Rational Chebyshev Approximations for the
Error Function*
By W. J. Cody
Abstract. This note presents nearly-best rational approximations for the functions
erf (z) and erfe (z), with maximal relative errors ranging down to between 6 X 10~ and

3 X 1072,

In [1] Hart, et al., present rational approximations for the function

Il

_2 [
erfc (@) =1 —erf (z) = v, e dt
valid for 0 £ # £ «, where a = 4, 8, 10, or 20. They carefully point out [1, p. 138]
that these approximations are not useful for computing the error function

erf (z) =1 — erfe (z) = %/ e dt
0

for small x because of subtraction error, but they do not provide any alternative.
Hastings’ [2] approximations for erf (x) are no better, since they explicitly use the
constant 1 as an additive term and are chosen to nearly minimize the maximum
absolute error rather than the relative error. Clenshaw’s [3] Chebyshev series ex-
pansions for erf (z)/x come close to minimizing relative error, but his approximations
are somewhat inefficient because of his choice of interval and his restriction to
polynomials.

For a computer subroutine with entries for both erf (x) and erfe (x), cancellation
error can be avoided by evaluating erf (x) directly and erfe (x) indirectly (as
1 — erf (x)) when erf (x) is smaller in magnitude than erfe (x), and erf (x) indirectly
and erfc (z) directly, otherwise. The changeover point occurs for || ~ .47.

In this note we present nearly-best rational approximations for the functions
erf () and erfc (x) with maximal relative errors ranging down to between 6 X 10
and 3 X 10~%, The approximation forms and intervals used are

erf () ~ 2R m ("), lz] £ .5,
5

erfe (z) ~ e"2R,,,,(x) , 46875 < x < 4.0,
2
. e 1 1 2 <
erfe (v) ~ . {—\/W + - Rim(1/x )}; rz4,
where the R;,(2) are rational functions of degree ! in the numerator and m in the
denominator. The relations erf (—x) = —erf (2) and erfec (—x) = 2 — erfe (x) can

be used to evaluate the functions for negative arguments.
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F(x) = £, (x)
£(x)

Table I. E;Ezm = -100 Tog,, max

f(x) = erf(x), [x|] < .5

4 36 36 36 3¢ 35 3 36 3E 36 36 3F 36 36 3k 3F 36 3 3 I8 3 I 38 I 3E I8 36 96 3 IE 3E W 3E I I S E % I 3% W A I IR I I I I I E IS
ﬁk{;L 0 1 2 3 4 5 6 7 8

3* 3 4 X2 XXX XSS ELESEESEER XSS EES SR PRI RIES R RS R T X X )
0 139 313 496 6838 887 1092

417 556% 753 960 1172 1390

558 702  986% 1212 1438 1666

800 956 1307 1465% 1698 1935

962 1108 1466 1626 1950#
1158 1338 1751 1932
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®OAN P WN

f(x) = erfc(x) s .46875 < x < 4,0

RS R R R R RR AR ERE R ERE R R ERERERRRERRETRRRFEERBEERE RS RRRRRRRNR

G €1 19 161 214 270

1 164  222% Zz83 340 401 462

2 376 441 506 572 638

3 44G BST 666 136 806

4 502 666 B24 897+

5 1056 1132+

6 1292 1371

7 1532 1613«

8 1775 1859%
IR Ty I Y Y

f(x) = erfc(x), x> 4.0

i***l*#******i*l**l**********i*&*;;l*%*#******i************

4] 628 156 876

1 688+« 828 958 1081 1198

2 855 958% 1131 1256

3 992 1151 1287 1415

4 1116 1283 1431 1561#

5 1232 1405 1558 1824+
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¥Coefficients for these approximations only are given in Tables II~IV.



