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By Evelyn Frank 

Abstract. In this study, the use of computers is demonstrated for the rapid 
expansion of a general regular continued fraction with rational elements for -/C + L, 
where C and L are rational numbers, C positive. Formulas for the expansion are 
derived. Conditions for the periodicity are considered. A Fortran program for the 
algorithms is given, as well as sample continued fraction expansions. Up to the 
present, practically all studies have been concerned with continued fractions with 
partial numerators ?41 and partial denominators positive integers, due to difficulties 
in calculation. But now the use of computers makes possible the study of a much 
greater variety of continued fraction expansions. i 

1. Introduction. A general regular continued fraction has been defined [3] as a 
finite or infinite continued fraction 

(1.1) ~~a, a2 

(1.1) ~bo + b+b+ ...2 a,+b b, i- 0. n = 0, 1, 
.. 

- 

with real numerical elements such that 

(1.2) b, > 1 + Ia,+,I X lan+1I > 1, n = 0 . 1,* 

or with integral elements such that 

(1.3) janI = 1 2 b >- 1 2 bn + a+ > 1X n = 1, 22*. 

It has been shown in [3] that a continued fraction satisfying the latter conditions 
can always be transformed into one satisfying (1.2). A general regular continued 
fraction converges. The continued fraction expansion (1.1) for a real number FG 
is accomplished by a sequence of linear transformations 

(1.4) Fn = bn + -n+1 2 Fn _ 1, n = O 1,* . 

In [3] it was shown that, if 

(1.5) IFn - bnI < 1 that isFn+l > jan+1| X n = 0,1, * 

a general regular continued fraction expansion satisfying (1.2) converges to the 
generating number Fo. An expansion that satisfies (1.3) is semiregular (or regular if 
an+ = 1) and always converges to the generating number (cf. [6]). 

In [4] the author studied general regular continued fraction expansions with real 
rational numerical elements for -/C + L with C and L rational numbers, C positive. 
Conditions were also found for general regular expansions (1.1) for v/C + L to be 
periodic. Simultaneously, the approximations xn to -/C + L given by an extension 
of Newton's formula, 
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xi-xi + C -L 2 

(1.6) xi + xj-2L 

where xi and x; are certain previous approximations to the value V-C + L, were 
studied. Let xi = Xi/Yi denote the ith approximant of (1.1). In [4] a complete 
classification was given concerning which ones of the approximants X/lYi are also 
approximations to +/C + L given by formula (1.6). 

In this study, the use of computers is demonstrated for the rapid expansion of a 
general regular continued fraction with rational elements for V/C + L. The use of 
computers is especially convenient here since the same operations are repeated many 
times, and computation without computers is extremely arduous. 

Furthermore, practically all studies up to this time have been concerned with 
the elements ai = i 1, bi positive integers. But now the use of computers makes a 
study of continued fractions with rational elements no more difficult, since it takes 
almost no time to work out many examples. 

In Section 2, formulas for the expansion of -VIC + L into a general regular con- 
tinued fraction (1.1) with rational elements are derived. These are then modified for 
application to a computer program. In Section 3, conditions for the periodicity of 
these expansions are discussed. In Section 4 a summary of the calculation procedure 
is given, and sample problems computed for a particular class of general regular 
continued fraction expansions for VOC + L (Table 1). These are given in order to 
show how easily general regular continued fraction expansions can be generated for a 
given binomial quadratic surd. 

A Fortran program for the expansion of VC + L into a general regular con- 
tinued fraction appears in the microfiche section of this issue of the journal. 

