number cond (n, a, 8) of this system as a function of
n, o, and B. It is found that cond (n, «, 8) is usually larger than cond (n, 8, ) if
B > a, at least asymptotically as n — . Lower bounds for cond (n, «, 8) are ob-
tained together with their asymptotic behavior as n — «. Sharper bounds are de-
rived in the special cases « = 8, n odd, and @« = 8 = =1, n arbitrary. There is
also a short table of cond (n, o, 8) for o, 8 = —.8(.2)0, .5,1,2,4,8,16,8 < «, and
n = 5, 10, 20, 40. The general conclusion is that cond (n, o, 8) grows at a rate which
is something like a constant times (3 + + 8)”, where the constant depends on o and
B, varies relatively slowly as a function of «, 8, and appears to be smallest near
a = 8 = —1. For quadrature rules with equidistant points the condition grows like

2v2/3m)8". R

1. In [4], Bellman, Kalaba, and Lockett propose a numerical procedure to
invert the Laplace transform

1.1) fo " e tu()dt = Fs) |

Briefly, the procedure consists of first substituting = ¢, to bring (1.1) into the
form

(1.2) [ =@ = F@), 9@ = u(-tne),

and then employing Gaussian quadrature to approximate (1.2) by

(1.3) Swaige) =FEk+1), (=012 --,n—1),
=1

where z; are the zeros of the shifted Legendre polynomical p,(z) = P,(2z — 1) and
w,; the associated weight factors. Letting y; = w.g(x;), the method thus boils down.
to solving the system of linear algebraic equations
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(1.4) Sy =FE&+1), (=012 --,n—1).
=1

In reviewing the work of Bellman et al., Y. L. Luke [8] generalizes their ap-
proach by employing the substitution z = ¢~** (v > 0) in (1.1), and by using Jacobi
polynomials in place of Legendre polynomials. This again leads to a system of
equations (1.4) where now x; are the zeros of the shifted Jacobi polynomial p, ©# (x)
= P,@8 2z — 1), and F(k + 1) on the right must be replaced by F((k + 1)v).

The system (1.4) can be solved analytically in a number of ways, the coefficient
matrix being a Vandermonde matrix. However, as noted in [4], the ill-conditioned
character of the system may well require high-precision calculations, especially if
n is fairly large. Luke [8] raises the question of whether or not “the detrimental
effects of ill-conditioning can be removed or mitigated by the use of other choices
of « and 8" (other than « = 8 = 0). The purpose of this note is to give a detailed
answer to this question.

We first obtain a closed expression for the condition number of the coefficient
matrix in (1.4). In Section 3 we compare the condition number for p,@# with that
for p,®.® and find that the former is usually larger than the latter if 8 > «, at least
asymptotically as n — . Section 4 contains a short table of the condition number
for p,@®, where o, 8 = —.8(.2)0, .5, 1,2, 4,8, 16,8 = o, and n = 5, 10, 20, 40.
Section 5 exhibits lower bounds for the condition number, together with their
asymptotic behavior. Sharper results are obtained in Section 6 in the case a = 8,
n odd, and in Section 7 for general n, and « = 8 = Z3. For comparison we con-
sider in Section 8 the case of equidistant abscissas ;.

The general conclusion is that the condition number grows at a rate which is
something like a constant times (3 + v 8)* [(2+v 2/37)8 for equidistant abscissas],
where the constant depends on « and 8 and varies relatively slowly as a function of «
and 3. As expected, there is no escape from ill-conditioning, which, after all, only
reflects the fact that the original inversion problem (1.1) is not well posed (cf., in
this connection, [1], [2], [3], [9], [11], [13], [14]).

2. Let p.(x) be an arbitrary polynomial of degree n whose zeros z; are distinct
and located in the interval [0, 1]. Let

1 1 1
@.1) V@n)=[x.’.....x.2.......x."..
151n_1 o —1 xnn_l

denote the Vandermonde matrix of the zeros x;. We shall consider the condition
number

(2.2) conda, [V ()] = V@) llllV @)l
where || + ||, denotes the «-matrix norm (‘“‘maximum row sum’’). Clearly,
(2.3) [V(pu)llw =7 .
In [5] we have shown that under the assumptions made,
_ 1 i
(2.4) [V @]l = max [] (——i;—x—’—>
PR Ixz xll



ON THE CONDITION OF A MATRIX 111

Combining (2.3) and (2.4), and rewriting (2.4) in terms of p, and its derivative, we
obtain