633

RATIONAL CHEBYSHEV APPROXIMATIONS

(0C
(10
(20
(€0
(eQ

(co
(10
(10
(¢ca

{00
(00
(10

(00
(00

(222222222232 2222 2322322222222 22228

(AT Z 22T 222222 222322222

Tt ot St e St Yt wowh

o

)
}

G 00000
6 6%€60Q
9 s0cel
G H96Le
€ L2229

QO

Q006¢
Zlvve
Th94%y
cLeLlL
0Lt6¢€

00060
8LLOY
06416
21986

]

0
]

Cb

g > [x]

¢0000
25606
€E6LEY
09299
7€€89

00000
0e9l6
204750
9856L8

00000
€80LS
T%dls

o0
€6

000001
Z109€°2
$2044°2
19282°1
€THH8°*2

00000°1
L2830g°1
6%911°%6
g8s0st1e

00000G°1
YLEHB L
€Z568°1

goooe°1
G%R62°¢

= ()W = (x)ade 11 BlqRL

(10-) 0 €925 1£09% 8T90L LLLSB'T | &
(00 ) L %6965 S9S0L 8EHLE ZITOT*E | €
(20 ) S 64955 T0SOT STYSL ¥98€1°1 | 2
(20 ) L €180Z 0Z0ES 89LEZ SBYLLE | 1
(€0 } Z 952L% 69%8€ 168SL LE6OZ'E | 0%
(20-) G BESTE T0LEw 86095°€-| €
(00 ) S GETST 988YE 8£966°9 | 2
(19 ) Z 5Tv6Z 81919 Z6161°Z | T
(20 ) S LTESC €2556 L992v*Z | 0f€
(10-) g 49068 25991°€ | 2
(00 } 6 €0LLS L222L°1 | 1
(10 ) e Lczze €58€1°Z | oz
(20-) 59 HOL6L%6=| 1
(00 ) L 8L9L9%E | o1
(22 2222222222222 222X XXX 2R 222X 2 a2
Fq N
Llu
3 3F 3 3t 3 3 36 3 36 3 36 I 36 I 3¢ 36 I I 36 W 36 3F 34 3 3 M 3 36 3 3% 3F I R R




W. J. CODY

634

(00
(00
(10
(10
(10
(10

(00
(o
(10
(10
(00

(GO

b

et Nt st et e

)

(10-)

(2222222222222 XX X2 **ﬁ.

(22222222222 222222222222 X2 X222 22222 R

0000
819
19¢L
€08
(43
168

0'% > X > §/89p°

00000 0000G° T
€6228 %#889¢°L
86LS6 18829°C
€9820 2€l20°S
L890L GSEE6T1°S
6%L58 68682°°2
02009 0000U°1
6%6L9 T2H5E°S
6uG6Z s86L2°1
06180 6%81c°1
80680 96€LE°L
2000°1
1129°9
_”**.-Z-t.*******._

(90-)
(1G-)
(GO }
(10 )
(10 )
(10 )

(50~)
(10-)
(03 )
(6o )
(G0 )

(20~}
(10-)

v******#*******ﬁ

889
18¢
868
926
gL
669

22222 X222 2222222 2R 2R k2 f*

d

68618
989C?
JLCTD
9565685
9669%
16825

GdvL8
168173
c9¢eehb
6%8%8
911es

3 = (X)o340

186892°%9-
1LEY9°s
<LLgZ* Yy
8TLGY°*1
Ly6C9°¢
6868¢°¢

LIBIE®Y
691€9°g
6LTEQ°CE
10698°9
8geLe*L

LL8e* 2~
gegel

b I3 0363 36 63 36 35 I 06 6 3 36 3 3 096 38 3 36 3 3k 36 3 3 0 23 B 3 3 3 1 ¥

"IIT ®Lqel

LI ed NN T 3wt N ) S N
0

L I ]

