Calculation of Dirichlet L-Functions

By Robert Spira

Abstract. A method for calculating Dirichlet L-series is presented along with the theory of
residue class characters and their automatic generation. Tables are given of zeros of L-
series for moduli < 24.

1. Introduction. In this paper, there is introduced a method for calculating the
values of Dirichlet L-functions. The fundamental theorems on characters mod k
are given in Section 2, and a numbering of these characters is defined. Formulas are
found for the numbers of real and complex characters, both primitive and imprimi-
tive. The automatic generation of a character with a given number is described. In
Section 3, the method of asymptotic evaluation is discussed, and a description is
given of a calculation of complex zeros of L-functions mod k < 24 for [f] < 25. A
microfiche at the end of this issue gives these zeros and various other tables and
also the FORTRAN programs.

2. Characters. Some of the material in this section is in the ‘“folklore’” of the
subject and some material is a refinement of known results.

Let @ be the residue class of a, where the modulus m will be clear from the con-
text. If ¢ € @, then (¢, m) = (a, m). We write m = p1** - - - p,2», where py, - - -, P
are distinct primes. By M (m) we mean the group of residues @ such that (a, m) = 1.
We define a mapping f: M (m) — M (p1*) X - - - X M (p,*»), where X means the usual
Cartesian product, by f(@) = (@, - - -, @.), where a = a;(mod p;*7). It is easy to see
that this is a well-defined map, and, using the Chinese Remainder Theorem, that f
is a multiplicative isomorphism of M (m) and the group M (p2) X - -+ XM (p.2n).
Next, for i = 1, - - -, n, we define the map f;: M (p~) — M(m), by f:(@) = b where
b = a(mod p), b = 1(mod p;*i),7 = 1, - -+, n,j ¥ 7. One can easily verify that
each of these maps is well-defined and is an into multiplicative isomorphism. Finally,
we define the map A : M(p12) X - - - XM(p,2n) — M(m) by

1) h(@, -+, 8)) = (@) -+ fu(@) ,

and easily verify that A(f(@)) = a.

A short calculation shows that if ¢ # j, then the only common image of f; and
fiis 1. Thus, the images under fi, - - -, f, of M(p:®), - - -, M(p,®») are pairwise dis-
joint except for the common identity. We designate these images, which are ob-
viously subgroups of M(m), respectively by Gi, - - -, G.. Since every element of
M(m) is expressible as a product such as given in (1), and the cardinalities of
@, - -+, G, just multiply to the cardinality of M (m), M(m) is the internal direct
product of Gy, - - -, Gh.

Now, we write, for &k > 2,

@) k=20 . p, 2< 1< - <py, r=01ifk=2°,
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and wish to determine a basis for M (k) in a fixed unequivocal manner. For p an odd
prime, we set g1 = g1(p) = the least primitive root mod p. As shown in Landau
[13, pp. 79-81], either g or g, + p is a primitive root mod p% « = 1, and we set
g = g(p) = the least number which is a primitive root for p*, @« = 1. Thus, for all

odd primes p, g1 = ¢ £ g1 + p. For p < 3000, and possibly further, ¢ = g¢,. For
p = 2, weset g = 3. For p = 40487, g, = 5, but ¢ = 10; cf. [18].

Now, following the method of LeVeque [5, Vol. 11, pp. 207-210], we can solve
for the basis elements of M (k), By, - - -, Bg, where R = rfor3 < 1, R = r + 1 for
B=2andR =r+4+ 2forB = 3. For B = 0, we solve, forz =1, ---,r, B; =
g(p;) (mod p) and B; = 1(mod p;2:) for 1 < j < r,j = 4. If B = 1, we adjoin
to these conditions B; = 1(mod 2). For 8 = 2, we solve B; = 3(mod 4), B; =
1(mod p;*i),1 < j < r,andfori =1, ---, r, we solve B;1 = ¢g(p;) (mod p&i),
and B;;1 = 1(mod 4), and B;;; = 1(mod p,*i),1 < j < r,j # <. Finally, for g = 3,
we solve B; = —1(mod 2f) and B, = 1(mod p;#i), 1 < 7 < r; B, = 5(mod 2f) and
B; = 1(mod p;#i),1 £j < r;andfori =1, - - -, 7, we solve B2 = g(p.) (mod p,*),
Bi:=1(mod 2% and B;ya =1 (mod p;*), 1 £ j < r,j 5= 4.

A technical procedure to solve such congruences may be found in Uspensky and
Heaslet [6, pp. 189-191]. The process requires the computation of a=' (mod m),
(where (a, m) = 1), which is most easily accomplished by expressing ¢(m) in binary
and calculating a=! = a¢™~2 by repeated squarings of a (mod m).

Using the above remarks, the following theorem is easily proved:

TaEOREM 1. If 2 < k = 2fpy - - - por and r = 0 4f k = 28, then M (k) has a
basis of R elements, all of even order = 2, where

R=r 4B=1,
(3) R=r+1 =2,

R=r+2 48=3.
In Rotman [7, pp. 63-65] it is shown that any finite abelian group has a basis and
that any two bases have the same cardinality.

The least positive & with R basis elements, for R = 1, 2, - - - is given by 3, 8,
24, 120, 840, 9240, 120120, - - -.

Let h; be the order of B;. Recall that a character mod k is a nonzero multiplica-
tive function on the residues mod & which is zero at residues not prime to k. It is
shown in LeVeque [5, Vol. II, pp. 210-212] that a character is determined by its
values at the basis elements, and the value at B, can only be one of the A.th roots
of unity. We thus obtain

TuroreM 2. There are exactly ¢(k) characters mod k.

Next we show:

TuEOREM 3. For k > 2, there are exactly 28 real characters mod k, where R is the
number of basts elements of M (k).

Proof. A character is real if and only if it is real at the basis elements. IFor each
basis element, exactly two choices of the hth root of unity will be real, as h; is even
and = 2.

Landau [14, p. 414] has shown that all characters mod k are real if and only if
k[24.

Let £ > 2 and let x be a character mod k. We define 8;, - - -, 8z by
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) x(B;) = exp 2miB;/h;), 0=B;<h;; j=1,---,R.

Clearly, the R-tuple of nonnegative integers 8; determines and is determined by the
character x. Using this representation, it is now easy to see that the characters form
a group isomorphic to M (k) under the mapping x — Bf1- --. -BgfR, (where

(x1 * x2)(a) is defined as xi(a) - x2(a)).
We now number the characters by defining

(5) N = N(X) = B1 + Boh1 + Bshahe + - -+ 4 Brhihg -+ hr_y .

It is clear that this is a Cantor numbering system and that the ¢(k) characters will
be numbered sequentially from 0 to ¢(k) — 1. We designate these characters by

X0, X1, * - -. The character corresponding to our x, is the usual principal xo.
The characters corresponding to the R-tuples (1,0, - -+, 0), (0, 1, - -+, 0), - - -,
0, -+ -,0,1) form a basis, and the corresponding N’s are 1, hy, h1-he, *++, hi-he - -+

hr-1. It is easy to see from the basis representation that if d £ 1 (mod k) and
(d, k) = 1 then some character exists for which x(d) # 1. It is clear that the char-
acters can be considered as being defined over the integers.

Using the numbering defined, we can now introduce an unequivocal notation for
the L-functions. If the modulus is fixed by the context, we can use L(S, x»). If not,
we can use a new notation: L(S, k, N) = L(S, x) where x is character number N
mod k.

To find the number N* of the conjugate character with N given by (5), we set

Bj*= 2 if6,1=0)
=h;—B;, ifB;*0,

and use the 8;*’s in (5) to form N*. For a prime p, conjugate pairs are simply N and
p—N—1,forN = 1.