(2.5) cond,, [V (p.)] = min; (1 + 29)|ps’ @3]}

3. We now let p, be the shifted Jacobi polynomial p, @8 (z) = P,# 2z — 1),
a> —1,8 > —1. We first show that

" Pn(ﬂ.a) (3)
" Pn(a.ﬁ) (3)

where the constant v, depends on « and 8. Indeed, it is well known that

PP () = (-1)'p."" (1 — ),

2 @) = (~ 1 (1 - 0).
In particular, if z; is a zero of p,@® then §; = 1 — z;is a zero of p,¥*, Therefore,
@+ 2™ @)l = 1+ 292 €
1 + xz

(3.1) cond, [V(p,“P)] = cond, [V, 3<wm<2,

(3.2)
(1 + Ez)lpn(ﬂ ' (Ea)l ’

and since 3 < (1 + z)/(2 — z) < 2for 0 < z < 1, it follows that

in {1+ 215" @I} = - min (4 + P EN}, 3 <7 <2
Consequently, by (2.5),

cond, [V (3] = 75" (— 1)/ (=1)]| cond., [V ()],

which is equivalent to (3.1).
Noting that [10, p. 194]

—-1/2
n/

25 (2 4
Y 2( a+5) /

(3.3) Pn(ﬂ,a)(g) ~ (3 + \/8)n+(a+ﬂ+1)/2 (n_) oo),

we obtain from (3.1),

(34) cond,, [V(pn(a'ﬂ))] ~ 'Yn'z(ﬁ_ao/2 cond,, [V(pn(ﬂ’u))] ) (77' - °°) .

Our computations (ef. Section 4) have revealed that in most cases the minimum
in (2.5) is assumed for z; near 3 (though not necessarily closest to 3), so that in these
cases v, = 1. Taking this into aceount it appears from (3.4) that for n sufficiently
large the condition number for p,@-# is greater than that for p, ¥ if 8 > «. As was
observed by computation this remains generally true for smaller values of n as well
(typically for those of Table 1), although in a few instances in the region
-1 < e, B8<0, 8> a,it was found that cond,, [V (p,.*#)] is slightly less than
cond,, [V (pa )]

4. In order to compute the condition number in (2.5) for p,(z) = p. P (x), we
make use of the fact that these polynomials satisfy the orthogonality relation
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4.1) /01 22(@)pm(@) 1 — 2)°2°dz = hubpm

where h, =T(n +a+ 1DI'n+8+1)/(Cn+a+ B8+ 1Dn!Tn+a+ 8+ 1))
and 8, is the Kronecker delta. With p.*(z) = h,'”2 p.(x) denoting the normalized
polynomials, we may compute p,*(z) from the recurrence relation

pf+1(98) = ((x - ar)pr*(x) - brp’:—l(x))/br+17 (r=0,1, 2, -0y — 1),

.0y wrn _J Tla+B+2) |72
Phe) =0, p“@_{ﬂa+nr@+n}'

4.2)

where
_1(,__a-8 )
a°_2<l at+B+2)
___1_ a2—ﬁ2 }
ar_2{1—(2r—|—a—|—8)(2r+a+6+2) ) r=z1),
4.3) b = 1 f(a_'_l)(ﬁ_l_l)}l/z
Tatp+2l atpt3 S

b,

I S A CE O ) ) }”2 =2
rtatpl@tatp-D@rtatpstD ==

The zeros of p,*(z) may now be computed from (4.2) by a combination of Newton’s
method and successive deflation as deseribed in [6, p. 261]. Hence the condition
number of V(p,) can be computed directly from (2.5) for any value of « and 8.
Selected results* are shown in Table 1. (The numbers in parentheses denote the
powers of 10 by which the preceding numbers are to be multiplied.) For reasons.
indicated at the end of Section 3 we restrict our tabulation to the region 8 < .

The results in Table 1 indicate that cond,, [V (p,@#)] for fixed « is an increasing
function of 8, if —1 < « = 0, and changes from a decreasing to an increasing func-
tion as @ varies from —1 to «, if @ > 0. There is thus a “valley”” of low condition
number extending approximately (and more or less independently of n) along the

line 8 = —1 + 2¢/7, as was determined by additional calculations. Along this'
valley, as well as along the diagonal o = 8, and near the line 8 = —1, the condition
number increases with « and thus appears to be smallest near « = § = —1.

