
Calculation of Dirichlet L-Functions 

By Robert Spira 

Abstract. A method for calculating Dirichlet L-series is presented along with the theory of 
residue class characters and their automatic generation. Tables are given of zeros of L- 
series for moduli ? 24. 

1. Introduction. In this paper, there is introduced a method for calculating the 
values of Dirichlet L-functions. The fundamental theorems on characters mod k 
are given in Section 2, and a numbering of these characters is defined. Formulas are 
found for the numbers of real and complex characters, both primitive and imprimi- 
tive. The automatic generation of a character with a given number is described. In 
Section 3, the method of asymptotic evaluation is discussed, and a description is 
given of a calculation of complex zeros of L-functions mod k < 24 for Itl < 25. A 
microfiche at the end of this issue gives these zeros and various other tables and 
also the FORTRAN programs. 

2. Characters. Some of the material in this section is in the "folklore" of the 
subject and some material is a refinement of known results. 

Let ?a be the residue class of a, where the modulus m will be clear from the con- 
text. If c E a, then (c, m) = (a, m). We write m = pcla .. . pnan, where pi, *, Pn 
are distinct primes. By M(m) we mean the group of residues a such that (a, m) = 1. 
We define a mappingf: M(m) -> M(pial) X ... XM(pnan), where X means the usual 
Cartesian product, by f(a) = (al, . . I, n), where a -aj(mod pjai). It is easy to see 
that this is a well-defined map, and, using the Chinese Remainder Theorem, that f 
is a multiplicative isomorphism of M(m) and the group M(pial) X . . . XM(pnan). 
Next, for i = 1, * n, we define the map fl: M(p ai) -> M(m), byfi(a) = b where 
b =a(mod piai), b = 1(mod pjai), j = 1, * , n, j # i. One can easily verify that 
each of these maps is well-defined and is an into multiplicative isomorphism. Finally, 
we define the map h: M(piali) X ... XM(pnan) M(m) by 

(l) h ((?Z,y I * ,n)) = Ui(a) ***fn (Un) I 

and easily verify that h(f(a)) = a. 
A short calculation shows that if i X j, then the only common image of f i and 

fj is 1. Thus, the images under fi, . * *, fn of M(p al), . . ., M(pnan) are pairwise dis- 
joint except for the common identity. We designate these images, which are ob- 
viously subgroups of M(m), respectively by G1, . . ., Gn. Since every element of 
M(m) is expressible as a product such as given in (1), and the cardinalities of 
G, * * *, Gn just multiply to the cardinality of M(m), M(m) is the internal direct 
product of G1, * *, Gn. 

Now, we write, for k > 2, 

(2) k = 2pla, . . . prar , 2 < pi < ... < Pr r = 0 if k = 2% 
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and wish to determine a basis for M(k) in a fixed unequivocal manner. For p an odd 
prime, we set gi = gi(p) = the least primitive root mod p. As shown in Landau 
[13, pp. 79-81], either gq or go + p is a primitive root mod pa, a > 1, and we set 
g = g(p) = the least number which is a primitive root for pa, a > 1. Thus, for all 
odd primes p, gi < g < gi + p. For p < 3000, and possibly further, g = gi. For 
p = 2, we set g = 3. For p = 40487, gi = 5, but g = 10; cf. [18]. 

Now, following the method of LeVeque [5, Vol. II, pp. 207-210], we can solve 
for the basis elements of M(k), B1, * * *, BR, where R = r for f3 < 1, R = r + 1 for 

3 = 2, and R = r + 2 for f _ 3. For 3 = 0, we solve, for i = 1, *, r, B i 
g(pi) (mod pict) and B. = 1(mod pjak) for 1 ? j < r, j 5 i. If 3 = 1, we adjoin 
to these conditions B =_ 1(mod 2). For f3 = 2, we solve B1 =3(mod 4), B1 - 

1(mod pjai), 1 < j < r, and for i = 1, * , r, we solve Bi+1 g(pi) (mod p7a'i), 
and Bi+1 1 (mod 4), and B+1 I1(mod pcai), 1 < j < r, j = i. Finally, for fi > 3, 
we solve B1 -1(mod 2fl) and B1 -1(mod pja), 1 _ j < r; B2- 5(mod 2'6) and 
B2 =1(mod p jai), 1 _ j < r; and for i = 1, * *,r, we solve Bi+2 g(pi) (mod pai), 

Bi+2 =1 (mod 2') and Bi+2 1 (mod pjaj), 1 < j < r,j $ i. 
A technical procedure to solve such congruences may be found in Uspensky and 

Heaslet [6, pp. 189-191]. The process requires the computation of a-' (mod m), 
(where (a, m) = 1), which is most easily accomplished by expressing ?(m) in binary 
and calculating a-1' a(m)-2 by repeated squarings of a (mod m). 

Using the above remarks, the following theorem is easily proved: 
THEOREM 1. If 2 < k = 2pcll ... prctr and r = 0 if k = 2fl, then M(k) has a 

basis of R elements, all of even order ? 2, where 

R = r if 03 _ 1, 

(3) R= r+1 if#3= 2, 

R = r+2 if > 33. 
In Rotman [7, pp. 63-65] it is shown that any finite abelian group has a basis and 
that any two bases have the same cardinality. 