Now we take up the important notion of primitivity. We say a character x mod k&
is ¢mpremitive if there is a proper divisor K of k such that if @ = b (mod K) and
(a, k) = (b, k) = 1 then x(a) = x(b); otherwise, the character is called primitive.
Such a number K is called a modulus of imprimitivity. The principal character for
k > 1 is imprimitive, taking K = 1. Also, 1 is not a modulus of imprimitivity for
nonprineipal characters. The study of the number of imprimitive characters is much

simplified if we introduce the following notions. Let m = p,*t - - - p,%s, and fy, - - -,
fay Gh, -+, G, have the same meaning as above. Let x( be a character mod p,*/,
j=1, . n Wedefine, fora = & --- -&, withe; € G;,
6) x@ = xV(T @) X (R @) - xR @),
x@) =0 if (a,m)>1,
and call the resulting function the exterior product of x@, - -+, x®.
TaEOREM 4. The exterior product of x®, - - -, x™ s a character mod m. Ivery

character mod m can be written uniquely as such an exterior product.

Proof. By definition, x(@) = 0 for (a, m) > 1.Sincefora = 1,81 =& = --- =
& = 1,and f;(1) = 1forj = 1, - - -, n, we have x(I) = 1 # 0. It remains to show
that x is multiplicative. For elements in M (m), this follows from the multiplicative-
ness of x ¥ and the isomorphic mapping property of f;, forj = 1, - - -, n. The other
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cases are trivial. Finally, given a character x mod m, define x(?(@) = x(f;(@)) for
(a, p;) = 1, and xP(@) = O for (a, p;) > 1,forj = 1, - - -, n. It is easily seen that
x (" is a character mod p;®i. Also, if @ = &,- --- -g, with'g; & G,

x(@) = x@- -+ &) = x@1) -+ x(@)
X(fl(fl—l(él)))' te ’X(fn(fn‘l(én)))
=xP7 @) - xR @),

which is the value of the exterior product of x®, -+, x™. Since the values of x
are determined at all elements of M (m) by its values on (UG, two distinct char-
acters mod m must induce for some j two distinct x (?’s. Since the image under f;
of M (p;#i) is G}, two distinet characters mod p;*7 will give rise to distinet exterior
products.

TuroreM 5. The extertor product ts real if and only if the factors are real.

Proof. Clear, since the values of x are determined by the values on \UG,;.

TureorEM 6. The extertor product is primitive if and only if all the factors are
primitive.

Proof. If one of the factors, say x(?, is imprimitive, let K be the proper divisor.
Let K’ = mK/pi and let ¢ = b (mod K’) and (a, m) = (b,m) = 1. Thena = b
(mod K) and a = b (mod p.#i) for ¢ # j. Thus, x‘?(a) = x® () for ¢ = j or not,
so x(a) = x(b) and K’ is a modulus of imprimitivity for x.

Now let x have the modulus of imprimitivity K < m. Some prime, say pj,
appears in K to the ath power where ¢ < «;. Let ¢ = b (mod p;*) and (a, p,) =
(b, p;) = 1. Let A bein f;(@) and B in f;(b). Then, A = a (mod p;*/), B = b (mod
p;*) and A = B = 1 (mod p*9), ¢ & j. Hence A = B (mod K) so x(4) = x(B).
Thus x(a) = x@ () and x? is imprimitive.

CoROLLARY. The number of primitive characters mod m s a multiplicative func-
tion of m.

A slight extension of the arguments above can be used to show

THEOREM 7. If x is imprimative, then there is a least modulus of tmprimitivity, and
all proper divisors of m which are multiples of this least modulus are also moduli of
impremitivity.

For a complete and simple development of the theory of moduli of imprimitivity,
see Spira [17].

We now count the primitive characters.

TuEOREM 8. If p 7s a prime, then the number of primitive characters mod p* s
p—2i%a=1and p*2(p — 1)?¢fa = 2.

Proof. The principal character is always imprimitive mod p?, with modulus of
imprimitivity = 1. If & = 1, this is the only possible modulus, so the other char-
acters are primitive as they are not identically 1. Since ¢(p) = p — 1, there are
p — 2 primitive characters mod p. Now let p > 2 and g and x; be as defined above,
50 x;(9) = exp (2nij/¢p(p*)) and 0 < j < p*~'(p — 1). First let j = sp. For s = 0,
we have the principal character, which is imprimitive. Thus, we take 1 < s <
p%(p — 1). Let ny = m, (mod p>*) and n; # 0 (mod p). Let ny = g* (mod p*)
and n; = ¢° (mod p*). Then, g* = ¢g* (mod p*'). Since g is a primitive root mod
p*l 4 = v (mod p*~2%(p — 1)), oru = v 4+ cp**(p — 1). Thus,
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xi(n1) = x;(g") = exp (u2risp/(p*~(p — 1)))
exp [(v + cp™(p — 1))2mis/ (p*(p — 1))]
xi(9") - exp (2mwisc) = x;(g") = x;(n2) .

Thus, x; is imprimitive for j = sp.

Let now (j, p) = 1. Suppose p* were a modulus of imprimitivity for x; with
v 2 1. Let a = b (mod p?f) and a # 0 £ b (mod p). Then a = b (mod p). Let a =
g*(mod p*) and b = g¢?(mod p*). Since x;(a) = x;(b), we have

exp (2riju/(p*~(p — 1))) = exp (2nijn/(p=~(p — 1))),

so uj = vj + 2wt for some £. Since (p, j) = 1, we have u = v (mod p=1). Also
uw =10 (mod p — 1) as g* = ¢g° (mod p). Thus v = » (mod p>'(p — 1)),s0a = b
(mod p?). Thus x; is primitive, and indeed assumes distinct values on the residue
classes mod p* which have elements congruent to a single residue mod p.

Note that in this case of p > 2, for @ = 1, the real nonprincipal character is
primitive, but for « > 1, the real nonprincipal character is obtained for j
= p*>7(p — 1)/2, and is hence imprimitive.

Finally, let p = 2. For o = 2, the result is obtained by calculation, and in this
case, the real nonprincipal character is also primitive. Let « = 3. Then M (22) has
a basis —1, 5, of respective orders 2 and 222, Thus, if x is a character mod 2%, then
x(5) = exp (2rit/221), where 0 < ¢t < 22, We will show ¥ is primitive if and only
if tis odd. Let ¢t = 2s. If s = 0, the character is principal and hence imprimitive.
Now let n1 = ne (nod 2°71) and let n; = €:5* (mod 2%), n2 = €5° (mod 2%), where
e1 and e» are real and of absolute value 1. Hence e;e25** = 1 (mod 2*7), 50 e1e2 = 1,
as the powers of 5 do not represent —1 mod 2°!if « = 3. Thus, u = v (mod 227%).
Now

x(m) = x(a5") = x(e1) exp (2mi2su/2°7")
X (e2) exp (27i(2s) (v + b2°7°)/2%7%)
X(e2)x (5°) exp (2mi(2s)-b) = x(ns2) ,

so indeed x is imprimitive. A similar argument to the one above for p > 2 shows that
if j = 2s 4+ 1, then x is primitive.

CoROLLARY 1. If k = 2 (mod 4), then there are no primitive characters mod k.

COROLLARY 2. The number of primitive characters mod k is Y 41, p(n)é(n/d).

Using the facts given in the proof above, it is easy to machine generate the N’s
corresponding to primitive characters.

