
On Designs of Maximal (+1, -1)-Matrices 
of Order n-2 (mod 4). I* 

By C. H. Yang 

Abstract. Finding maximal (+ 1, - 1)-matrices M2m of order 2m (with odd m) 
constructible in the standard form 

A B 
(-BT AT) 

is reduced to the finding of -two polynomials C(w), D(w) (corresponding to the 
circulant submatrices A, B) satisfying 

(*) C(W)12 + ID(w)12= 12 (m-1) 

where w is any primitive mth root of unity. Thus, all M2mn constructible by the 
standard form (see [4]) can be classified by the formula (*). Some new matrices 
M2m. for m = 25, 27, 31, were found by this method.- 

Let M2m be a maximal (+1, -1)-matrix of order 2m and let S = ((si)) be the 
circulant matrix of order m with the first row entries si (O < i < m - 1), all zero 
but s1 = 1. 

When m is odd, it is known that (for m < 27, except m = 11, 17; see [1]-[4]), 
M2u can be constructed by the following matrix :** 

(1) R = ( T T) where A = Zak,B = EbkS with 
k=O k=O 

ak and bk, 1 or -1, and T indicates the transposed matrix. Then the gramian matrix 
of R becomes 

RRT (o o) 

where P is equal to 

(2) AAT +BBT = 2(mI?ESk), 

where I is the identity matrix of order m. 
By applying to the both sides of (2) the transformation L which transforms S 

into a diagonal matrix W = [wi, * * *, wi] with wj, all distinct mth roots of unity, 
(namely, L(S) = U*SU = W, where U is unitary and * indicates the conjugate 
transpose; see [5]) we obtain 
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/ rm-i \ 

(3) A (w)A (w') + B(w)B(wm') = 2 (m+ Ewk) 
k=1/ 

where 
m-1 m1 

A(w) = E akw , B(w) = E bkW, 
k=0 k=0 

and w is any mth root of unity. 
Since w and wm-1 are conjugate to each other, (3) is also equivalent to 

/ m-1\ 

(4) IA (w) |2+ IB(w) 2 = 2(m + E wk). 

Let p and q be respectively the numbers of - l's in each row of A and B. By re- 
placing 1 by 0 and -1 by 1 in A and B and performing the similar process as above, 
we obtain the following formula corresponding to (4). 

m-1 

(5) IC(w)12 + ID(w)12 = p + q + r fwk, 
k=1 

TABLE I 

m C(W) D(w) NA NB N 

3 0 1 1 11 
. 

5 1 1 1 11I 

7 1 1+W+W3. 1 1 1 

9 1+W 1+W2 +W 3 3 3 

13 1+W +W3+W9 1+ wo + wo3 + WO9 2 2 4 

+ W + W4 + W + w2 + W4 + W7 + W9 
or 2 4 4 

1 + W + W3 + W5 + W7 + w8 

15 1+ w + W4 + W6 1+ W + W3 + W4 + W8 + W0 4 8 8 
or 

1 + W + W3 + W5 + W8 + W9 

1+ W + W4 + Wl + W + W3 + W5 + W7 + W8 2 2 2 

19 1 + W + W3 + W5 + W8 + W9 1+ W + W3 + W7 + W9 + W0 + W14 9 9 9 

+W+ 2 + W4 + W7 + W12 + W + WI + W4 + WI + Wll + 14 

or or 6 6 12 
1 + W + WI + W12 + W14 + W15 + W + W3 + WI + W9 + Wl0 + w 16 

1+ W + w2 + W3 + w6 + W12 + W + W5 + W7 + W9 + W12 + Wl' 9 9 9 

+ W + w2 + W3 + W7 + w12 + W + WI + wI + WI + W12 + Wl6 

or 9 18 18 
1 + W + W3 + W7 + Wl" + W14 + w16 
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I+ II +++I 
a ~~~~~~~~+ I + I + I++ 
11 ~ ~~~~~~~~ .+++ I I ++ 