The least positive k with R basis elements, for R = 1, 2, * is given by 3, 8, 
24, 120, 840, 9240, 120120, 

Let hi be the order of Bi. Recall that a character mod k is a nonzero multiplica- 
tive function on the residues mod k which is zero at residues not prime to k. It is 
shown in LeVeque [5, Vol. II, pp. 210-212] that a character is determined by its 
values at the basis elements, and the value at Bi can only be one of the hith roots 
of unity. We thus obtain 

THEOREM 2. There are exactly c(k1) characters mod k. 
Next we show: 
THEOREM 3. For k > 2, there are exactly 2R real characters mod k, where R is the 

number of basis elements of M(k). 
Proof. A character is real if and only if it is real at the basis elements. For each 

basis element, exactly two choices of the hith root of unity will be real, as hi is even 
and > 2. 

Landau [14, p. 414] has shown that all characters mod k are real if and only if 
kf24. 

Let k > 2 and let x be a character mod k. We define fB1, O *,3R by 
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(4) x(B3) = exp (27ri3j/hi), O < ?1 < hi; j = 1, **, R. 

Clearly, the R-tuple of nonnegative integers ,Bj determines and is determined by the 
character x. Using this representation, it is now easy to see that the characters form 
a group isomorphic to M(k) under the mapping x B10 - e -BROR, (where 
(X1 * x2)(a) is defined as xl(a) * X2(a)). 

We now number the characters by defining 

(5) N = N(x) = fB1 + f32h, + f33hih2 + *. + fRhlh2 ... hR-. 

It is clear that this is a Cantor numbering system and that the ?(k) characters will 
be numbered sequentially from 0 to ?(k) - 1. We designate these characters by 
xo, X1, The character corresponding to our xo is the usual principal xo. 

The characters corresponding to the R-tuples (1, 0, ***, 0), (0, 1, *, 0), * 
(0, *.*, O 1) form a basis, and the corresponding N's are 1, h1, h1 h2, * h1 h2 * 
hR-l. It is easy to see from the basis representation that if d p4 1 (mod k) and 
(d, k) = 1 then some character exists for which X(R) = 1. It is clear that the char- 
acters can be considered as being defined over the integers. 

Using the numbering defined, we can now introduce an unequivocal notation for 
the L-functions. If the modulus is fixed by the context, we can use L(S, XN). If not, 
we can use a new notation: L(S, k, N) = L(S, x) where x is character number N 
mod k. 

To find the number N* of the conjugate character with N given by (5), we set 

,3j* =0 , if f3j = O, 

=h -Oj3, if 1j P O, 

and use the 3j*'s in (5) to form N*. For a prime p, conjugate pairs are simply N and 
p - N - 1, for N ? 1. 

Now we take up the important notion of primitivity. We say a character x mod k 
is imprimnitive if there is a proper divisor K of k such that if a b (mod K) and 
(a, k) = (b, k) = 1 then x(a) = x(b); otherwise, the character is called primitive. 
Such a number K is called a modulus of imprimitivity. The principal character for 
k > 1 is imprimitive, taking K = 1. Also, 1 is not a modulus of imprimitivity for 
nonprincipal characters. The study of the number of imprimitive characters is much 
simplified if we introduce the following notions. Let m = p'li ... 

pnny and fi, * *, 

f *, G1, Gn have the same meaning as above. Let x(i) be a character mod pjai, 

j = 1, * , n. We define, for a = .i - -ny, with ej Gi, 

(6) x (a) = x1 ) (fj1 
(eJ) 

x2(f21 (2)) (n (f -1 

x ()= O if (a, m) > 1, 
and call the resulting function the exterior product of x(1), * , xn) 

THEOREM 4. The exterior product of X (1), . .., x (n) is a character mod m. Every 
character mod m can be written uniquely as such an exterior product. 

Proof. By definition, x(a) = 0 for (a, m) > 1. Since for a = 1, e1 = 2= * = 

en = i and fj(1) = 1 for] = 1, *j*, n, we have x(l) = 1 = 0. It remains to show 
that x is multiplicative. For elements in M(m), this follows from the multiplicative- 
ness of x () and the isomorphic mapping property of fj, for j = 1, * * *, n. The other 
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cases are trivial. Finally, given a character x mod m, define x(i)(a) = x(fj(u)) for 
(a, pj) = 1, and %(i(a) = 0 for (a, pj) > 1, for] = 1, * * *, n. It is easily seen that 
x(i) is a character mod p jai. Also, if a = .l * i i * , with'Tj E Gjl 

X (a) = X (F * * ' . * en)= X (O) . * - X * X (en) 

= x (f 
l 

(f ( * x (fi (f))) (en))) 
(1) (f Jel)). 

x( (fn (en)) 

which is the value of the exterior product of x (1), .*.. X (n. Since the values of x 
are determined at all elements of M(m) by its values on UGj, two distinct char- 
acters mod m must induce for some j two distinct X M)s. Since the image under fj 
of M(pjai) is Gj, two distinct characters mod pjci will give rise to distinct exterior 
products. 

THEOREM 5. The exterior product is real if and only if the factors are real. 
Proof. Clear, since the values of x are determined by the values on UGj. 
THEOREM 6. The exterior product is primitive if and only if all the factors are 

primitive. 
Proof. If one of the factors, say x (i), is imprimitive, let K be the proper divisor. 

Let K' = mK/pjai and let a b (mod K') and (a, m) = (b, m) = 1. Then a = b 
(mod K) and a b (mod piai) for i # j. Thus, x M)(a) = M (b) for i = j or not, 
so x(a) = x(b) and K' is a modulus of imprimitivity for x. 