For the primitive character mod 22 to be real, we need 27#(2s + 1)/2%2 = I,
orl-2¢73 = 25 4 1. Thus @ < 3, and these cases are easily settled. From the above
remarks on real primitive characters, and from Theorems 5 and 6, we obtain

THEOREM 9. The number of real primitive characters mod 28 - t, where (t, 2) = 1,
1804f B = Lor B > 3 or t not squarefree, 1 if 8 = O or 2 and t squarefree and 2 if 8 = 3
and t squarefree.

The numbers N for real primitive characters are given by

N=%(h1+h1h2+ "'+h1h2"'h3)
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if 3 = 0 or 2, { squarefree, and this N and N — 1if 8 = 3 and ¢ squarefree. The
notation of Rosser (4] of putting a star after the modulus when g = 3 refers to
character N, and the unstarred modulus refers to character N — 1. Either of these
may have x(—1) = +1or —1.

For machine notation, the values of a character x mod % can be represented by
integers. If x(n) = 0, we use 0;if x(n) = exp (2nit/¢(k)), weuset, with1 < ¢t < ¢ (k).
In the calculation of a character xn, the basis is first determined by the solution of
linear congruences, using an internal table of primitive roots mod p2, or a generator
for such primitive roots. The parameter N is then decoded into the 8;’s and the
character is computed, using the orders of the basis elements as parameters in the
loops. It is convenient to separate out the translation of an R-tuple of exponents of
the basis elements into the corresponding residue mod k. Testing is best done by
generating the ¢(k) characters, checking that they are distinet, and testing each
character to see if it is multiplicative and not identically 0. Primitivity is also
easily checked.

N. G. Cudakov [9] has given a development of the theory of characters based on
different methods.

3. An Asymptotic Formula for L(s, x). Davies and Haselgrove [1] give an
asymptotic formula for L(s, x) which requires the computation of coefficients. We
give a different formula which merely requires the character, but which has the
disadvantage that it loses accuracy near s = 1.

The computing times for the two methods are roughly equal. L. Schoenfeld [12]
has generalized the Davies-Haselgrove method. Another formula is given in Davies
[2].

We have, for ¢ > 1

@) Lis,0 = Sxn™ =k X ) 5 ]

since there is absolute convergence for ¢ > 1. By a slight change in the proof of the
Euler-Maclaurin formula for ¢(s), we have

( S /0 = X R A S G O 3/ s = 1)
8) n=0 n=0

2v—2

+ é [B2y/(211)'](rI=IO (S + 7-)) (N + j/k)1—8—2y + error ’

and this expression provides an analytic continuation. Combining (7) and (8), we
obtain

L = X x(j){n; (bn 43" + 5 (&N + )™ + GV + )/ (s — 1)

) + 2 [B”/(z”)”(g (s + r)) (kN +.7‘>1‘*"2”-k2”‘1}

+ error .

The advantage of programming the first sum from 1 to k is that the routine can be
tested using check values of {(s) by setting x(j) = 1forj = 1, - - -, k. Calculating
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formulas very similar to those in Spira [10] can be used. A formula for L’(s, x)
similar to one in Spira [10] can also be easily found. For values near s = 1, one could
use the functional equation:

sin

L(s, x) = 2%k ’exr”'T(1 — s) cos G ws)L( — 8,%),
(10)
x(—1) = i_} , X primitive ,
where
k
_ cos (2wa oy o 1
(11) e_;X(a)sin(k)’ X( 1)__1

For characters with x(—1) = 1, we have L(0, x) = 0. For real primitive char-
acters, with x(—1) = —1, we have L(0, x) = h, the class number, for £ > 4. This
follows from the functional equation (10), the class number formula (Davenport
[11, pp. 837-51]), and the fact that ¢ = v/k (Landau [13, p. 174, Satz 215]). For k = 3
and 4 we obtain 1/3 and 1/2 respectively at 0.

The keyhole integral of Davies-Haselgrove [1, (2.1)] provides a continuation of
L(s, x) to the entire plane. Putting s = 0 in that formula, it follows from Schoenfeld
[12], that for any primitive x (mod k)

(12) L©, ) = (—1/k) ;jxu') ,

and using this equation, further check values can be obtained, e.g., mod 13, L(0, x1)
=147

Zeros were calculated for & < 24 and |¢{| < 25. An integration was performed to
verify the number of zeros obtained, and the number of sign changes of Z(t, x) was
also counted (Davies-Haselgrove [1]). All zeros were on ¢ = 1/2.

A comparison was made with the zeros calculated by Davies and Haselgrove
in [1] and in the manuscript table [16]. The Davies-Haselgrove numbering of char-
acters agrees with the numbering introduced above.

The character opposite Zi5 in [1, p. 127] is imprimitive with resolving modulus
K = 5. However, the corresponding table in [16] for the signed modulus of the
L-function along % + 4t has changes of sign near the true zeros.

In the [16] tables of zeros of L-series mod 5, 7, 11 and 19, and of the real primitive
character L-series (given as factors of Dedekind zeta functions) mod 3, 4, 5 and 20,
the following errors were found:

Mod 5. Character 3. |L'| for their zero number 4 should have terminal digits 642.

Mod 11. Character 5. Zero number 1 should be 3 + ¢ 2.477244, with |L'| =
1.41292. They have erroneously inserted the first zero from Character 6.

Mod 11. Character 6. The numbering of the zeros is off by 1. The first zero
should be 1 + 7 2.696004 with |L’| = 1.34773.

Mod 19. Character 1. Missed first zero, 3 + 7 2.392764 with |L’'| = 1.98624.
Numbering of zeros off by 1.

Mod 19. Character 9. Missed first zero, 3 + ¢ 1.516084 with |L’|
Numbering of zeros off by 1.

¢+ Lao. Zero 16 should be 2 + 7 24.90661.

1.35929.
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There were also numerous one and two unit terminal digit errors. The introduction
does not deseribe some of the tables, and the tables of zeros for the real primitive
character L-functions mod 5 and mod 7 were missing. The reproduction has some
unreadable pages and some duplicate pages.

The paper [1] contains many errors, which are described in Schoenfeld [12].

Once having the lower zeros of all L-series mod k, it is easy to calculate E(k) =
the largest ¢ > 0 such that L(s, x) % 0 for 0 < ¢ < 1,0 £ |¢| < E(k), over all
characters x mod k. As it happens for k < 24, k £ 2 (mod 4), the character for
which L(¢ + ¢E(k), x) = 01is primitive. The zeros missed in the Davies-Haselgrove
calculation did not affect the value of E(k).

Shanks and Wrench [15] calculated values of

—a .
La(s) = 2 <2n T 1)(2” +
at integer points. These are indeed L-series, and, for example, in our notation,
Ly(s) = L(s, 8, 3).

We now list the tables on the microfiche.

Table I. Basis for M (k), k = 1(1)200.

Table II. Characters mod k, k = 1(1)24.

Table III. Real and complex primitive character N’s, & = 1(1)100.

Table IV. L(0, x), L’(0, x) for primitive characters mod k, k =< 24, 15D.

Table V. Re ¢, Im ¢, Arg ¢ for primitive characters mod k, &k < 24, 15D.

Table VI. Zeros p, of L(s, x) and L’(p,) for0 < ¢ < 1,0 < ¢ < 25, for primitive
characters mod k, k < 24, 17S.

Table VII. E(k), k = 1(1)24, k #£ 2 (mod 4), 5D, and N for which attained.

In addition, there is on the microfiche a description and listing of FORTRAN
programs for calculating L-functions mod k for k¥ < 2048.