+++ I I ++ 

I ++ I ++ I + 

+++++++ I 
+ VIi{4+I +I+ 

>5 a ~~~~~+ I ++ I +++ 

+ + +++? I ++ 
- oo > o + I I ++ + I 

+ II I + 
+ + +3 + +t++ + + + + 

+++ e + l?l?l+l+ ^ ~~~ 3 8 + I ~~~+ + + +I 

+ + + +I++I+I I 
o o ++III++I 

a Ha3 I 1++1I++I+1 +?I +I+ 
+0H ++ + I 

c+ + + + +++ + +t 

+a B + + + + + + + + 
+++ + I + +++I 

++++++ I + 

toH to,m++++I I++ 
++ I ++ I ++ 

+++ I++ 

+ + + 

m~~~~ + N+ O + + t + + t + 

++ 1- +++ + ++ I 

~~~: ~~ IIs++I+++t 

+ + + +++ + + + I 

+ +3baa o ++ I ++ I ++ 

+++~~~~~~~. C + I I I I I I 

+ I+ ++++ 

I + I + I +I+ + 

++ ~ ~ ~~~~~~+ I I++ I + + 

a a a ~~~~~~+ I I ++++I 
+++ I + I +++ I 

+ + + ++ I + ++ 

I I I I I I 
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where C(w) = >Z-7l CkWk with Ck = 0 whenever ak = 1 and Ck = 1 whenever ak = 

-1; D (w) is similarly defined. The following relation is satisfied by r, when w = 1 is 
put into (5). 

(6) p2 + q2 = p + q + r(m-1). 

Similarly from (4), we have 

(7) (mi- 2p)2 + (mi- 2q)2 = 4m-2 . 

When w 5 1, from (5), (6), and (7), we obtain 

(*) l C(W)12 + lD(w) 12 = (m 1) 

All maximal (+1, -1)-matrices M2m for odd m constructible by (1) with the re- 
striction p _ q < 'm, for m < 19 were listed in [4]. 

Thus construction of maximal matrices is reduced to finding of polynomials 
C(w), D(w) satisfying (*). Table I is obtained according to this classification for 
n = 2m ? 38. In this table, N, NA, NB are respectively numbers of distinct 
types of matrices Mn, A, B; w and wo are any primitive mth roots of unity. 

For example, when n = 18, m = 9; primitive 9th roots of unity are w = exp 
(2iri/9), w2, w4, Wk for k = 5, 7, 8. Since Wk and Wm-k are symmetric with respect to 
wm = 1 which corresponds to the main diagonal, C(Wk) and C(wm-k) produce designs 
of the same type. Consequently we can omit the cases for Wk with k ? 5. C(w) = I + 
w and D (w) = 1 + W2 + w5 produce the corresponding designs - - + + + + + ++ 
and - + - + + - + + + respectively. Similarly, C(w2) = 1 + w2 and D(w2) = 1 + 
w4 + w produce the designs -+-++ + + + + and --+ +- + + ++ respec- 
tively. Likewise, C(w4) = 1 + w4 and D(w4) = 1 + w8 + w2 produce - +++ - 
+ + + + and -+-+ + + ++-. Whenim = 19, it is sufficient to consider primi- 
tive roots w = exp (2iri/19), Wk for 2 ? k ? 9. For the case C(w) = 1 + w + W2 + 

w4 + W7 + W'2; we have C(W2) = 1 + W2 + W4 + W8 + W14 + W5, C(W3) = 1 + W3 

+ w6 + w]2 + w2 + W17 = w-2C(w2), and C(w5) = 1 + w5 + w'] + w + W16 + W3 

= w5C(w-2), which produce the corresponding designs - + - + - + + - + 
++++- ++++, -+--+ +-+++ ++-++ ++-+, and 
--+-+ -+ + + + -+ + + + +-+ + respectively. All of these three de- 
signs are of the same type and their finite sequences are equal to -1, 3, 3, 3, 3, 3, 
-1, -1, 3. Similarly it can be shown easily that C(Wk) for k = 4, 6, 9 produces 
designs with the finite sequences 3, - 1, - 1, 3, - 1, 3, 3, 3, 3; for k = 1, 7, 8, it pro- 
duces those with 3, 3, 3, - 1, 3, - 1, 3, 3, - 1. In general, it can be shown that de- 
signs produced by C(w), WkC(W), and WhC(W-1), are of the same type for any integers 
k and h. 

Table II is obtained by applying this method of finding polynomials C(w) and 
D(w) to the previously known designs for m = 21, 23, and 27. 

For example, when m = 27, with primitive roots wk = exp (27rki/27), (Table III) 
designs of distinct types are obtained. 

Addition. The following new designs for M,50, M 54, and M62 with the correspond- 
ing C(w) and D(w) have been found. 

When m = 25, we have 

C(w) = 1 + w + W2 + W6 + W8 + wO1 + Wll + W14 + W15 

D(w) = C(W7) = 1 + 2 +w5 + W6 + 7 + 14 + w7 + 20 + 23 
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When m = 27, we have 

C(w) = 1 + W + W2 + W3 + w6 + w'0 + W12 + W15 + W23 

D(w) = 1 + W + W2 + W5 + W7 + W9 + w10 + W17 + w20 + w21 + w23 

When m = 31, we have 

C(W) = 1 + W + W2 + W3 + W4 + w8 + W13 + W19 + w23 + w26 

D(w) = 1 + W + W2 + W3 + w6 + W7 + w10 + W12 + w14 + W15 + W17 + W18 

+ w24 + w26 + w28 
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