Osculatory Interpolation*

By S. W. Kahng

Abstract. An explicit method of osculatory interpolation with a function of the form

R(z) = foolaeo + go(@)for(@or + go(x)for(@oz + - - - + go(z)
“fo,mo(@0,mg + go(@)f1o(aro + g1(x)f11(a11
+ o 4 G1(@)f1,m (@1,m; + g1(@)f20(@20 + -+ A+ gna()
‘fno(ano -+ gn(x)fnl(anl + .-+ gn(x)fn,mn(an,mn)) .. ')

is described. Error terms for the interpolation are determined.

1. Introduction. Osculatory interpolation of a continuous function and its first
m; derivatives at base points o, 1, &2, * * -, Z» has been studied by many authors.
Wendroff deseribed an explicit method using polynomials. Salzer [4] and Thacher
[5] showed, separately, the method of interpolation with a continued fraction when
m; = 1, and indicated that similar interpolation could be made with other classes
of functions.

In this paper, we describe a class of interpolation functions and show the explicit
method of osculatory interpolation with a function in the class. Also, error terms for
the interpolation are determined.

2. Interpolating Functions. Interpolation of a function is made ordinarily by a
polynomial or a rational function and is adequate for most purposes. However, it
has been shown recently that the generalization of interpolation functions yield new
results. Larkin [2] has generalized Neville-Aitken’s method and Kahng [1] showed
the generalization of Newton’s method and applied it to the approximation prob-
lems. These generalizations extend the applicable interpolation functions from
polynomials to rational functions, their transformations, and some nonlinear
functions. Also, these generalizations enable us to treat the interpolation in a unified
manner. Kahng has employed the interpolation function

Q) = folao + go(x) filar + g1(x) falaz + -+ + g1 (@) fu(@n)) -+ ) .

This function can also be expressed as Q(z) = fo{Do(z)}, where

D,(l') =a;+ gi(x)'fi+1{Di+1(x)} ’ 1 =0, L2, .-,n—1,

and D,(x) = aa.

Some of the special cases of the above interpolation functions are shown below
with indices 2 = 0,1, ---,mandj = 0,1, 2, - - -, » — 1 unless otherwise noted:

(a) if fi(u) = u, g;(x) = x — x;, then Q(z) is the Newton’s interpolation formula,

®) if filw) = u,¢=0,1, ---, K — 1, fiu) = Yu,i =K, K+1,--,n
and g;(x) = x — z;, then Q(z) can be expanded to the rational function S,_n/Sm,
where m = [(n — K + 1)/2] and S,, is a polynomial of degree m,
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(e) if fo(u) = 1/u in (b), then Q(x) = Sn/Sa—m,

@) if fi(w) = u, g;(x) = sin x — sin x;, then Q(x) is a trigonometric function
and may be expanded to a finite Fourier series,

(e) if we set g;j(x) = hj(@) — hj(z;), and choose f;(x) and h;(z) from z, 1/z, e,
22, and cos z etc., then we have a class of interpolation functions.

The conditions on the functions f’s and ¢’s for the existence of unique parameters
ag, a1, * -, Gy are given below using the following notations:

Notatrons.

h(4) = {h(x)|z € A},
R (h):range of h(z) .

TuaroreM [1]. Given a function y(x) continuous in a finite interval [a, b] and n + 1

points x; such that a £ 2o < 21 < -+- <z, £ b.
Then there exists a unique set of parameters ao, a1, - - -, an for the interpolation
Sfunction

Q@) = folao + go(@) filar + -+ + gur (@) ful@n)) - -+)
satisfying Q(x:) = y(x:),7 = 0,1,2, - - -, n and Q(x) s continuous if
(a) fiis continuous, strictly monctone in (— o, «), and the range of fi(x) covers
(_°°; °°);7: =1,2, ---,n,
(b) fo is continuous and its tnverse function fo' exists in R(fo), and R(fo) D
y(la, B]),
(¢) functions g;(x),7 = 0,1,2, - -, n — 1 are continuous i [a, b] and
9;(x) =0 =z =g,
#0 z>x;.

When above conditions are satisfied, the parameters are determined from the
following equations in sequence: ao = fi ! (Q(z0)) is determined from Q(zo) = fo(ao),

a1 = fit ((fo (Q(x1)) — @o)/go(x1)) is found from Q(z1) = fo(ao + go(z1)f1(a1)),
and so on. In practice a divided difference table may be constructed to determine
the parameters, and the table will be a special case of Table 1.

3. Osculatory Interpolation. Consider the problem of interpolating a function
y(z) and its initial m, derivatives of y(z) at z,, ¢ = 0,1, 2, - - -, n.
In case of the Hermite interpolation one uses
R(z) = ao + (z — zo) (@1 + (z — o) (@02 + -+ + (x — 20) (aO,mo + (x — z0)
a0+ @ —z)(an + (@ —z)(az + -+ + @ — 2)(@1,m
+ (@ — =) .