2. Mathematical Description. 
I. The first problem is the derivation of formulas for the computation of the 

expansion (1.1) for +/C + L. For a given binomial quadratic surd V-C + L, one 
writes 

(2.1) \IC + L =\/D + PO 
QO 

The continued fraction (1.1) is generated by a sequence of linear transformations 

(2.2) Fn = bn + 
Fn+- Qn n = O. 1,* 

The elements must satisfy (1.2) or (1.3), and (1.5). The transformation (2.2) can be 
written 

(2.3) VD +Pn = bn + _n+lQn_ 
l n = 0,1 , 

From this formula, the recurrence relations 

(2.4) D -Pn2 =a+lQnQn+l 

and 
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PI= b+Q, - P2, 

(2.5) Q~+~=b,(P, - P,+1) + aQ, 1_ D - P,2+1, n ,1., (2*5) Q +1 an+1 an+lQn 2 n =0.1, **- 

Q-1 (ao= 1), Qo 

were derived in [4]. 
In the continued fractions considered, the an+i, ban Qn-12 and P, n = 0, 1, ** 

are rational numbers. Consequently, it is more convenient in the computation with 
computers for one to consider the continued fraction 

(2.6) Bo + A /IC + A2/C2 
Do B1/D1 B2/D2 + . 

for +/C + L = (A/D + Po/Ro)/(Qo/So). This is generated by the sequence of linear 
transformations 

(2.7) -\D+P/n- Bn+ Al/nl (Ql/nl 
n=021 ( ) Qn/Sn Dn 7/D + Pn+1/Rn+l = 0,1, . 

Thus, for the continued fraction (2.6), the recurrence relations (2.4) and (2.5) 
become 

Pn+1 BnQnRn - DnPnSn 
Rn+1 DnRnSn 

Qn+1 [BnCnSn -(PnRn+l Pn+?Rn) + AnDnQn-lRnRn+l ]Cn+ 
(.) Sn+1 An+lCnDnRnRn+lSn-1 (2.8) 

Cn+,Sn(DRn2+1 - Pn2+1) 

An+l QnRn+l 

Q-_ (DR02 -p2)So 
S_1 QoJo2 

Semiregular continued fractions (continued fractions that satisfy (1.3)) are not 
considered here, since semiregular expansions for -/C + L have been treated by 
Perron [6], Goncalves [5], and many others. In fact, the author in [2] gave an Algol 
program for the expansion of -/C + L into a regular continued fraction. With slight 
modifications, the expansion into a semiregular continued fraction could be similarly 
programmed. Consequently, only general regular continued fractions (2.6) that 
satisfy the conditions 

Bn > + |An+1 An+1 > Cn+1 > ? Dn > 0 
(2.9) Dn Cn+ Cn+1 

|Fn - D < 1, i.e. Fn+i > Cn+| 2 n = 0.1 * 

are treated here. As in the case of semiregular continued fractions, given are the 
positive integers Cn+1 and the positive or negative integers An+1, n 0,1, * 1 i. Also 
given are the integers Po, Qo, and D (Ro = So 1, Ao = Co = 1), and the generating 
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number Fo > 1. The. positive integers Bn and DA are computed from (2.9) with 
certain specific rules concerning their unique values. As discussed in [3], [4], the con- 
tinued fraction (2.6) can always be transformed into one for which IA?+I/C"+ll > 1, 
BnI/Dn > 1, so it is henceforth assumed that these conditions hold. 

If (V/D + Po)/Qo is negative, one computes (2.6) for - (V/D + Po)/Qo, and 
then multiplies (2.6) by -1. Furthermore, VD is taken as the positive root, since, 
if one is given (-V/D + Po)/Qo, one uses the equal value (/D -Po)/(-Qo). 

If the expansion is periodic, one notes that one has obtained a complete period 
p when the values of P/lRi, QJ/Sj are repeated. One must of course start with a 
periodic sequence (of period r) of the An+1/Cn+1. Then p = r - k, where k is a positive 
integer. (This is analogous to the case of semiregular continued fractions when one 
is given the C.+, = 1, and the A.+, are a given periodic sequence such that 
JAn+11 = 1.) 