clu

3 3% 3 ¥*



635

RATIONAL CHEBYSHEV APPROXIMATIONS

(00
(10
(co
(¢o

(eQ

(eC
(€0
(€0
(€0

(00
(10
(10
{eo
(¢o
(o
(¢0
(eo

Yt N Wt S S Yl st St et

S Gt g? Nt P Yt N S

00000
€scly
G0€66
60SLS
Y1881
8L9¢29
028s1
969¢€9
€902y

000
Tse
c6¢
hey
999
T1e
aLe
£€6

20000
€860L
$21el
8600¢
06999
6SHEE
Ly2eh
1cley
671le0

00000
AL YA
Ly622
9lL86¢
11e9¢
96030
0ge8L
2e869

cocoo
01192
68056
98101
G¥LS6
Lseco
1C606
T%L9L
8%G€E6

00000
61¢€Le
Ge6l8S
Ylyyy
99492
S8%60
2esce
S6Q9c

00000°1
644L6°1
€69L1°1
181L€°S
BET1Z9° 1
6L062°€
1929€°4
9E6EHE
€e0€z" 1

00000°1
L28Le*1
1000L°L
s89lL*?
0868€°9
YSele®6
0s606°L
65%00°%¢

E9e9Yy
pg1e68
BITY6
SLLY6
celie
11%C6
?1c8g9
cES9Yy
clLese

L90
T1L
659
oes
6eC
oL8
X4 4
SC0

Be0%H
0dL98
5L€88
Z9TH1
10CHL
06917
0LOYE
1209¢
L66Ll6

L9tLe
6€L68
eg6les
€L9G0
%3%69
9ehey
6¢L8t
91910

Lyses
8696%
eEv6L5
Le906
618¢el
#2tel
9219L
BlLleB
LY5E6

8elssg
LyLls
8oGZ8
aeele
0c8e
€L918
TLess
¢0192

T1es1e
881%9°g
%1cg8°8
161199
6e986°¢
2s618°8
ATAVERS
L01sd3°¢
gcCeZ°l

¥989¢e°1~
G61%9°S
sL112°L
2e91e*y
6862s°1
gceee’E
8l61s*y
69%C0°¢c

St N NP N D Qrd N O TN 0P 0




W. J. CODY

636

(G0 }
(00 )
(00 )
(10-)
(¢0-)
(€0-)

(60 )
(00 )
(00 )
(10-)
(¢0-)

(0C )
(00 )
(10=)
(2o-)

(00 )
(10~}
(10~}

(00 )
(10~}

X222 222222222222 ZRIEZESRRS L

(2222222212222 2322222222222 2R L

0'f <X

00000
22868
09%c?
Y8241
1elvy
16989

00000
2sell
ce6l9
86¢8L
6L9%8

00060
811l
Ler1
QLLZ

Q0000
22610
664982
S6201
CIETY
29L6%

00000
18102
0L01s
01926
2s0ed

00000
€6Ll¢
9614y
Shey9

0 00000
Y 6911%
S %S0LC

000
190

0y

fe-

o=l
C : C
Fy fq
b g

00000°1
2689s°2¢
g62L8°1
s06LZ*S
€8150°9
02gee*?

00000°T
€€LB6°T
L9150°1
80c16°T
60290°1

00000°1
TLLen 1
28568°%Y
9200Ce*y

00000°1
289126
2H60s°T

00000°1
L160% Y

o=

S

(20-)
{10-)
(10~}
(10-)
(20~}
(%0-)

(20~}
(10-)
(10-)
(¢0=-)
(€0~}

(20-)
(10=)
(10-})
(29-)

(20-)
(10=)
(20-)

(20-)
(10~}

L2222 2222222 X222 2222222 22222222 2R £

B6HBL
SEQYY
62%6¢
®029%
8L299
LSTED

98
ge

e
L

fq

6020¢
gcect
%5086
26271
LeeyL
8LEBE

9%81%
LL%96
69896
L0s2¢
1ehae

9%LL
9298
9418
BL66

LETLB
96%¢c9
Y6668
119¢L
87148
25191

€L6GY
0980¢
€E9ELS
293016
0LLOL

LZ61S
85620
926556
gegLe

81292
cLels
SSERI

Y9¢€
7%5

gete91-
gces0'e~
Yhe(9te~
18L62° 1~
Le8O9 1~
6%.86°9~

z6tedc~
1998L°2~
9¢692°2~
QeELy6°h-
01966°2-

6lehe e~
1i6ey 2~
£0661°1-
goetIzZ 1~

Z8891°6~
89096° 1~
66LG2H-

01289°6~-
89eHZ° 1~

222222 22X 222222 X222 222X 2R o tXEXREZ 22

X
A=
It

¢

X
K

== ()" = (x)ope “AL alqeL

Qo (N Lo B LU ] Q1 N M T Qe N T W

* 0 el
-

e %
Clu

3 3% 3 %



RATIONAL CHEBYSHEV APPROXIMATIONS 637

Table I presents the initial segments of the L, Walsh arrays while Tables II, ITI,
and IV present selected approximations. All approximations were generated using a
standard version of the Remes algorithm [4] on a CDC 3600. The master function
routines used continued-fraction expansions described in [1] and were verified to be
accurate to at least 22S. Finally, the accuracy of the approximations as presented
here was verified by comparison against the master routines using 5000 pseudo-
random arguments.

Argonne National Laboratory
Argonne, Illinois 60439
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