Now let x have the modulus of imprimitivity K < m. Some prime, say pj, 
appears in K to the ath power where a < aj. Let a b (mod pjc) and (a, pj) = 

(b, pj) = 1. Let A be in fj(a) and B in fj(b). Then, A a (modp jai), B = b (mod 
pjai) and A B 1 (mod piai), i X j. Hence A B (mod K) so %(A) = %(B). 
Thus x(i)(a) = (Di)(b) and XU) is imprimitive. 

COROLLARY. The number of primitive characters mod m is a multiplicative func- 
tion of m. 

A slight extension of the arguments above can be used to show 
THEOREM 7. If x is imprimitive, then there is a least modulus of imprimitivity, and 

all proper divisors of m which are multiples of this least modulus are also moduli of 
imprimitivity. 

For a complete and simple development of the theory of moduli of imprimitivity, 
see Spira [17]. 

We now count the primitive characters. 
THEOREM 8. If p is a prime, then the number of primitive characters mod pa is 

p - 2 if a = 1 and pa-2(p - 1)2 if a > 2. 
Proof. The principal character is always imprimitive mod pa, with modulus of 

imprimitivity = 1. If a = 1, this is the only possible modulus, so the other char- 
acters are primitive as they are not identically 1. Since (p) = p - 1, there are 
p - 2 primitive characters mod p. Now let p > 2 and g and Xi be as defined above, 
so xj(g) = exp (2rij10 (pa)) and 0 ? j < pa-I(p - 1). First let j = sp. For s = 0, 
we have the principal character, which is imprimitive. Thus, we take 1 ? s < 
pa2(p- 1). Let n =n2 (mod pa-l) and ni p 0 (mod p). Let ni = gu (mod pa) 

and n2 gv (mod pa). Then, gu gv (mod pa-). Since g is a primitive root mod 
pa-i, u v (mod pa2(p- 1)), or u = v + cpa2(p- 1). Thus, 
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xj(ni) = Xj(gU) = exp (u2irisp/(pa-(p - 1))) 
= exp [ (v + cp2 (p - 1))2iris/ (pa2 1))] 

= xj(g'). exp (27risc) = xj(gv) = xj(n2) 

Thus, xi is imprimitive for j = sp. 
Let now (j, p) = 1. Suppose pr were a modulus of imprimitivity for xi with 

y >? 1. Let a -b (mod pf) and a 5 0 5 b (mod p). Then a b (mod p). Let a 
gu(mod pa) and b _ gv(mod pa). Since xj(a) = Xi(b), we have 

exp (27riju/(pa -I(p - 1))) = exp (27rijv/(pal(p - 1))), 

so uj = vj + 27rit for some t. Since (p, j) = 1, we have u - v (mod pa-l). Also 
u v (mod p - 1) as gu gv (mod p). Thus u v (mod p-1(p - 1)), so a b 
(mod p2). Thus xj is primitive, and indeed assumes distinct values on the residue 
classes mod pa which have elements congruent to a single residue mod p. 

Note that in this case of p > 2, for a = 1, the real nonprincipal character is 
primitive, but for a > 1, the real nonprincipal character is obtained for j 
= pa- (p - 1)/2, and is hence imprimitive. 

Finally, let p = 2. For a = 2, the result is obtained by calculation, and in this 
case, the real nonprincipal character is also primitive. Let a ? 3. Then M(2a) has 
a basis - 1, 5, of respective orders 2 and 2a-2. Thus, if x is a character mod 2a, then 
x(5) = exp (27rit/2al), where 0 < t < 2a2. We will show x is primitive if and only 
if t is odd. Let t = 2s. If s = 0, the character is principal and hence imprimitive. 
Now let ni n2 (mod 2a-1) and let nl= E_5u (mod 2a), n2 E25v (mod 2a), where 
El and E2 are real and of absolute value 1. Hence E1E25u-v =1 (mod 2a-1), 50 %12 = 1, 
as the powers of 5 do not represent -1 mod 2a-1 if a ? 3. Thus, u v (mod 2a-3). 
Now 

x(nli) = x(E15u) = x(El) exp (22i2su/2a-l) 

= x(E2) exp (27ri(2s) (v + b2a-3)/2a-2) 

= x (E2)x(5v) exp (2ri(2s) . b) = x (n2) 

so indeed x is imprimitive. A similar argument to the one above for p > 2 shows that 
if j = 2s + 1, then x is primitive. 

COROLLARY 1. If k 2 (mod 4), then there are no primitive characters mod k. 
COROLLARY 2. The number of primitive characters mod k is Ed I(n)0(n/d). 
Using the facts given in the proof above, it is easy to machine generate the N's 

corresponding to primitive characters. 
For the primitive character mod 2a to be real, we need 22ri(2s + 1)/2a-2 = lri, 

or 1 *2a-3 = 2s + 1. Thus a < 3, and these cases are easily settled. From the above 
remarks on real primitive characters, and from Theorems 5 and 6, we obtain 

THEOREM 9. The number of real primitive characters mod 20 . t, where (t, 2) = 1, 
is O if 3 = 1 or f > 3 or t not squarefree, 1 if f3 = Oor 2 and t squarefree and 2 if ,B = 3 
and t squarefree. 