5. A lower bound for the condition number in (2.5) may be obtained as follows.
Let

(5.1) max |p,(z)] = pa.
0=<z<1
*1In the range —1 <'a £ 3, -1 < B £3,8 = o, and forn = 5 and n = 8, the zeros of
2@ #) () as computed were checked against those tabulated in [7]. Disagreement never exceeded
one unit of the last (eighth) significant digit. For n = 40, successive deflation was used only for
the first 20 zeros. The remaining zeros were obtained from the original polynomial by Newton’s
method and a simple search procedure.
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1 on [0, 1] it follows from a theorem of Markov (see, e.g., [12, p.

=

Since |un'pa(x)|

= 2n%on [0, 1], and so

36]) that |u."pa’ (z)|
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(5.2) I+ 2)|ps'(@o)| £ 4%, (E=1,2,---,n).
Consequently, by (2.5),
(5.3) condy, [V(pu)] Z ka), k= |pa(—1)|/4npt0 .

If pu(x) = p.@P(z), we may take advantage of known asymptotic results for
Jacobi polynomials to obtain an asymptotic expression for «, in (5.3). Asn — «, we
have [10, p. 380]

p~n'/T(@+1) if ¢z —3
(5.4) ~ a7 4 3T [P g g 1|1
if —1<¢<-—
where ¢ = max (e, 8). Combining (5.4) with (3.3) we obtain from (5.3)

6.5) o~ —AED g y gyrerson s 4y

/2 (2a+13) /4
and
1|a/2+1/4 1(B/2+1/4
Ky ~ |0;a‘|;3 |4 1B+ % L — (3 + A/R)HrRDR
(56) 2( -+ )/I +B+1|(+5+)/

(-l<g< —%§,n—>x).

The powers of n appearing in (5.5), (5.6) are due to the crudeness of the in-

equality (5.2) and do not reflect the true asymptotic behavior of cond,, [V (p,@8)].

In fact, if x; is restricted to a closed interval in the interior of [0, 1] (e.g., ¢ such that

x41s the smallest zero of p,(@# larger than or equal to 1), then it is known [10, p. 237]
that

(5.7) PP @) ~ 0!, (n— ),

the symbol ~ meaning that the ratio of the left-hand and right-hand expression
remains between certain positive bounds depending only on « and 8. It thus follows
from (2.5) and (3.3) that

(5.8) cond, [V(p.®")] 2 &', '~ @+ V8", (> ).

If, as all numerical evidence indicates, the points at which the minimum in (2.5)
is assumed remain in a closed interval inside the open interval (0, 1) asn — oo, then
inequality in (5.8) may be replaced by equality.

6. Considerably sharper bounds can be had if « = 8. We thus consider

"(0’) (2.17 _ 1) P(o' + Z)P(n + 20') P (o—1/2, 0—1/2)(2x 1} ,

(@) = C T(2)T(n +o + 3)
6.1) ,> —1

and for convenience we assume that n is odd. Then, by symmetry, z; = % for some
1 = 1y, o that for this zero,

P (@i) = pa'(3) = 2C.°(0) = 2(n + 20 — 1)C%(0) .

Since
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(o) ) = (_1)(n—l)/2 I'((n + 20 — 1)/2)

- TGt %Y
=2(-1D)"P*m-1), (@=0),
we obtain
(U + 230) pe @e)| = 6D F 2 E1)/2) g

IT@)|T((n +1)/2)’
=6, (¢=0).
Hence, from (2.5),

_ M @ oy [ID@IT(( + 1)/2)
(62) condw [V(pn)] g Kn 4 Kn = 6 ICn (3)| I‘((n + % _|_ 1)/2) ) (0' = 0)

n 0
=‘€Cn()(3)’ (‘7=0)'

From the known asymptotic behavior of P,@1/25-12)(z) asn — o [10, p. 194] and
from Stirling’s formula we find

1
63 6@~ e B e Ve, =0 e,

Furthermore,

003 =2 n@) ~ B+ VE, (o),

where T, () is the Chebyshev polynomial of the first kind. Substituting in (6.2), and
using Stirling’s formula and the duplication formula for the gamma function, we
obtain

(odd)

6.4) K.,,~6—§—,2(3+x/8)"+", (> —bn—w),

a result which obviously improves upon (5.5), (5.6) and is more precise than (5.8).
The case p.(z) = P,(2x — 1) originally considered in [4] corresponds to ¢ = 3,
in which case (6.4) gives

(odd)

(6.5) "nNG—_%;(?"l'\/S)nHm, c=3%n— o).