However, it may very well happen that there is a fore-period of t terms, as in 
the expansion 

Go M+ l M /NM _ Xt + K.Xt- 

(2.10) Ho G1/H1 + + Gt/Ht +K Ye +K-Y-l ' 
K_- (1/C, A++ Ct ) (Ai/C1 A/CI) + , 

\B/Di + ***+ BplDpJ + \B/Di + ***+ BplDpJ 
where the periodic part does not begin until the (t + 1)th term, and Xt, Ye, denote 
the numerator and denominator, respectively, of the tth approximant. This expan- 
sion is called mixed-periodic. 

IL. This portion of the mathematical description of the problem is concerned 
with additional formulas that one can use for further information about general 
regular expansions for \IC + L. These are analogous to the computations of the 
author in [2] on regular continued fraction expansions. 

The recurrence relations for the Xn and Y,, the numerator and denominator, 
respectively, of the nth approximant of (2.6), are given by 

(2.11) Xn = BnXn-1/Dn + AnXn-2/Cn, Yn = BnYn1/Dn + AnYn_2/CnX 

n = 1, 2, *-, 1 = 1Xo = Bo/Do, Y-1 = 0, Y0 = 1 

Also of interest is the application of formula (1.6) for the approximants of the 
expansions considered here. For that purpose it takes the form 

Qop-.9 
Xk,^ps = Q+ O2X 

o2 Ykp_ 8 

(2.12) Qo2X(k-r)p-8Xrp-. + (D - PO_) Y(kr)p_.Yrp-. 

Qo (X(k-r)p8sYrp-1 + Xrp- Y(k-r)p-s) - 2PoQ0Y(k-r)p-8Yrp-1 

k = 2, 3, , r = 1, 2, -- k-r _ l, p = 1, 2, .. I ,s <p. 

There are numerous other formulas of this type that could also be applied to the 
approximants of general regular continued fractions on a computer (cf. [1], [4]). 

Finally, it is of great importance for one to know how good an approximation to 
the value of V/C + L is an approximant Xn/Yn. For that purpose, one can use the 
error formula (cf. [3]) 
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Aj2 .. An ' On2 A'-rn 

(2.13) CC2..Cn < Fo - __|iO CI C2 ... ( C 
Yn-l(yn + Yn-1) Y= ~ Yn- = -Yn1 

Here X* 1/Y* 1 refers to the approximant Xn-1/Yn-, with all common factors re- 
moved from the numerator and denominator. 

These three formulas have not been carried through in the Fortran program, 
since it has been the purpose of this paper to illustrate the usefulness of computers 
for expansions in general regular continued fractions, but the latter three formulas 
can likewise easily be applied to computers. 

3. Conditions for the Periodicity of Expansion (2.6) for -/C + L. It is well 
known (cf. [5] or [6]) that an infinite semiregular continued fraction (1.3), into which 
a binomial quadratic surd can be expanded, is always periodic provided the partial 
numerators an+1, n = 0,1, *1*, are a given periodic sequence. Consequently, semi- 
regular continued fractions are not considered here, and the discussion is concerned 
only with those general regular continued fractions satisfying conditions (1.2). 

In [4] it was shown that a convergent infinite continued fraction that is periodic 
of period p always represents a root of a quadratic equation provided the de- 
nominator of the (p - 1)th approximant of (2.6) is not zero. Furthermore, it was 
shown that a general regular continued fraction (2.6) into which a binomial quad- 
ratic surd can be expanded, with the An+, and Cn+, a given periodic sequence, and 
with definite rules for the unique values of the Bn/Dn, is always periodic provided 
the Pn/Rn in formulas (2.8) are integral. 

That this is in general not the case can easily be seen if one writes down the 
successive values of Rn and Sn from formulas (2.8). It is seen that these values in- 
crease indefinitely, and it is only a fortunate cancellation of factors in the fractions 
Pn/Rn and Qn/Sn that keeps the values of the numerators and denominators of these 
fractions bounded, with a consequent possibility for periodicity. 