The numbers N for real primitive characters are given by 

N =2 (hi + h1h2 + * +hlh2 ... hR) 
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if f3 = 0 or 2, t squarefree, and this N and N - 1 if f3 = 3 and t squarefree. The 
notation of Rosser [4] of putting a star after the modulus when f3 = 3 refers to 
character N, and the unstarred modulus refers to character N - 1. Either of these 
may have x(-1) = +1 or -1. 

For machine notation, the values of a character x mod k can be represented by 
integers. If x(n) = 0, we use 0; if x(n) = exp (2-rit/cp(k)), we use t, with 1 < t ? + (k). 
In the calculation of a character XN, the basis is first determined by the solution of 
linear congruences, using an internal table of primitive roots mod pa, or a generator 
for such primitive roots. The parameter N is then decoded into the f3j's and the 
character is computed, using the orders of the basis elements as parameters in the 
loops. It is convenient to separate out the translation of an R-tuple of exponents of 
the basis elements into the corresponding residue mod k. Testing is best done by 
generating the ?(k) characters, checking that they are distinct, and testing each 
character to see if it is multiplicative and not identically 0. Primitivity is also 
easily checked. 

N. G. Cudakov [9] has given a development of the theory of characters based on 
different methods. 

3. An Asymptotic Formula for L(s, x). Davies and Haselgrove [1] give an 
asymptotic formula for L(s, x) which requires the computation of coefficients. We 
give a different formula which merely requires the character, but which has the 
disadvantage that it loses accuracy near s = 1. 

The computing times for the two methods are roughly equal. L. Schoenfeld [12] 
has generalized the Davies-Haselgrove method. Another formula is given in Davies 
[2]. 

We have, for o > 1 
oo k _ _ 

(7) L (s, x) = x (n)n-8 = k-' A x (i) E (n + j/1k) 
n=1 j= 1 n= 0 

since there is absolute convergence for o- > 1. By a slight change in the proof of the 
Euler-Maclaurin formula for s(s), we have 

N N-1 1 
E (n + j/k)8 = (n + j/k)X + -2 (N +j/k>8 ? (N ?j/k)ls - 1) 

(8) n=0 n=O 2 

+ E [B2,/(2v)!](T (s + r))(N + j/k)82 + error 
V=1 r=o 

and this expression provides an analytic continuation. Combining (7) and (8), we 
obtain 

k rN-1 

Lj(s, x) E x(j) E (kn + j)- + (k+N + 8 ? (N + j)?-W/(k(s - 1)) j=l n=O 
m 2v-2 

(9) + E [B2,/ (2v)!] (s + r)) (kN + I) 2.k2v1} V=1 r= 0 
+ error. 

The advantage of programming the first sum from 1 to k is that the routine can be 
tested using check values of i(s) by setting x(i) = 1 for j = 1, - - -, k. Calculating 



CALCULATION OF DIRICHLET L-FUNCTIONS 495 

formulas very similar to those in Spira [10] can be used. A formula for L'(s, x) 
similar to one in Spira [10] can also be easily found. For values near s = 1, one could 
use the functional equation: 

sin 
L(s, x) = 2Sk-81ErSlr(1 -s) (2 7rs)L(1 -s, x) 

(10) x(l + 1co 
x(-1) = -1' primitive, 

where 
k Cos 2ira ?1 

(11) E x(a) Io X (-1) + 
a=1 sin k 

For characters with x(-1) = 1, we have L(O, x) = 0. For real primitive char- 
acters, with x(- 1) = -1, we have L(O, x) = h, the class number, for k > 4. This 
follows from the functional equation (10), the class number formula (Davenport 
[11, pp. 37-51]), and the fact that E = v\k (Landau [13, p. 174, Satz 215]). For k = 3 
and 4 we obtain 1/3 and 1/2 respectively at 0. 

The keyhole integral of Davies-Haselgrove [1, (2.1)] provides a continuation of 
L(s, x) to the entire plane. Putting s = 0 in that formula, it follows from Schoenfeld 
[121, that for any primitive x (mod k) 

k-1 

(12) L(0, x) = (-1/k) Zi x(i), 
j=j 

and using this equation, further check values can be obtained, e.g., mod 13, L(0, xI) 
= +i. 

Zeros were calculated for k ? 24 and Itl _ 25. An integration was performed to 
verify the number of zeros obtained, and the number of sign changes of Z(t, x) was 
also counted (Davies-Haselgrove [1]). All zeros were on a = 1/2. 

A comparison was made with the zeros calculated by Davies and Haselgrove 
in [11 and in the manuscript table [161. The Davies-Haselgrove numbering of char- 
acters agrees with the numbering introduced above. 

The character opposite Z15 in [1, p. 127] is imprimitive with resolving modulus 
K = 5. However, the corresponding table in [16] for the signed modulus of the 
L-function along 2 + it has changes of sign near the true zeros. 

In the [16] tables of zeros of L-series mod 5, 7, 11 and 19, and of the real primitive 
character L-series (given as factors of Dedekind zeta functions) mod 3, 4, 5 and 20, 
the following errors were found: 

Mod 5. Character 3. IL'l for their zero number 4 should have terminal digits 642. 
Mod 11. Character 5. Zero number 1 should be 2 + i 2.477244, with IL'I = 

1.41292. They have erroneously inserted the first zero from Character 6. 
Mod 11. Character 6. The numbering of the zeros is off by 1. The first zero 

should be 2 + i 2.696004 with IL'I = 1.34773. 
Mod 19. Character 1. Missed first zero, 2 + i 2.392764 with IL'I = 1.98624. 