The calculations were carried out at the Michigan State University Computing
Center. Further extensive computations are being carried out on a study of real
roots of real L-series (Rosser [3], [4]), and on class numbers of cyclotomic fields. This
paper was prepared with partial support from NSF grant GP-8957.
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TABLE V. € and Arg €, € from the functional equation for
an L-series mod K, K = 3(1)24 for a primitive
character with number N. We have ¢ = Rec + {Ime¢,
-m < Arg € { w. Values are given only for the
smaller N from a pair of conjugate characters. 2 pp.

TABLE VI. 2Zeros of L-series mod K, K = 3(1)24, for primitive
characters. N = the character number. All zeros

% + 1y are given with 0 < . £ 25. The zeros

n
are listed under ZERO, and also given is

L'(3 + 1v_,x) = RE DERIV + 1(IM DERIV). 175. The
ampersand indicates a non-negative exponent of
ten, while a minus sign {n a similar position
indicates a negative exponent of ten. 36 pp.

TABLE VII, B(K), K = 1(1)2%, X ¥ 2 (mod 4), SD. BRB(K) is the
height of the largest rectangle, 0 < ¢ < 1,
0 £t < B(K) which is free of zeros of L-series
mod K, including ones with imprimitive characters,
In the table, N 1s such that L(} + 1B(k),xy) = O.
1 page.
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TABLE Il. CHARACTERS MOD K
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TABLE V. € AND ARG(€)
Re € In € Arg ¢
1/2 0 0
2 o 2
130211 30329 90307 | 1.17557 05045 846 | .55357 43588 97045
5/2 0 0

1.02261 87918 71.79%

2.37086 94055 76201

2.40013 33583 45538

1.1739% 7953 27576

~1.17510 62918 84787

-.46022 35744 82810

S |
311

b | 1

511

5|2

711

7 {2

7 |3 [ 7272 0 0

8 | 2 | 81/2 0 0

8 |3 |82 0 0

9 11 11.92836 28290 59618 | 2.29813 332 o | 87266 46259 97165

9 12 | 2.29813 33293 5693 | 1.92836 28290 59618 | .69813 17007 97732
1111 | 3.17606 64857 52390 | .95530 18779 8370 29217 35653 8828

11 2 | 2.63610 55643 24835 | 2.01269 65627 S7AM7 | .65209 2520 Bk55h

11 3 [-2.13117 47936 52102 | 2.5%127 80247 15501 | 2.26864 8400220198

11 | 2.09016 1 2.59122 15035 428 .89671 81 191
hils | 12 0 . 0

12] 3 12ﬁ 0" 0

1311 | 1.88269 66926 19015 | 3.07497 20589 95239 | 1.02140 74751 23185

13] 2 | 3.09912 46837 40938 | 1.84266 82269 Sub .53642 2451 00742

13 1.0483 16069 12815 | 3.45084 L3768 Wh019 | 1.27679 50250 21113

13 e .91083 5832 46326 3.48860 68976 50093 | 1.31540 87768 96969
13]5 | -.13918 92672 69219 [ -3.60286 36315 95992 | -1.60941 00786 70752
h3le | 132 , 0 0

1513 z.og:.u 78418 20509 | -3.29%5% 6k1kl 85328 | -1.01722 19678 97851
1515 11 0 0

162 | 3.69551 81300 45147 | -1.53073 3729% 60359 | -.39269 90816 98724

16 {3 | 1.53073 3729% 60359 | 3.69551 81300 W31h7 | 1.17809 72450 96172
1711 | 3.40M89 8229% 56392 | -2.32%522 43003 72919 | -.59916 08920 78066
17[2 | 3.04792 k083 58189 [ -2.77671 14221 08048 | -.73886 7874) 02503 |




TABLE V. € AND ARG(€) contimmed -29-
K__X Re ¢ In € Arg €
17 | 3 | 4.07544 09935 83321 62512 45538 L5543 .15220 19312 68197
17 | & | 2.53740 95426 61801 | 3.24985 42756 26652 .90788 74949 60880
17 | 5 | -4.00625 12407 96554 | -.93259 09986 69908 | -2.91343 16800 53110
1716 31288 60714 06026 [ 4.11121 66455 10195 U 10
17 [ 7 - 57415 46527 L5935 4.08293 35574 71906 1.71050 33088 19333
17 | 8 | 30172 0 Q
19 | 1 | 4.27399 13560 17271 | -.85615 29586 99351 | -.19770 03112 14353
19 | 2 | 2.92982 08852 83875 | 3.22740 60141 47339 .83369 16158 48289
19 | 3 | -.42602 15112 48112 | 4.33803 01603 32438 | 1.66868 86383 27192
1 3.29627 24435 10167 2.8 11 <7328 46216 16381 |
191 5 |-3.34003 83767 k5221 | -2.79966 61877 42926 | -2.Wuh11 36361 07368 |
19 | 6 [-1.33281 L2433 w786 | 4.1501 .88 8703 60 ‘
19 7 .23581 42830 47877 | 4.352 2 S4311 1.51667 03958 27372 ‘
918 | 4.11907 60899 06456 | -1.4 -.31326 02262 64910 |

19 9 | 192 0 0 -
20 | 3 ] 3.80422 60651 80614 | 2.35114 10091 69893 - 55357 43588 97045
20 | 5 | 202 0 0

3| 2.77458 61853 6998) | -3.647l 6 |_-.920W 71489 65620

2 -.www
alz ]| a 0 i)
23 | ) | 4.73W4) 27753 QWLO5 | .76907 23318 35200 | .1602) 31282 19957 @ |
231 2 -48983 19696 13407 | L4.77073 0919 430 [ 1. 08808 84316
231 3 |-3.70182 17124 06681 | 3.04901 88601 50666 | 2.45259 w2561 |
23| W | 14.00821 12129 7684 | 2.4900] 64686 89367 | %613 920 5668 |
231 5 | -.06572 2 576 b, 1 680 1. 5850 19385 83276
23 | 6 [ 1.8305) 46884 20521 | Y4.4327% 36171 60451 | 1.17917 36983 875
23 | 7 | 4.38851 92577 86073 1.93414 03061 93108 41511 60562 62526
231 8 | -.09647 65017 88967 | -4.79549 89734 90212 | -1.982 6 00
23] 9 |-4.785593 38523 65232 | -.31411 10438 46563 | -3.0760% 90545 95738
23 | 10 | 4.73000 87956 29147 | -.7918% 39197 90224 | -.16587 0b240 90253
23 | 11| 23172 0 0
2 | 6 | a1/ 0 0
2 | 7 | a2 0 0
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TABLE VII: B(K)
K B(K) N
1 | 14.13473 0
3 8.03974 1
4 6.02095 1
5 4.1329 3
7 2.50937 5
8 3.57615 3
9 2.90199 5
11 1.23119 7
12 3.80463 3
13 .88396 5
15 2.73460 3
16 1.58558 7
17 .39131 11
19 .01896 . 5
20 2.35893 5
21 1.61202 9
23 .59543 9
24 1.97719 6
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DESCRIPTION OF PROGRAMS

There are nineteen programs given, in double precision

versions. These are:

1. FACTOR , factors K

2. JPHI , T(K)

3. INV , inverses in M(K)

4. IGCD , G.C.D. 2 numbers

5. ILCM , L.C.M. 2 numbers

6. IGCDN , G.C.D. n numbers

7. ILCMN , L.C.M. n numbers

8. IGPR , least primitive root of p:1

9. BASIS , basis of M(K)

10. RES , residue coder (used for CHAR)

11. CHAR , character generator

12 DIVS , proper divisor generator

13, IRESO , resolving modulus of a character
4, TRCH , character translator (into complexes)
15. CARGD , Arg

16. EPS , €

17. NGEN , primitive N generator

18, L , L(S,%) -

19. LP , L'(S,%).

Single precision versions of these programs are easily

constructed,



-68-

The following chart shows which subroutines are called
by other subroutines.