4. Fortran Program and Sample Problems for a Particular Class of General 
Regular Continued Fractions. In the microfiche section of this issue is given a 
Fortran program for a particular class of general regular continued fraction expan- 
sions for -\/C + L. In this class, the periodic sequence An+, = - 12 Cn+j = 1 is 
chosen. Then the Bn/Dn are calculated so that in the first formula in (2.8) the 
Pn+1/Rn+l are integral, i.e. Rn+l = 1. This is done in the following way: The de- 
nominators Dn must be factors of Qn. The factors 2, 3, *. ., Qn are tried in that order 
as factors, and Dn is set equal to the smallest one that is a factor. If none is a factor, 
then Dn is set equal to 1. The numerators Bn are then chosen as multiples of Sn, and 
so chosen that IFn - Bn/Dnl < 1, and such that this difference is smallest, if there 
is a choice. Of course, since An+, = -1 Bn/DI > Fn. Thus conditions (2.9) are 
satisfied. 

It is clear that it is not always possible to find a Bn/Dn that satisfies all these 
conditions. Below, in Table 1, is an illustration of a binomial quadratic surd that 
cannot be expanded into such a continued fraction. Of course, it would always be 
possible for one to alter, for example, the choice of An+1/Cn+1, so that a general 
regular continued fraction expansion is possible for a given binomial quadratic surd. 
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TABLE 1. Examples 
Example 1 P =40 Q =39 D =46 

N A C B D P R Q S FN 
0 1 1 4 3 40 1 39 1 1.19955 
1 -1 1 117 14 12 1 98 39 7.47460 
2 -1 1 28 15 9 1 195 14 1.13309 
3 -1 1 65 42 17 1 1134 65 1.36318 
4 -1 1 357 65 10 1 65 21 5.42198 
5 -1 1 130 9 7 1 63 65 14.21986 
6 -1 1 63 13 7 1 65 21 4.45275 
7 -1 1 65 21 8 1 378 65 2.54193 
8 -1 1 14 5 10 1 65 7 1.80733 
9 -1 1 13 7 16 1 294 13 1.00738 

10 -1 1 7 5 26 1 195 7 1.17680 
11 -1 1 195 41 13 1 287 65 4.48031 
12 -1 1 287 65 8 1 1170 287 3.62609 
13 -1 1 65 41 10 1 861 65 1.26696 
14 -1 1 1148 325 11 1 1625 287 3.14063 
15 -1 1 975 287 9 1 2009 325 2.55314 
16 -1 1 41 25 12 1 650 41 1.18473 
17 -1 1 91 41 14 1 123 13 2.19650 
18 -1 1 574 13 7 1 13 41 43.46733 
19 -1 1 65 41 7 1 123 13 1.45667 
20 -1 1 205 26 8 1 78 41 7.77020 
21 -1 1 364 41 7 1 41 26 8.74001 
22 -1 1 205 26 7 1 78 41 7.24456 
23 -l 1 65 41 8 1 123 13 1.56236 
24 -1 1 574 13 7 1 13 41 43.46733 
25 -1 1 65 41 7 1 123 13 1.45667 
26 -1 1 205 26 8 1 78 41 7.77020 
27 -1 1 364 41 7 1 41 26 8.74001 
28 -1 1 205 26 7 1 78 41 7.24456 
29 -1 1 65 41 8 1 123 13 1.56236 

Fore-period = 18 Period = 6 
Example 2 P =9 Q =5 D = 13 

N A C B D P R Q S EN 
0 1 1 13 5 9 1 5 1 2.52111 
1 -1 1 40 3 4 1 3 5 12.67591 
2 -1 1 8 5 4 1 5 1 1.52111 
3 -1 1 40 3 4 1 3 5 12.67591 
4 -I 1 8 5 4 1 5 1 1.52111 

Period = 2 
Example3 P=51 Q=23 D=73 

N A C B D P R Q S FN 
0 1 1 60 23 51 1 23 1 2.58887 

***NO CHOICE FOR B*** 

Furthermore, one could set down many different rules for the choice of the 
A ,+1/C?+, and of the consequent computation of the Bn/Dn. The type of expansion 
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given here is described in detail in order to illustrate how a general regular expansion 
is generated. But it must be borne in mind that many other types of such expan- 
sions are possible. 