Numbering of zeros off by 1. 
Mod 19. Character 9. Missed first zero, 2 + i 1.516084 with IL'I = 1.35929. 

Numbering of zeros off by 1. 
r L20. Zero 16 should be 2 + i 24.90661. 
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There were also numerous one and two unit terminal digit errors. The introduction 
does not describe some of the tables, and the tables of zeros for the real primitive 
character L-functions mod 5 and mod 7 were missing. The reproduction has some 
unreadable pages and some duplicate pages. 

The paper [1] contains many errors, which are described in Schoenfeld [12]. 
Once having the lower zeros of all L-series mod k, it is easy to calculate E(k) = 

the largest t > 0 such that L(s, x) 5 0 for 0 < o- < 1, 0 ? ItI < E(k), over all 
characters x mod k. As it happens for k < 24, k 4 2 (mod 4), the character for 
which L(o + iE(k), X) = 0 is primitive. The zeros missed in the Davies-Haselgrove 
calculation did not affect the value of E(k). 

Shanks and Wrench [15] calculated values of 

La(s) = nl)( 
n + 

1)8 

at integer points. These are indeed L-series, and, for example, in our notation, 
L2(s) = L(s, 8, 3). 

We now list the tables on the microfiche. 
Table I. Basis for M(k), k = 1(1)200. 
Table II. Characters mod k, k = 1(1)24. 
Table III. Real and complex primitive character N's, k = 1(1)100. 
Table IV. L(0, x), L'(O, x) for primitive characters mod k, k < 24, 15D. 
Table V. Re E, Im E, Arg e for primitive characters mod k, k < 24, 15D. 
Table VI. Zeros pa of L(s, x) and L'(pn) for 0 < o- < 1, 0 < t < 25, for primitive 

characters mod k, k < 24, 17S. 
Table VII. E(k), k = 1(1)24, k p 2 (mod 4), 5D, and N for which attained. 
In addition, there is on the microfiche a description and listing of FORTRAN 

programs for calculating L-functions mod k for k ? 2048. 
The calculations were carried out at the Michigan State University Computing 

Center. Further extensive computations are being carried out on a study of real 
roots of real L-series (Rosser [3], [4]), and on class numbers of cyclotomic fields. This 
paper was prepared with partial support from NSF grant GP-8957. 

Michigan State University 
East Lansing, Michigan 48823 
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TABLE V. E and Arg E , E from the functional equation for 
an L-series mod K. K = 3(1)24 for a primitive 
character with number N. We have E = Ref + iImE, 
-v < Arg E g ". Values are given only for the 

smaller N from a pair of conjugate characters. 2 pp. 

TABLE VI. Zeros of L-series mod K, K = 3(1)24, for primitive 
characters. N = the character number. Ali zeros 

j + iyn are given vith 0 V S 25. Te zers 

are listed under iEE, and also given is 
L (I + j, RE DIRIV + (ICM DZlY. 17S. The 
ampersand -indicates a non-negative exponent of 
ten, while a minus sign In & similar position 
indicates a negative exponent of ten. 36 pp. 

TABLE VII. 3(K), K = 1(1)2k, K 9 2 (mod 4), 5D. K(K) is the 
height of the largest rectangle, 0 < u C 1, 
0 Cj t c S(K) which is free of zeros of L-series 
rod K, including ones vith iupruiative characters. 
In the tablet N is such that L(4 + iK(k),X1) = 0. 
1 page. 



TA8LE 1. BASIS FCP 1(K) 

K PHI a 81 Hi 82 H8 63 H3 84 44 

121 110 1 2 I1C 
122 40 1 63 IC 
123 80 2 83 2 68 40 
124 60 2 63 2 65 30 
125 100 1 2 1CC 
126 36 2 29 6 73 6 
121 124 1 3 126 
126 64 2 127 2 5 32 
129 $4 2 44 2 46 42 
130 48 2 27 4 41 12 
131 130 1 2 13C 
132 40 3 61 2 89 2 13 t0 
133 16 2 115 6 78 18 
1346 64 1 69 66 
135 12 2 54 I8 82 4 
136 44 3 103 2 6s 2 105 16 
137 134 1 3 136 
138 44 2 47 2 97 22 
139 138 1 2 131 
140 46 3 71 2 57 4 101 6 
141 92 2 95 2 52 46 
142 70 1 I Ic 
143 120 2 19 1o 67 12 
144 46 3 121 2 37 4 65 6 
149 112 2 117 4 31 28 
14* 12 1 5 72 
141 84 2 50 2 52 42 
148 12 2 i5 2 113 36 
149 148 1 2 148 
ISO 40 2 101 2 127 20 
191 190 1 6 IC 
19* 72 3 39 2 77 2 97 18 
193 9 2 131 6 31- 16 
194 40 2 45 6 51 l0 
iis 120 2 32 4 % 30 

194 48 3 1t 2 53 2 145 12 
191 19 1 5 156 
198 18 1 3 76 
19s 14 * 107 2 55 52 
14, 44 3 31 2 101 1 97 4 



IASLE 1. BASIS FCR 1(K) 