(@no+ (@ — z2) @1+ 2 — 20) @2+ -+ + (@ — 20) @nmy)) )

as the interpolation function. This function can be generalized in analogies to the
generalization of the Newton’s interpolation function as follows:
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R(x) = foo(aoo + go(x) for(aor + go(x) for(@oz + - - -
+ 90(x) fo,me(@o,mo + go() fro(aro + g1 (@) fur(@a + - -+
+ 1) from (@1,my + 91(2) fao(@z0 + -+ + ga1(2) fao(@no
+ 2 (@) fr (@1 + -+ + gu(@) frm, (@nm,)) - 0)

This function can also be written as R(x) = foo{Eoo(z)}, where

Eii@) = aiy+ g:(x) fi,in(Ei i (@)
fort =0,1,2,---,n;5=0,1, ---, m1,
Eim, @) = @im; + 9:@) fiyr,0(F iy1,0(2)) , 1=0,1,--,n—1

1)

and

Enm, (@) = nm, -

R(z) includes, as special cases, the following functions:
(a) Hermite interpolation function

fij(x)'—_x; gi(x)=$_xi; 1=01,--,n, J=0,1,---,mq,
(b) truncated continued fraction interpolation function
fii@) ==z ie=j=0
= 1/x otherwise,
gi(x) =z — x;.

In what follows we assume certain properties for functions f’s and ¢’s and then
derive a method of osculatory interpolation with R(z) using the following notations:

Jii = fu;(Bi(2)), ® = 'd—k fai(x)
dx

dk
gi=g:x), Ei=E;@k), ER= P (i) .

Assume that
(a) Functions f’s and ¢’s have continuous Mth derivatives and f'(z) # 0 in
(— o, ), where M = max {mii =0,1,2, ---,n}.

(b) Each function f;; has its inverse function f} in (— o, ).

(c)
gi(@;) =0 ifi=j,
=0 ifi <y,
and
gi(x;) #£0 fori,j=0,1,---,n.
By repeatedly differentiating £; and f;; we have
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Eij=ai+ gifiin(Eijn),

d
Ey=g/fiim+ 9i g, Jiirts
2

d d
@ EY =g fiipn+ 29/3; fis + gi 3 foi,

EY = E < ) 0 dkk feip
dx
and omitting the subscripts 4 in the right-hand side:
d
d— Jii = I'E,

— fw FEN + fE,

d
dd f'j — fIII(El)3+ 3f"E’E”+ f/E”',

(3) 54 fi = fIV(E/)4 + 6f///(E/)2E// + 3f”(E”)2—|— 4f”E'E"’ +“f/EIV,
L = P 105w B+ 15w

+ 10f"’(E’)2E"'+ 10f”E”E/”+ 5f//E/EIV+ f'EV,

From Eqgs. (3) we have, if f}; is nonzero, by omitting the subscripts 7 in the
right-hand side:

“1) EBy=f"(Es),

“.2) Ei = (df/dz)/f',

@3) Y= (@d'f/da* — f"E)N/ T,

44) EY = (@f/de’ — f"'(E)’ — 3f"E'E")/ [,

45) Ei = @'f/de* — jTEN — 65" (B)E" = 3f"(B") — Af"B'E")/f,
EY = @f/de’ — fY(E)" - 10V (E)'E" — 15]""E'(B")*

(4.6) — 10f"'(E")°E"" — 10f"E"E"" — 5f"E'E™)/{",

We also have from Egs. (2), if g.(z) = 0,
(6.1) fiim = (Bij — ai)/g94,
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d

(5.2) gp Joinn = (B — g fi1)/g:,

da- m (MY e d
(5.3) (Enfi,j+l = \E; — k=ZO L )9 @fi.ﬂl
and if g;(z) = 0
(6.1) foin = E%/gd

d 1 17 124
(6.2) T fijm = J (B — g fain)

! 1 S mY ey d°

(6.3) = Jig = ma? <ET: - é < & )gi I Jiger ).

In the above equations, it is to be understood that if j = m;, then f;, ;41 = fip1,0,
and if j = m; 4+ 1, then f;; = fiy1,0 and g, is replaced by g.y1.
With the above equations, one can determine the parameters of the interpolation

funetion R(zx) for y(z;) = R(z:) and yP(z;) = RP(x;),2=0,1,2, ---,n,j =1,
2, -+, m;. The procedure is described below using the following notation for
simplicity :

h(i)( ) — jd_j_
ki xl) - dx] fkl(x)l:c=:cio

We are given y(zo) = AP (z0) = foo(aon). Using (4.1), we have agp = fgi (A7 (w0))-
From y'(z0) = Ay (20),

Efo(z0) = hoo(zo)/ foo(ao)
by (4.1),

hQY (o) = for(xo) = Efo(@e)/g0 (o)
by (6.1), and
Qop = Eo1(xo) = fo_ll(h(()(l))(xo))

by (4.1). For h{)(x), we apply (4. j — 1) and (5.3) alternately until E¢)(x;) is
obtained. Then apply (6.3) and (4. j — 1) alternately until a;; = E;(z;) is found.