The Fortran program was written for the IBM 360 which was the machine 
available for these computations. Floating-point arithmetic was used in order to 
obtain the maximum number of digits. Special care was also used in order to avoid 
round-off error. 

A lowest terms subroutine (LTU) was used to reduce to lowest terms all BX/D& 
and Qn/8n. 
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0045 NJ=U(KI 
C D IS A DOVISOR !f Q(K) 

0046 IF(N0Q-1)4032,2'3 
0047 28 1=2 

C I IS A CANDIDATE I-OR 0 
0048 30 IPF( (NQ/I *I-NO)29,31,.29 

c I IS NOT A 01 VISOR OF QO INCFASE I AND TRY AGAIN 
0049 ?9 I m I L 
0050 IFIILE.NQI GO T0 30 
0051 32 1-* 

C FINAL CHOICE FOR I fS 1 
C SET INDICATOR FOR LAST TRY 

0052 Noun 
0053 31 OB-s 
0054 B8O0. 
0055 33 488+8 I8INC 

C B8 IS A CHOICE FOR B 
0056 42 TF(188/DB1-FN()K3133,44,34 
0057 34 IF(AEIP1.GT.O.3 885B9-81IC 

C CHECK IF 18/0-ENI LT I 
0058 I 4 I ( AB S( F N4 K I -(8B, DB I-1. 1 35 .M 336 

C 9 DUES NOT 4EET CRI TERION 
C CHECK IF ANOTHER 0 I S AVAI ABLE 

0059 36 IF(NQ.GT.O.I GO TO 29 
0060 40 WR I TE( 6,6010l 
0061 6010 FORMAT(20X'*** NO CHOICE FOR B/D***I 
0062 IF(K-2098,9e.112 
0063 112 I=K-1 
0064 GO To 10 

C FOUND B AND D 
0065 35 S(K)-RB 
0066 D0(K)1zB 

C ADJUST THE A/C ICDEX 
0067 IC=ICt1 
0068 I F ( I PER- IC 145 46,947 
0069 46 IP=2 
0070 GO TO 12 
0071 45 ICt2 
0072 47 IPmJC+t 
0073 GO TO 12 
0074 120 LLP*K 
0075 LIJO=K-1 
0076 DO 300 JZ,.LUQ 
0077 M=J+1 
0078 00 t00 InNLUP 
0079 IF (P( J)-P( 11 ) 100981, 100 
0080 81 IF(O(JI-O(I3l100l,82,100 
0081 82 I F( S( J)-S(I ) I 100,83,100 
0082 83 IPRD-I-J 
0081 IPFR=J-1 
0084 GO To 110 
0085 100 CONTINUE 
0086 IPRDsO 
0087 iO QO 111 Ke1,I 



0088 NzK-I 
00J9 II WR ITE(6,6003Ng,4A(K ,C(KI ,t6K ,9DKI ,P(KlR(,KlQ(fl3SKp fN3K, ( 0090 6003 FORMATI73X,12,F6.1 9F6.1.2X6s(F8.1I1X),F9.51 

0091 ItF(IPRD.EQ.o0 GO TO 98 
0092 WRITEC6,601ultPRo,IPFR 
0093 6015 FORMAT(21X@PERIOOSI3,S5XFORE-PERIOD ',13,//) 
0094 GO TO 98 
Q095 99 CALL EXIT 

C THE AUTHOR WISHES TO THANK MR.MARRIUS PRAPUOLENIS OF THE UNIVERSITY C OF ILLINOIS, CHICAGn, FOR HELP IN SETTING Up THE PROGRAM IN THIS C PAPER. 
0096 ENO 