K PHI a 81 HI 82 H2 83 3 64 H 

161 132 2 24 6 120 22 
162 S4 1 63 54 
143 162 1 2 162 
164 80 2 63 8 125 4C 
165 60 3 56 2 61 4 46 10 
166 92 1 6a 92 
167 166 1 5 166 
149 48 4 127 2 85 2 113 2 73 6 
169 156 1 2 156 
170 64 2 137 4 71 16 
171 ice 2 20 6 154 18 
172 94 2 61 2 C9 42 
173 172 1 2 172 
174 56 2 59 2 31 28 
175 120 2 127 2C 101 t 6 
176 6O 3 111 2 133 4 145 10 
177 116 2 119 2 61 58 
178 6s 1 3 of 
179 176 1 2 178 
160 46 3 91 2 101 6 37 4 
161 160 1 2 leC 
I12 12 2 157 6 15 12 
183 120 2 62 2 124 6C 
164 66 3, 47 2 S3 2 97 22 
185 144 2 112 4 76 36 
i16 60 2 125 2 127 tC 
181 160 2 35 10 122 16 
166 92 2 95 2 5 46 
189 106 2 29 1t 136 6 
190 72 2 77 4 21 1f 
191 190 1 19 190 
192 64 3 127 2 133 16 65 2 
193 192 1 5 192 
194 96 1 5 96 
195 % 3 131 2 157 4 106 12 
196 64 2 9 2 101 42 
197 196 1 2 196 
196 60 2 155 6 145 10 
199 198 1 3 196 
20C 60 3 15 2 101 2 177 20 



TABLE I. BASIS FCP 4(K) 

K PHI I 81 "I 82 R2 83 H3 84 H4 

1 1 
2 1 
3 21 2 2 
4 2 1 3 2 
5 4 1 2 4 
6 2 1 5 2 
1 6 1 3 6 
8 4 2 7 2 s 2 
9 6 1 2 6 

510 4 1 7 4 
it 10 1 2 10 
12 4 2 1 2 5 2 
13 12 1 2 12 
14 4 1 3 6 
15 6 2 11 2 7 4 
16 6 2 IS 2 5 4 
17 14 1 3 16 
16 6 1 11 6 
1, 16 1 2 18 
20 8 2 11 2 11 4 
21 12 2 8 a 1C 6 
22 10 1 13 10 
23 22 1 5 22 
24 8 3 7 2 13 2 17 2 
*s 20 1 2 20 
26 12 1 15 12 
21 16 1 2 18 
28 12 2 15 2 11 6 
fl *4 1 2 28 
30 S 2 11 2 1 4 
31 30 1 3 30 
32 14 2 31 2 5 8 
33 20 2 23 2 13 10 
34 14 1 3 16 
35 *4 2 22 4 31 6 
34 12 2 19 2 29 6 
3i 34 1 2 36 
36 16 1 21 18 
39 *4 2 14 2 28 12 
40 14 3 31 2 21 2 11 



TAILE 1. SASIS fOR 4(K) 

K PHI A 81 1 82 "2 83 H3 84 H4 

41 40 1 a 40 
42 12 2 29 2 31 6 
43 42 1 3 42 
44 20 2 23 2 13 10 
45 24 2 11 6 37 4 
46 22 1 5 22 
41 46 1 5 46 
48 16 3 31 2 37 4 17 2 
49 42 1 3 42 
50 20 1 21 2C 
51 32 2 3s 2 31 16 
52 24 2 27 2 41 12 
53 52 1 2 52 
54 i1 1 25 It 
55 40 2 12 4 46 10 
56 24 3 1s 2 29 2 17 6 
57 36 2 20 2 4C 16 
58 28 1 31 28 
5 51 1 2 58 
60 16 3 31 2 41 2 37 4 
61 60 1 2 60 
62 30 1 3 30 
63 36 2 29 6 10 6 
64 32 2 63 2 5 16 
65 48 2 21 4 41 12 
66 20 2 23 2 13 IC 
61 66 1 2 66 
66 32 2 35 2 37 16 
69 44 2 47 2 28 22 
To 24 2 51 4 31 6 
71 70 1 7 1C 
12 24 3 55 2 37 2 65 6 
73 72 1 5 72 
14 36 1 39 36 
75 40 2 26 2 52 20 
16 36 2, 39 2 21 18 
17 60 2 45 6 51 10 
71 24 2 53 2 61 12 
71 }1 1 3 76 
80 32 3 31 2 21 4 11 4 



4-8 

TABLE 1. BASIS FCR 1(K) 

K PHI a I1 "1 82 12 83 13 84 H4 

61 54 1 2 4 
62 40 1 41 40 
63 12 1 2 82 
64 24 3 43 2 29 i 13 6 
85 4 2 52 4 71 16 
66 42 1 3 42 

61 56 2 59 2 31 28 
86 40 3 23 2 45 2 51 iC 
69 86 ? 3 El 
90 24 2 11 6 31 7 
91 U2 2 66 6 15 12 
92 44 2 41 2 5 22 
93 60 2 32 2- 34 3C 
94 46 1 5 46 
95 12 2 77 4 21 1 e 
96 32 3 31 2 37 8 * 5 2 
91 '96 1 5 96 
96 42 1 3 42 
99 60 2 56 6* 46 IC 

*@@ 40 2 51 2 71 20 
161 100 1 2 I0C 
102 32 2 35 2 37 16 
103 102 1 5 1C2 
104 46 3 19 2 53 2 41 12 
10s 46 3 11 2 22 4 31 6 
10 5* 1 55 52 
101 1" 1 2 KCO 
10 36 2 55 2 29 38 
109 10$ 1 6 108 
110 40 '2 67 4 lCI IC 
11 12 2 -38 2 76 36 
II* 46 3 15 2 85 4 17 6 
Ut 112 1 3 112 