CHAR

I
ILCMN
I
ILCM IGCDN Eﬁs BASIS

AR
\\IGCD CARGD FACTOR INV IGPR

To use CHAR:

CALL: 1. BASIS, 2. RES, 3. CHAR,

To use L,LP:

CALL: 1. BASIS, 2. REBS, 3. CHAR, 4, TRCH, S5, L,LP

We next list some regularly used dimensioned variables,
and then describe the input and output for each program,

Dimensioned Varjables

IB : Basis elements

IH : Orders of basis elements

ISN Coding of residues

ICH Coded character values

CHZR : Real and imaginary parts of
CHZI : double precision values of X,
IP8 Pactors p_j of k = vp;j

IALPF : Exponents a) of k = wp?’

ID : Proper divisors of k

There are also other locally used dimensioned variables.
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Input and Output

SUBRQUTINE FACTOR (K, IPS, IALFP, IR

Input: K € [1,10%)

IR

*e
Jey IPS(3)  IALE(3),

Output: K = 7

FUNCTION JPHI(K, IPS, ‘IALF, IR)

IR .,

RINE X
Jel IPS(J)\_ IALF(J),

Input: K = v

Value: <7(K), the Buler totient function of K,

FUNCTION (IA, IM, IPHI)
Input: IA, IM, IPHI = ©(IM)

value: IA~! (mod IM) or 1 and error message if

(IA, IM) > 1.

FUNCTION IGCD(IA, IB)

Input: IA, IB
value: G.C.D.(|1Aal, |1B|), O 1f IA = IB = O,

FUNCTION ILCM(IA, IB)

Input: IA, IB

value: L.C.M, (|zAa}, |1B]), 0 if IA * 1B = O,
FUNCTION IGCDN (IA,N)

Input: Array name IA, N

Value: G.C.D. (IA(l),...,IA(N))

Function ILCMN(IA,6N)

Input: Array name IA, N

Valuer L.C.M. (IA(l),...,IA(N)) or O if one entry

is O,



10.

11.

12.

13.

SUBROUTINE IGPR(IP, IG)

Input. IP, a prime

Output: 3 if IP = 2 the least primitive root
mod IPZ2 otherwise.

SUBROUTINE BASIS (K, IB, IH, IR, IPHI)

Input X

Cutput: IPHI = x(K), IR basis elements IB(J) of
orders IH(J) for the residue arcup M(K).

SUBROUTINE RES (K, IPHI, IB, IH, IR, ISN)
Input: ¥, IPHI = o(K): basis of IR elements 1n
array IB with orders in IH,
Output: Coding of residues in the array ISN,

SUBROUTINE CHAR(K, N, IB, IH, IR, ICH, IPHI, ISN,
IA, IORD)
Input- K, N = character number, IB, IH, IR, IPHI,
ISN as above
Output. Coded character W in array ICH, its cor-
responding residue IA of order IORD, (1in
the group M(K)). Code of character value
at J is8 O {f YN(J) =0, and I {°¥ \N(J) =
exp(2riIA(K)), 1 ¢ I ¢ (K

SUBROUTINE DIVS (K, ID, ITAU)

Input: X > 1

Out put ITAU = no. of proper divisors of K- proper
divisors in array 1D,

FUNCTION IRES@(K, ID, ITAU, ICH)

Input: K, character in array ICH, ITAU proper
divisors in array ID,

Value: resolution modulus of the character in ICH



14.

15.

16,

17.

18.

19.

SUBRQUTINE TRCH(K, ICH, CHZR, CHZI)

Input: K, character in arrsy ICH
Output: Decoding of character in double precision,
ICH(J) —» CHZR(J) + i CR2ZI(J)

SUBRQUTINE CARGD(X, Y, ANS)

Input: X,Y
Output: ANS = Arg(X + i¥) in double precision

SUBROUTINE BPS (K, ICH, CHZR, CHZI, B8)
&
}nput: K, ICH, CHZR, CHZR

Output: E8 = Arg € of functional equation for
character ICH,

SUBROUTINE NGEN(K, IPS, IALFP, IN, IH, IR, IPHI, NCOD)

IN
J=1

IR = number of basts elements, of orders
IH(J)J = 1,,..,IR IPHI = o(K)

Output: NCOD(N) = 1 if X primitive, O if X,

Input: K =7 IPS (J) ««IALF(J), K > 3.

imprimitive, N=1,...,IPHI

SUBROUTINE L(SIG, T, K, ICH, CHZR, CHZI, ANSR, ANSI)

Input: SIG, T, K, character in array ICH, trans-
lation of ICH in arrays CHZR and CHZI

Output: ANSR + iANSI = double precision value of
L(c + it,X) where X is determined by ICH.

LP similar to 18, but double precision first derivative,



Unusual Outputs -72-

Output Prom Reason
BASERR, X BASIS X not in range [1,10°].
CHAR, N,k CHAR N out of proper range for

character mod k or k > 2048

DIVSERR, K,J DIVS J = more than 200 divisors
of K

FACTERR, K FACTOR K not in interval [1,106]
or more than 170 primes
tried

IGPR, IP IGPR IP not a prime

IGCDN, n IGCDN n = number of numbers of

which C,C.,D. to be found
not in range [1,100]

ILCMN, n ILCMN n = number of numbers of
which L.C.M. to be found
not in range [1,100]

INV ERR, a,m,Q INV m< 1l or a too large or
error in routine

IR TOO LARGE CHAR More than 1 basis elements
L ERROR, o,t .,k L input out of range
LPERROR, o,t,k LP input out of range
NGEN K = k NGEN input out of range

TRCH ERR, X TRCH k not in range [3,2048]
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PROGRAMS

FUNCTION JPHT (Ne 1P LALF IR)
DIMENSION 1P (20) o 1ALF(260)
ﬂu.fuL:"s FULFR TOTIFNT FUNCTION FOR- N & PROD [PORIALE JslsIR
Ml = )
001 J e leIR
IPHL s lPHIe(IP(Y) = ))
- JPLIALPLDY = 1) 24102
2 IPNL o IPHIGLIPIJ)ISR(RALF(J) = 1))
1 continugg
T = (Ot
NFTURN
Fan

FINCTION INVITA IV IPHT)
DIVENSION TE(AA)
IF(IN=])  AN68AL
Al IF (1A 31,9192
12 JAl = JA.% GO TO &2
81 1A) = 1A & IV.SGO TO A2
30 I¢ & =]AS]0 « JX/1v0 1SIAY @ [A SIN8IW
s2' 10 s J0M] = 1 €11 » R
8% TR 439) 60,83,A2
a2 { 1'; :on SIE(T1)slQ=-20101 Sileilel <10s101
I'S
60 nmno.uox%wul
6 1Al =1 SROTOS2 -
20 FORMAY (AN PNV FAR ,93120)
A1 1F (11=4A) . 2171460
71 OORGJeIL bn
% {F(J)e0
1t = 1=}
IFLIIT 41040401
40 TATsMOD(1AYeIM} $GOTOSY
A1 TA]l = 1 SIXelA]l $SDNOSAIalIY SIF(IFLJLY) 96+95.:98
o6 147 = “ADLIAT®IXIM)
5 IX o MADIIREIX 1V
AL IT o MODSTALOLALIM) =
IFLIT) 40482960 °
82 INV @ (A}
RETURN
_ #ND
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‘ pormRAvs
105 1GEDL FAL XY
TARS(IA)