The above process of determining the parameters is better deseribed by the
divided difference table shown in Table 1. This table is filled from top to bottom
and from left to right. In each entry, the term in the left-hand side is computed
with the equation numbered in the right-hand side of that entry.

The uniqueness of the interpolation function is dependent on the functions
fi; employed. If f;;(x) = « for all 7 and 7, then the interpolation funetion is unique.
In other cases the interpolation function may not be unique in the sense that there
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Xo hoo(xg)  GIVEN |  Eqq(xg), (4-1) hoy (xo), (6-1) Eg, mo(xg), (4-1)

Xg hpo(xe)  GIVEN mhoesv. (4-2) hoy (xo), (6-2)

Xo | hpoCxo)  GIVEN | Egolxe), (4-3) hoy (xg)

%o [ni0H gy omven | g0 s Y G, 6en

S D Al T

x1 | hoo(x1) GIVEN Ego(x1), (4-1) hoy(x1), (5-1) Eg, mo(x1), (4-1) | hyo(xy), (5-1) E1o(xy), (4-1) hyi(x1), (6-1)
X1 | hoo(x1) GIVEN | Ego(x1), (4-2) hoy (1) (5-2) g, mo(x1), (4-2) | hig(xy), (5-2) Eyo(x1), (4-2) hii(x1), (6-2)
*1 | hgo(xy)  GIVEN | Byo(xp), (4-3) by (1) Ey, me(x1), (4-3) | hYo(xy) Eyo(x1), (4-3) NI

xi [n Py oven | e Ve ) ) et Ve g oy et P e, (603
S O R e hr ), 59 BB e na ey, 5on | e e

X2 hoo (x2) GIVEN Ego(xz), (4-1) hop (x2), (5-1) Eg, mp(xp), (4-1) hyo(xz), (5-1) Ejo(x2), (4-1) hyp(x2), (5-1)
X2 | hpo(xa)  GIVEN | Ego(x2), (4-2) ho1(xz), (5-2) Eb, mo(x2)s (4-2) | hioCxp), (5-2) Ero(xs), (4-2) h1Gxs), (5-2)

Table 1. DIVIDED DIFFERENCE TABLE

NOTATIONS: .

(k -
WY e = ey
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may be another interpolation function using the same functions f;; and g; that agree
with y(x) and its derivatives at the given points, yet these two functions may differ.
However, the above scheme gives unique parameters a,; for the given base points.

We note that the conditions on the functions f’s and ¢’s given in the beginning
of this section may be required to hold in their domains rather than in (— o, )
without restricting the results.

4. Error Term. Let R(zx) interpolate y(z) and its first m,; derivatives at wo,
wl) .. .’ xn’

m=3 mit+ 1),

=0

n

r@) =[] @— 2™ ",

==

and
F@)=(—uwiyk) — R@) — (y@) — R@)rE)/r@)},
where zo, 1, - - -+, Z, and u are all distinet.
Let I be an interval that connects xo, 1, - - -, s, and z, J be an interval that

connects above n + 2 points and u, and let y(z) and R(x) be in C™**(J). Then
F(2) vanishes at least m -+ 2 times, counting multiplicities, in J. By repeatedly
applying generalized Rolle’s theorem [3], we have
F™0(@) = (m+ D{y™ @) — R™ @) — @) — R@) " O/r@)}
+ e — w{y™’ k) — R™ @)},

and F D (z) has at least one zero in the interior of J. Call this vanishing point &,
which is a function of z and u. Then,

y@) — R(@) = ( mg £ _|_ 1 Sy (E) — R ()

E m+1 W(x)
T m+1 TR™ )(E)> )

)

If we set u = £, then

@® y@) — R@) = ™ @ — R™©)"?/m!,

where £ is in the interior of I. On the other hand, provided Rt (§) 5 0, if we
choose

R(m) (E)
u=£t+ (m+1) RO (g
then
R + £ w1 R @ =0,

and
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(m)
© V@) - R = (1@ - pem ©) ),

where £ is in the interior of J.

5. Choice of R(x). In practical applications, the choice of f’s and ¢’s may be deter-
mined by the desired form of interpolation function, e.g., polynomial, rational
function of degree » with the numerator polynomial of degree I, or certain trans-
formation of a rational function. If there is no restriction as to the form of R(z),
the best choice may be the interpolation function that gives the smallest error term
among the functions of certain complexity. However, it is not easy to determine
such a function without the process of trial and comparison.

6. Example. Interpolation of the exponential function and its first six derivatives
at x = 0 was made with seven different types of R(x). Here g;(x) = z, and fu(z),
; = 0,1, ---,6,and parameters for R(z) are listed in Table 2. As an illustration,
Interpolation No. 3 in the table represents

1420 +21/24+2/{6 +2/{—2/3 +2/{—30 + 4z}}})),

and this can be expanded to a polynomial rational function with numerator and
denominator degrees four and two, respectively.

The above interpolations may be considered as Taylor series-like expansions
since finite Taylor series with m terms can be said to be the polynomial osculatory
interpolation of a function with its first m — 1 derivatives at a point.
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