114 2 tI 2 97 18 
i1s 68 2 47 4 51 22 
116 56 2 59 2 69 28 
IIn i2 2 92 6 28 12 
118 56 1 61 56 
11 - 96 * 52 6 71 16 
1*0 32 4 31 2 61 2 41 2 91 4 
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TABL t. t AD ARG (0 

3 51 3x/2 _ 0 - 

L _1 1.902113O4 9030 1.410 04502 *6 4535 8 9 705 

? 2 0 0 

L 1 1.0226L 879182i7t 2.401333 J 45D 173 72W 27 576= 
2 2.37046 94055 76201 -1.17510 62918 84787 -.46022 35744 82810 

1/22 7 3 70 0 

8 2 8.1/ O O 
8? 812 0 0 

&~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~..J_._ _. *.... . . 00 

.... _ d_ a 2829.I968 2.29813 3295 .87266 46i2 6 
2.2 2 . 201 33293 56?3 1.9286 2n 596i8 .69813 1700 97732~ 

11 1 ..LXZ?-?!2L.290.~..z~i!~A~9?3 .2927356538428 

11 2 2.6610 5 } 244 01269 65627 57 .65 25 

3 -2.1311? 473 52102 2.5+127 80247 151 2.26864 84002.201 
11 4 2.0.16 29996 31071 2491 122 S3j 42878 A7 6191 

1,~ ,V 0 AV0 

1 ltW 0 0 

13 -1 1.88262669?6 1905 . 20. 9929 1 

2 3.0V912 3 1.8426 82?69 541f1497 4 00742 

13 j z0 - 6 12815 .4$84 43768 0 ,Z 03 21.L.. 
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i6 2 Wm Iwo-1 m7m -1.53073 37294 6039 -.39269 
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TABLE VII: 3(K) 

K 3(K) N 

1 14.1347,3 0 

3 8.03974 1 

4 6.02095 1 

5 4. 13290 3 

7 2.50937 5 

8 3.57615 3 

9 2.90199 5 

11 1.23119 7 

1 2 3. W463 3 

1 3 .88396 5 

1s 2.73460 3 

16 1. S8SS8 7 

17 .39131 11 

19 .018% 5 

20 2. 35893 5 

21 1.61202 9 

23 .59543 9 

24 1.97719 6 
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DESCRIPTION OF PROGRAMS 

There are nineteen programs qgven, in double precision 

%versions. These are: 

1. FACTOR , factors K 

2. JPHI , T(K) 

3. INV , inverses in M(K) 

4. IGCD , G.C.D. 2 numbers 

5. ILCM L.C.M. 2 numbers 

6. IGCDN , G.C.D. n numbers 

. ILCMN L.C.M. n numbers 

3. IGPR , least primitive root of p 

9. BASIS , basis of M(K) 

10. RES , residue coder (used for CHAR) 

11. CHAR , character generator 

2 DIVS proper divisor generator 

t . IRES@ resolving modulus of a character 

A4. TRCH , character translator (into complexes) 

!?. CARGD ,Arg 

16. EPS E 

17. NGEN , primitive N generator 

19. L , L(S,)() 

19. I , L' (SX) 

Single precision versions of these programs are easily 

constructed. 
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The following chart shows which subroutines are called 

by other subroutines. 

CHAJR 

I 
ILCMN 

I 

ILCM IGCDN EPS BASIS 

IGCD CARGD FACTOR INV IGPR 

To use CHAR: 

CALL: 1.. BASIS, 2. REBS, 3. CHAR. 

To use L,LP: 

CALL: 1. BASIS, 2. RESP, 3. CHAR, 4. TRCH, 5. L,LP 

We next list some regularly used dimensioned variables, 

and then describe the input and output for each program. 

D'imensioned Variables 

I : Basis elements 

IH Orders of basis elements 

ISN Coding of residues 

ICH Coded-character values 

CHZR : Real and imaginary parts of 

CHZI : double precision values of Y. 

IPS Factors P1 of k * rp- 1 

IALF Exponents ac of k - rpi t 

ID Proper divisors of k 

There are also other locally used dimensioned variables. 
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Input and Outu 

1. SUBROUYINE FACTOR (K. IPS, IALF, It 

Input: K E [14106 

IR * Output: K ' irj,1 IPS(J) IALF(J), 

2. FUNCTION JPHI(K, IPS, KIALF, IR) 

Input: K - Jol' IPS(J)\* IALF(J) 

Value: r(K), the Euler totient function of K. 

3. FUNCTION (IA, IN, IPHI) 

Input: IA, IM, IPHI - cV(IM) 

Value: IA 1 (mod IN) or I and error message i f 

(IA, IN) > 1. 

4. FUNCTION IGCD(IA, IB) 

Input: IA, IB 

Value: G.C.DW0IAI, IIBI), 0 if IA - IB -0. 

5. FUNCTION ILCM(IA, IB) 

Input: IA, IB 
Value: L.C.M. ( |IAI, jIB I) , 0 if IA * IB - 0. 

6. FUNCTION IGCDN(IA,N) 

Input: Array name IA, N 

Value: G.C.D. (IA(1),...,IA(N)) 

7. Function ILCMN(IA,N) 

Input: Array name IA, N 

Value L.C.M. (IA(l) k.. ..,IA(N) ) or 0 if one entry 
is 0. 