(ICIN) 102,%

N = 1IN SOFTURY

= N

N s € SIC = IX
TFEIN)  Aya,
{(eCH = IC §°FTU“N

1R = “AN(ICHINS SIFLIRY &4204
1€ = I <10 5 RS GOTNY

Fun

EumCtIan TLEV(TA IR)

1C =" 1AQS(TA]R)

- IF 110y 1024}

HWev.s !C/lrrmuolnt SPFTIRN
ILCY = A & BETURN
[ 271,

Y 4

FHMCTIA 1GEON(FAIN)
NIYFNSION Ta(]1NN)

IF (M=1AA) )oY e2

opINT AN

FADUAT (mMs 1GCNDN o [200)
-1 & K- L] .
[PV} 24708 - }

IFtu=2) Seb47
IRCHN= ARG ('TAL 1)) SRETURN
{fCN e mrnuu l)oln 2))
BFTIIRY

Iy » TCEN(TALYYoTAL2))
MI.J.ﬂ.M

1% = 1GED(IXIALIY)

IRCPAN o IX & RETURN

Fan
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PRAGRAMS

FUNCTION TLOMN(TAM)

NDIVENSION TAL10N)

IF (N=1NO) 1410?

PRINT 3N

FORMAT (ARH TLCWMN 120

RETUAN

IF (N) 242006

IF (N=2) 8,647

ILCMN & JARS{TA(1))-

RFETURN

ILCMN & ILCY(TA(1)s1A(2)) SRETURN
IX s JILEMITALY)91A(2))

NO A Jsden

;Xnt ILCVMUIXsTALU)ISTILCMN = IX SRETURN
[

SURROUTINE  IGPRIIP,16G)

NFLIVERS PRIVITIVE RONT FOR Deed

22

21
1
-

-2

3
'Y

23
24

6
16

17
1a
20

19

[FLIP = 2) 21,422,2yV

1 = 3

OFTURN

1Pl = [P g1P12«1P1#IP]1 SIPHalPl=] %IG1x?
10 s 1 &1P0OW = [G]

[FLIPOW = 1) 2,4%3,2

1V s [J &1 SIPOW &« MAN(IPOWSIG1s1P1)
GOTOS

IF(L) = IPH) 8,8,6

161 = 1G]l ¢+ )

IF{IGle IP1) 1023423
PRINT 2491P)

STOP

FORMAT (AM [GPR 01209
1 = 1 9lPvWelGl

IPW = MOD(1G1#1PW,.1P12)
=] +1

IF (1 = IPH) 16417417
IF(IPW « 1] 19,170,109
PRINT 20,1P1,16G1
FORVAT(AH 1G CASF 02120}
GOTOS

16 = 1G)

RETURN

END
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© SUAANUTINF RASTIS(C IR IHeIR] ¢ IPN2)

IIUENSTIAN [BS(2A) 4 TALFI20)4IM(20)4IPAL20)91A120)
1 v 1OM(20) o IR (20) aIH{20)

IR (em]) ANeAB AL

AN
mn
3
L ¥4
AR
fl

L3
3

n

a2

14
1

4l
W?

18

POINT IN,v

OFTIHON

FNAOVAT (& BAS FRD  4]120)

I[F (¥ = 10AC00N)Y 82462440

IF (¥e@D) &1,8%,64

[P] o 1 SIR(]1) & 1 «IMHL]) = )
[DH2a]l «RNTNSS y

CALL FACTNR (K4 1PS IALFIRY

NN 8§ J s 14IR & IF (TALFLJ) = 1) 3¢8e3
IPA(UY s [PS{y) S[PNIJ) s [PS(Y) = ) SGOTOS
[PALI) = IPS(Y) #8(TALFIJ) = 1)
IPH{U) = [PA(YIS(IPS(UY = 1)
ICA(JU) s [PALYI®IPS(Y)

[t )= ¥Y/IPACY)

NN A J s L]0

ALY 8 IMVEIVED) o IPALU) o IPKMIY))
Iy = 1 =
IF (1PS{1) =«2) R,0,R .

IF (IALF(]1) «2) 114019

IV 8 “AR(TA(L1}8IV(]) )

[V o “OR(IVE(IPA(]1)=2) V)

[8(1) & YAN(IX & [vet) .

[R(2) s WAN(IX & MODITVEL4K) oK)
IHtl) = 2 «IM(?) = 1PN(]1)/2 SIRY = IR & l.
[FlIPleal) 82,2020

NN 14 [1s%3,IP] §1%2e)le] &/

CALL IGPRLIPS(I2)eIPRIV)Y

IV 8 AR TA(I2)8IV(]2) o)

[V 8 YAR(TVR(IPRIY =]} k)

12 (11)s VAN{ TVeIX,Y)

(1Y) = IPHIT2)Y

NN 82

[Pl s [P=)

N 15 11 @ 1eIRICTIZellO}

CALL IGDR(IPS(12)4IPRIV)

v s 00 JALTI?2)RIV(T2)eX)

Iv 8 vAN(IVE(IDRIM «1)K)

180(11) = MOD{IXPIVK)

(11} = (PM(12)

anTOS?
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1
r
n
20

PROGRAMS

e = 1P}
Ul e 0111
ve s VRl
V] = vI1l
§? = §9]1
S1 = SI11
T0 s TP1}
TI = TI11

200F s Z_0OF + TR

R SRR R e & I

1€ (¥ = J) 99977477

IF(ARS(TR) ¢ ARS(TI)I=1F=25) 99,55,5%
IFLICHIIF) = IPHI) 27428427

AMEO ® ANSR 4PLRE SANS] ® ANSI4 2LV $SGOTYOL0
IF (ICH(IF) = IPH2) 29430429

AMSD = ANSP «2{PF SANSI ® ANSI =2LI™ $GOTOL10
ANSR ® ANGD & CHIR(IE) ® ZLRE = CH2T(IE)®2L ™
AvS] = anS1 & CHUIR(TE) # ZLIV* CH2ZI(IE)#2LRE
ae 1O 1A ’

Fan \

* 8 CNVETANMTS

eN16666866666666666666666666667
eN2392005232N9823RN9S23RN9523A10
+028000000010000000000000000000
eN25252525252525252525252525293
¢N2531135531135531135531135531%
«"26325415050651230101302450203
¢N25329131657661064425770308123
eN267300N55040974875073593115%9
¢N25330223348123393190%739870725
+"2633N2777R86482921225913910%22
eN2%3302917°04656796313547468A884
¢N2523129477815223633102%54263%62
0N2533020862748746696293024 7808
eN2%3302958398114629363797R73R39
eN2533N295892891326196527055927
+0253302959061611760884232062868
0025330295909478628554455579204
.025330295910307989A710578390§9
+02533029%5910%915329534526A83465
¢N125330295910567164531676113733
¢02%$330295910580123278903148719
.025330299913@33362965631766597
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b
as
a2
L1
1w
11
o1

41
anr

4?

" poncravs

IF (M) 31037,23 .
IF(v=IPHL) 26431931
POINT JR M ¢ EOF THION
FOPVATY (qutfﬂln 2 2120%)
LLETSOE IR -1) BE e
IhelgmtT])

JCHITA) = T1PMY .