0001 SUBROUTINE LTUIARGIARG2I 
C THIS SUBROUTINE REDUCES TWO NBRS TO THEIR LOWEST TERMS 

0002 NRlr ABS(ARGII 
0003 NR2- ABS(ARG2) 
0004 L2Z2l 
0005 IF(ARGI*ARG137,38,138 
0006 37 IGNw-1. 
0007 GO TO 39 
0008 38 IGN-1. 
0009 39 IF(NRI-NRZI1O,11,12 
0010 10 NAwNRI 
0011 NBuNR2 
0012 GO TO 13 
0013 11 CO0-NRI 
0014 GO TO 35 
0015 12 NA=NR2 
0016 NBsNR} 
0017 13 Nml 
0018 14 NuNOA*N 
0019 - IFINS-NQ115,,16.17 
0020 17 NN=*1C 
0021 GO rT J4 
0022 16 NCD-NA 
0023 GO TO 35 
0024 15 IF(PN-10118,18,ZO 
0025 18 NU= t0 
0026 NLSI 
0027 NINI 
0028 GO TO 21 
0029 20 NU-N 
0030 NLwN/I0 
0031 NImNL/10 
0032 21 DO 27 JNL .NUsNI 
0033 .N. "A*J 
0034 LR1-NS-NQ 
0035 IF-L8112.3,24,25 
0036 25 LR2sLRI 
0037 _27 CONTI NUE 
0038 WRITE(6,10001 
0039 1000 FORMATIOXOERROR ERROR tN LTU'I 
0040 RETURN 
0041 24 NCO-NA 
0042 GO Ta' 35 
0043 23 IFCNI-112 6.26,28 
0044 28 NUeJ 
0045 !4tLJ-NE 
0046 NINKI/10 
0047 GO TO 21 
0048 26 IFILR2-1130,30.31 
0049 30 MCOs I 
0050 GO TO 35 
0051 31 NB-NA 
0052 NA*LR2 
0053 GO TO 13 



0054 35 ARG1S INCD*IG1 
0055 ARG2=NR2 ACO 
0056 RETUAN 
0057 ENO 



GAUSSIAN QUADRATURES FOR 

ao 

exp (-x) f (x)dxfx 

AJRNE P. OLSON 



TA0ILK I 

The buean * / ea(-t)uVtn 

F - a ~~~~~~~~~n-ti 

0 3.63S939940314164016341645E-O2 -, 1.199?qrWs21896%4Q"f 02 
9 4.033S34948b9470688439-2 7. 1Y%00372512623>,S;0E 02 

V t 4.0 flSE14 9q4666U801,0B2 -7 5 9 0' 03 

|7 5.139906673M96561.0263ft0-2 - 4.031w99 316312X^9190E. 04 

6 5.9U8O419S38619449-2 e9 3S621" .9592404%t a 
5 ?.04542374617203%335602r.o2 _ 3.62f -.*35W,,5375 73C M 
4 8.6062491324%W7282523142E-02 -n .9916PXme47o03062623E 07 
3 LO*969196%971lWL363852-01 -12 4.7900159999p9>36%6.590a 0 
2 1.48495M0r7fl 79163603-01 -13 6.22A207997185474177E 09 
1 2.1938393C:flSZ27ri77164.0i 44 8.71A29119997384b496513 30 
o 3.676794411714423159552t.1 -13, 10.7?436799997557573S9E 12 

-4 ?.347hU2%2663191W473-01 -16 1 2.092778W7999979121622 13 
-2 1.srn3v2o5q7onnzwwma7629. 00 -47 3. 5,6M2609,99wncn6a 14 
-, 5.8661057477145528! do -18 6.0237?71Y7M 9997 535 15 
-4 -20391216W1437501D70909 01 -19 1.2164f50 399904 17 