The corresponding analysis for even n appears to be rather more difficult, for
general ¢ > — %, and we shall not pursue this any further. If ¢ = 0, or ¢ = 1, then
(6.4) remains valid for general n, as will be seen in the next section.

7. The cases « = 8 = =% merit special attention since the Jacobi polynomials
then reduce to Chebyshev polynomials (of the first and second kind), the zeros and
weight factors of which are known explicitly.

We begin with « = 8 = — 3%, or, equivalently p.(x) = T.(2z — 1). We have

[pn(=1)| = Ta(3) = 3[B + v8)"+ (3 — v8)"],
so that
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(7.1) lp(=1) > 33 + v/8)".

Since the zeros x; of p,(z) satisfy

2t — 1
2n
and T, (cos 6) = n(sin nf)/sin 6, we get
pi'(xs) = 2T, (cos 6;) = (—1)+*2n/sin 6,

2£vi—1=0030£, 0; = T, (7;‘:1)2:"')"'):

and so,

3 + cos 0,~n
sin 6

(1 + z3)|pa (x3)| =

The function f(§) = (3 + cos 6)/sin 6 has a unique minimum in the interval (0, =)
which is assumed at § = 8y, where cos 6o = —1/3,1.e. 6o = 7/2 + .340. Let 7 = 4, be
such that /2 = 6;, < 8. (The existence of o is trivial if » is odd, and if » is even is
assured whenever n > 4.) Since f(8;,) < f(r/2) = 3, we obtain

(1 + ‘T‘o)[pﬂl(xio)l =3n ’
and thus, by (2.5) and (7.1),
(7.2) conds, [V > 3@+ v8)", (a=8=-3),

in agreement with the case ¢ = 0 of (6.4).
Consider, next, « = 8 = 3, 1i.e. po(x) = U,(2z — 1). Here we have

@3 (=1 = @) = BEVIT 17 4 6yve)y,

2v/8
and
2z; — 1 = cosb;, 0,—=n—:_—1—1r Z=12,---,n).
Since now
U,/ (cos §) = 130 [cos8sin (n + 1)8 — (n + 1) sin 6 cos (n + 1)4],
we get
o’ () = 2U, (cos 6;) = (— 1)’“2(" +1
sin® 0;

and so,

(1 + 2o/ @)l = 2L 1)

In the interval (0, =) the function g(9) = (3 + cos 6)/sin? 8 takes on its unique mini-
mum at § = 6y, where cos 6p = V8 — 3,i.e. 0y = 7/2 4+ .173. Picking ¢ = 7 such
that /2 < 6;, < 6 (which is always possible if n is odd, and if » is even certainly
forn > 8), we have g(8;,) =< g(v/2) = 3, and therefore
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(1 + xio)‘pn,(xio)‘ = 3(” + 1) .
Consequently, by (2.5) and (7.3),

cond [V (p. )] 2

M — (17 + 6+/8)™7Y}
(7.4) '

n
GvOm+n TV

B+ Vet
68 ’

in agreement with the case ¢ = 1 of (6.4).

(@=g=3n- =),

8. For comparison we briefly discuss the case of equidistant abscissas**
8.1) i =1/(n+1), =12 ---,m).
Here, (2.3) and (2.4) give
nin+2)(n+3)---@n+ 1) ,

min,- TS

(8.2) cond,, [V (pa)] =

where

n

=171

Observing that
_t+n+2 1 ‘ . R
7ri+l—i+n+1n__i7"¢’ (=12, y 1),
and that the function f(z) = (x + n + 2)z/((x + n 4+ 1)(n — z)) is monotonically

increasing on the interval [1, n — 1], with f(1) < 1 (forn = 3), f(n — 1) > 1 (for
n = 2),f(n/2) > 1, f((n — 1)/2) < 1, it follows that

Tip1 < T3 for: = [(n - 1)/2], Mig1 > T forz > [(n - 1)/2] .

Consequently, the minimum in (8.2) occurs at ¢ = [(n — 1)/2] + 1 = [(n + 1)/2],
and we find that

- n’ @n + 1)!
83) cond,, [V (pn)] = @Gn+2)(n + 1) pln/2)?’ (n even) ,
cond [V )] = o oLy (n odd) .

3n+1) (n+ DH((n — 1)/2)1"’
Therefore, by Stirling’s formula,

8.4 conda V()] ~ 5228, (1= ).

Department of Computer Sciences
Purdue University
Lafayette, Indiana 47907

** Consideration of this case was suggested to the author by Professor C. H. Wilcox during
a recent conversation.
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