1A = ] <INAN s 1 WOFTOM

1~ = 1N] <IPHG(I1) = IPP1/IH(IY)

1APN(T1) = vON(IPKVIITL) lFTA(ll)olDHl)

[HHY] 8 TH{1) SN R [1=D,IR
Ias(11) = pe(ll)efuu(lle))

1A =1 «AAAN]]=],IP <LV = l?‘}(ll) SIFLILIV)

AALA JlelelLIv o1A ““"(l!'!“(!l)ol)

[gallh S AN S
NN 42 1lele]R

LTSRS IR CIR SRWAR LA I8! rrn«tl:.ln«!&i))

[AON 8 TLCVUN(INR,IR)

TUIE (1R=T) 1Ne17,172

12
13

CTA
2]

og
29

ORINT 13,18

FADMAT (134 [P TON Lngn “el20)

OF THIRA
L0 T (1020300608060 7 )olR
ISR IDR]

NA 21 T1wlelH1®J1el1=1 <IASISN(I])

1c = UON(J1eIRPH], +1PH])
1€ {1C) 21494921

e = oy &

1eHiTh) = 1€

SETIHPV

IvisIM{]) '!H7-JH(7)

- 00721?-1 W2 %J?'I?-liﬂl'JZ'lHl '
117 = ”ﬁﬂ()"!“DN 2 +1PH1)  $6022 11=1,1M1 $Jlsll-l SN1sNINT

IGUISV("I)(III s “NN{J1e]1ARPH ]
1c = unﬂ(l'l#l!?olﬂﬂli

IF (1C) 72249%,22

1€ = JOW]

teuilay) = 1€

NETIHIM

oiPHl)

‘10 = N efA 1111e)0 1R €101=19/1KH(11) SIF?A(!I) s 1Q=kQ1#InH(I1)

41940041
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23

rdal
24

2ns
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PONROAMS

IMlsH(]l) €IHM2a]H(2) <IMA=]IH(3)

. NO23 3=, 1H2
J2 3 =] «M3m Ae]w H?2$]1X3avON() 24][ADH 2 4]PH])
DO 23 12 &8 19IH2%J28]2=18N2m 2@ [H] +N3
[VY2sMON( J2alRPY 2 ,1PH])
IX2 = MAN(TY28IX34IPH]1) &DN23]1sl,e1IKH]

Jl=l1=«] SIX1sVOD(JL#IRPH 1 4 ]OHY)
N? = N2F) Sl6m]EN(MD)
1c asMON(IX1#IX2,41PHT ]

IF (IC) 23,9642%

1€ = lon] .

1ewile) s IC

OETLRN i

IH1sIH(]1) SIHIalH(?) SINHIsIH(3) SIH4s]H({4)

DO24 lam]lyIHG € Junli=] ENGsJ L8] MHT

IXG 8 MOD({ JL#IRPHG IPH] )

NO24 [9=]141HY €438 3=] ENT= IR HH2GNG

IX2 & UAN(JIBIAPHIZIPH]) SIX3aMOAD(IX4PIX34IPH])
DO24 12814 1H2 $428]2=] SN2 28HH1$NT

I¥? = MODIJ2RIROM2 3 IPH]) «IX2avOD(IX241X3,1PH]1)
NO2411m1leIH1 $Jlellel €N2aN24]l SIORsISN(*?)

IX1 = ¥AN(J18TRPM]Y,IPH] )

IC = MOD(IX18IX251PH])

IF(IC) 2442MG 420

1C » [PH)

ICH(18) = IC

QFTAN

TH1sIH(1) SIH2eTIH(?) $IHISIN(3) SIHLa]H(L) SIHS=]v(5)
D025 1%=m]1,IHS €JSa]%=] SNSs SeIHMHG

IXS = MOD(JSSIPPHS, [PH] )

DN25 lamlolHG SJasla=] ENGm LB ] HHISNS

IX46 » MOD(JLOIRAPMALIPH]) KIX4sMOD(IXGdIXSeIPH])
NO2% [38]191H3 S 3sl3=] SNI=YISIHHING

1X3 = MOD(JIMIAPHILIPH]) $IXIsMOD(IXG+IX3 o1 -
0028 123141H2 $J2s12=1 SN2mJ281HH14N3 4
IX? = GON(JI20IRPHI 4 IPHL ) SIXP2eMON(IX2PIX3 4 [PH])
DO2STieY N1 SJl=llel SN2sN24]1 €16eISN(N2)

IX1 = MOD(J141RPH],1PH])

1IC = MOD(IX141IX2e1PH])

IF(IC) 25,2Nn8,28

1C = IPH1

ICH(I6) » IC

'‘RETURN



& IH]lsIH(]) €IH2e]H(D) CIHIsIH(T) SIHLsIH(L) SIHSsIN(SY)

2A4
2&

2n7
27

ORAZOANG

nA26 1As]lyIHA € JAslA=] SNABJA®IHHS

I¥YA = \'ﬂh(_)kllhbuﬁ.lohll )

NN2% [SalylHd € jGa]ke] SNSeSE]HME +N6&

1¥6 = UNAN(JSBIRPHGE ,JDH) ) KIXSsVOD(IXA+]IXS5,1PH])
AR TémlolHb CJimlbem] CNLu L] HHIENS

IXG & NN JLBTADNL o [DU]) CIXBeVON( IXA+IXSe1PM])
AP2A 12314142 € sl 2al " NIsYIe [ HN2MNG

I¥2 & AN JISIAPHI L IDH] ) €IX3=VOD{IXL+IXT e I1PHY)
NA2A 12810 ]H2 € J2alle] ENI2J P8]HH]ISNT

IX2 = “NR(J28]1ADHI,1PH]) «IX2svOD(IX24¢1IX3sIPNHY)
NP4 1elet] €Jlslle]l «M2aNDS] KKEsISN(MN2)

IX) = "R J1e]ROMY,,IPN])

17 & YON{IX141X241PH])

IFLIC) 2RA42NnK 0064

1r s 1ONY

1Cv(viY = 1€

NDETION

-81-

SIMA=IH(G)

IMYalN(]) CIH2mIW(9) ‘lNiIfT‘3) CSIHGsIH(A4) SIMO]IH(S) SIMEmIM(A)

lH?.[H(?)

NAIT [ 719 lHT € TulT=] ENTeJTO]HMHA

I¥Y7 & *"N§ J781PDKT IPNHYT)

An27 l&.l.[l—lﬁ ¢ JAhslA=] ENAB SRS I HHE N7

IX4 = vAN( JARIRPHA 9 IPHT) SIXAaNOAD(IXASIXToIPHY)
NN27 15814145 € 1581h=] &S SRIHMG N6

I¥8 =2 “AN(JSH[RAHE L IPH] ) IXSsvOD({IXA$IXS,1PH])
A7 JamlelHe € 4slim]l SNLJGR IHHSENS

1Y6 = AN JLBTRAOKL o 1OH] ) S IXLSMON(IXL+] XS 1PH])
NN27 1321e1HY € yin] =] AREENELS LY.L Sl

IXx2 8 “AN(J18TRONT L IPH]) STIY3avnD(IY6+IXd,1PH])
AA2T 1231elH2 € 128]0=] Su2a 08 HH]IMNY

TY? w AR JISIROHI L IPHLY SIX28MON(IX24I X3, 1PHT)
RA2T7113l141M]1 € Jlallel S2aMP24] CrpealSN(ND)

1¥l = AN JI18TRON]L ,IPH])

16 = “NO(I¥141X2,1PH])

1E(IC) 274277427

1r = [oW] i

1CHiva) = IC

OFY”D“

CMQL‘



#>™, OOORRAVS

sURTOUTINE AIVS(K oINS ITAU)

_DIVENSIAN [N (200)

L1y}

E_IN RN ]

IN(1) » 1 SITAU = )
IF (=3) 47,6748

IX » vnhtfo?)