P SUBROtINE IGPR (IP IG) 

Input. IP a prime 

Output: 3 if IP - 2 the least orimti,, ive root 
mod Ip2 otherwise. 

9. SUBRQUTINE BASIS (Kt IB, IHI IR, IPHI) 

Input Y 

Output: IPHI T(K), IR basis elements IB(J) of 
orders IH(J) for the residue orc-ip M(K). 

10. SUBROTINE RES (K, IPHI- IB, Ill, IR, ISN) 

Input: *', IPHI - (K)* basis of IR element s in 
array IB with orders in Ili. 

Output: Coding of residues in the array ISN. 

11. SUBROTINE CHAR(K, N, IB, IH, IR, ICH, IPHI, ISN, 

IA, IQRD) 

Input- K, N - character number, IB, IR, D , IPaI, 
ISN as above 

Output. Coded character N in array ICH, its cor- 

responding residue IA of order IQRD, (in 

the group M(K)). Code of character vablp 

at J is 0 if (J) - 0, and I if N N (J) 

exp ( 2r i I / ( K)), I < I 1 t( K) 

12. SUBRQUTINE DIVS(K, ID, ITAU) 

Input: K > I 

Output ITAU - no. of proper divisors of K' proper 
divisors in array ID. 

13. FUNCTION IRESQ(K, ID, ITAU, ICH) 

Input: K, character in array ICH, ITAU proper 
divisors in array ID. 

Value: resolution modulus of the character in IC- 
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14. SUBROUTIN TRCH(K, ICR, CHZR, COZI) 

Input: K, character in array ICN 

Output: Decoding of character in double precision, 

ICH (J) - CHIZR (J) + i CHZI (J) 

15. SUBROUTIE CARGD(X, Y. ASS) 

Input: X,Y 

Output: AIS - Arg(X + iY) in double precision 

16. SUBROUTINE EPS(K, ICH}, CHZR, CiZI, B8) 

$ nput: K, ICHR, CHIR, CHZR 

Output: 38 a Arg ( of functional equation for 
character ICH. 

17. SUBROUTINE NGE4(K', IPS, IAiFd, IN, IIH, l,, II, NCOD) 

Input: K - W IN IPS (J) *.IALF(J), K > 3. 

IR - number of baits elements, of orders 
IH(J)J - 1,..*,IR, IPH1 - 0(K) 

Output: NCOD(N) - Wif t primitive, 0 if X 

imprimitive, NJl,...,IPIHI 

18. SUBROUTINE L(SIG, T, K, ICH, CUZR, aaI, ANSR, ANSI) 

Input: SIG, T. K, character in array ICH, trans- 
lation of ICH in arrays C and CflI 

Output: ANSR + tANSI - double precision value of 

L(a + it,X) where X is determined by ICH. 

19. LP similar to 10, but double precision first derivative. 



Unusual Outputs -72- 

Output Prom Reason 

BASERR,* ) BAIS k not in range (1,106). 

CHAR, N,k CHAR N out of proper range for 
character mod k or k > 2048 

DIVSERR, K,J DIVS J - more than 200 divisors 
of K 

FACTERR K FACTOR K not in interval f 1,106I 
or more than 170 primes 
tried 

IGPR, IP IGPR IP not a prime 

IGCJXN, n IGCDN n - number of numbers of 
which C.C.D. to be found 
not in range f 1,100] 

ILCDRW, n ILCMN n - number of numbers of 
which L.C.M. to be found 
not in range f1,100) 

INV ERR, amCD INV m < 1 or a too large or 
error in routine 

IR TOO LARGE CHAR More than I basis elements 

L ERROR, ot,k L input out of range 

LPERROR, O,t,k LP input out of range 

NOES K - k NMEN input out of range 

TRCH ERR, k TRCH k not in range r 3,2048] 
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POnQOAVS 

FUNCTION ILCVN(Am1 ) 
V)TM7NSION TA1Al(f) 
IF (N-Ion) 1.1.7 

7 POINT teN 
I FORQAT (A ILCN , 70) 

QFTUQN 
I IF (N) 7.7.4 

4 JF (4-7) 5,6,7 
S ILCQ+ s JAPSItA(l))- 

ORTURN 
A TLCMN a tLC-'U(tA(1).IA(2)) SRFTURN 
7 TY a ILCM(IAf(),IA(?)) 

n0 q j.10' 
4 tX a ILCMUXIAuJ))nILCmN * tX RQFTURN 

FnI) 

SUAROUTIANF IGPR(IP,tC,) 
nFLtVFQS PPIVITIVF RnOT FOR D**7 

grftP - 7) 21.72.2k 
77 In * 3 

OFTUJN 
71 tPl * to IPI12wtPlIIPl SIPHtPIe-l StGI.? 

- IJ a 1 'TO/ *w 161 
4 tFt POW a 1) 2.3.2 

-2 tJ a IJ *I SIPOW w 'VOnfTPOw*IGIp1l) 
A OT04 

I IF(ItJ - ION) 5.66 
5 1G6 a IG1 + I 

IMlifl- IPI) 1.23,73 
71 POINT 74.IPI 

74 FORMAT (RH IGPR *O R 
& 1 * 1 9IP~eIG 

16 tPW " 00 t(IGtPW~tP12) 

fF (3I a tH) 16,17.17 
17 IF( IPW a 1 19,14,19 
I& PRINT 2.TSPI*161 
20 FORVAT(SH 1G CASF *2tPO) 

39 If, a 161 
RFTURN 
END 
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