" (1) 0’01

INI?2) » 2 € ITAL = ITALI ¢ 1 & [CW? = 1
1€V =& N

IX ® VON(V %) KIF (IX) Le8es
1TA = 1TAL ¢ 1

INITAU) » 3

ICW3 8 )} CIF(]CY?2) 94849

16W3 ® N QIF(ICW2)T4R,7

1T = 5 &€evs o v/

IF(IT=tVE) 10,1n,11

IX = MODIVLIT) SIF(IX) 12413412
ITALU = I1TAI) & )

IN(ITAU) = 1r

IT = IT & 2 SGOTO14

IF(¢=9) &47:4791R

ITAU = ITAU BL-SID(ITAtM = K/3
a0 TO A7

IT = &4 &ICw = " srve. = v/4

IF (1T = ¥Va) 2n,42021

IX s YOD(KWIT) ®IF (IX) B2623,22
ITAUY = ITAU ‘41 SIN(ITAD) = [T
IFIICW) 26425424

1CWRO %1T = IT &2 c«orn:a

1cwel &TT = [Tal® GNATAYE

IF(Kab) 47,47420

ITAU s [TAU+4Y SIN(ITALY) = K/?

GO TO &7 .

XvS = ¢/8 ¢ 1T -ssrcw-o
IF(IT=ry5)3n,30,47 -

IX & ¥AN(KLIT) SIFLIX) 32033432
LYAU = ITAUMY SIN(ITAU) = IT

1F t1CW) 34,435,346

1CWe) 1T s1T9He SGOTOYS
1CWel €1Ts]T42%GHTN%4

Yve = K/4 S]Te4

IF(1T=¢VA) 4&09a0,41

Ix aMOD(IK,IT)

1P (IX) &2,43,42

ITAU = ‘ITAI) $)

IDILITAU) » IT

S GO TO 3

-82-



DOALD AR

42 17T 2 IT o1
e TN L&
41T 1F(vahl 474674040
42 1TAN = TTAN 42 CIN(ITAN) u ¥/2 SID(ITAU=]) = ¥/3
47 1F(1TANaOAN) 1717,27
17 oCTHUNY
27 NOINT A 4r,ITAH KGTAD
) ENOMAT (Qu ATVSFRD  42114)
enn

ErrTIAs IDESA(V o INITAUIGICW)
NIESGIAT IN(2Nn)

AIUECSTIAY [CH({IN60)

Js)

Q vv g YR(J) C'.l
1‘\ 'P '.’\ QL..
LIRS TR RN 14231 ,
21 w vy CIF ({=r) 3,3,
1T TFLICU]Y)  ReRebk
A IRF w [ru(L)
1C1a] €2nTAD
& TF(12F=TCu{L))  T9247
7T 12 Je 17C IF(J=ITAll) R,0,0
0 [AFGN 3 A &NCT(IO o)
6 1 2 1 ¢ 1 «IF{larr) 110417,11
1Y INEQN ‘g vy EDETLION
can .
RHRIAIITINE TRAW(VY (ICHCH2RCHI )
ANALE DOECISINY D124 CHIR(INGR) sCHZTI(206R) sFPLCHIFLK s X oY s ELOH oFL
npeeag an [CH=(2N49)
NATA (P12 = A420310963NT1T98AKLTAG282RTNN)
IF vty 14242
1 OBLYT 2,r SOFTION
2 EATVAT (&M TRECMEDD o117 .
T2 IF (Ye?nao)  0,40,]
a tour = TCW (1) €TPHD (@ IDNHT/? § F'ﬂH s IPH] SFL = 9!2/’59"
NN 4 ) o 1ev €& IF (ICH{])) %468,
A CUZP L) = ANN SCHZ711J) = OND $GO TO &
§ 1F (1Cu(J) = IDH]) 7,97
O CHIP(J) = 1PN &CHZT(J) = ADD $GO TO &
T AT (10HU) = 1PH2)  10,11,19
11 £u20(J) 5 =100 & CH2T(Y) = ODD 8GO TO &
1N ELCH s 10H(Y) X = FLCLHeFL

CHI0(J) ® NDEOS(Y) KCHIT(J) = NSIN(X)
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11

16

,PenrpaAvs

CrNTIVUF

L 2 LAY
(4]

SUARAUTINE CARGN(YX,Y4AVS)
DOURLF PRFCISINN XoYsAMNSeZeP 12401

NATA(PI? = .

1457079632&704%0441Q231322D0)
NATA(D123,1415026536R070322304K2643N0)

IF (X)) 14203

IF (YY)  8,4%,6

IF (Y) 7,8,9

IF (Y) 170 412

7 = X7V

1€ (72 = 42DN)  17,13,14
ANS 8 =02 = DATAN(?)
ETHRN

ANS = DT ¢ NATAN(Y/X)

* BETYRN

1%

16

10
17
18
12
19

AvS = DT

OFTURN

7 s aXyv -

IF (7 = 20N} 18,18,16
ANS = DI2 4 DATAN(Z)
RFETIIRN N

ANS = D] = DATAV(=Y/X)
oFTURN

ANS @ -3

oF TRN

ANS s 0O DN

QF TN

AMS = P1)

OFTURN

7 = ax)y

IF (2 = o2DN)  1741751%
ANS = =P12 + DATAN{2)
RETURN ’
ANS = DATANIY/X)

RFTURN

? = xX/v

IF (7 = (2D0) 19,919,119
ANS 8 P12 = DATAN(?)
RETURN

END
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SHODAYTINE EPE (¥ o JCHICHIRGCHIT o FA)

DOURLE NDECTISEN. 9!7.(#7.1?0093.erl¢7nan:
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TF (17H{1) = TOu(va]d) 14202

{7 a n e rpr ™n g

1r-ey .

MNIIBTe¥] KIF(ICHIII)  &0F08
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CELL FARRRIED FY Fa)
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Fan
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"AfRITEeFLE oFLIs X o CoF®

SUPIMITINE “EFS (v IR TALF s [V plH IR s 1PHI oNCOD }

TUYEAFD RNFTAL 4PFTAD4DFPASGAE TAG JQFTAS JAFTAL
AHECQINY: MEONLINGME L INPIZO) o TALEIPP Lo IHE2N)
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a (V¥ ») nnn.a
2N AFrtA> o )
21 tr(IR=2) umu.ls
24 % «ARTA] P 1H{1)0APTAR
T SONNEND -'3
22 AFTA 2 = RETA2 ¢ 2 . .
: {3 -cuu:-tmzn n.,zs.n
.29 AETAY o APTAL ¢
.1 (RETAR=IN{L1 )} 20010010
14 RETAS =)
2% IRLIR=8) 28427976
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2N AETAS » RRTAS & ]
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26 AFTAAr]
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3C [P4A 5 4 = ICW . .
IFIMODIRETAA [P IPAGY))  96,30,98
18 RETAS » |} . .
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AT N oREYAL ¢ IH{1ISAFTAZ @ IHI1ISIM2VRRFTAY
1 & INLISIRI2IRINESISAETAS
24 tuunm:no:mnnnuw-rns
NCND(N} o )
48 RETVAS o BETAS. ¢ 1 .
IF (METYAS=INES]) 49,3R,%8
49 1938 & § = ICW - e
ITIMODIBETASIP{TIPSST)) uusus
‘486 AFPTAS o 3
39 IPLIR=0) " 1579}
87 N =AETAL ¥ mcnoozuzi lmuumztoszus
1 e THEL)SIMIR) S INIS)ORETAL
2 SIINIINRHIIIIN{20INIAISBRYAS -
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feature. Please send comments to Professor Eugene Isaacson, MATHEMATICS
OF COMPUTATION, Courant Institute of Mathematical Sciences, New York
University, 251 Mercer Street, New York, New York 10012.
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