Chebyshev Polynomial Expansion
of Bose-Einstein Functions of Orders 1 to 10*

By Edward W. Ng, C. J. Devine and R. F. Tooper**

Abstract. Chebyshev series approximations are given for the complete Bose-Einstein
funetions of orders 1 to 10. This paper also gives an exhaustive presentation of the relation
of this function to other functions, with the emphasis that some Fermi-Dirac functions and
polylogarithms are readily computable from the given approximations. The coefficients
are given in 21 significant figures and the maximal relative error for function representa-
tion ranges from 2 X 1072 to 3 X 107%. These expansions are fast convergent; for ex-
ample, typically six terms gives an accuracy of 1078,

1. Introduction. The Bose-Einstein function occurs in a wide variety of physical
problems, in many different forms. It has been used in problems of statistical
physics, quantum electrodynamics, polymer structure and electrical networks [1],
[2]. We shall define the most general Bose-Einstein function by its integral represen-
tation, as follows:

1 Y ofdx
0 By ) = 5oy |, o

where 7 and « may be complex. For u > 7 the integral is to be interpreted as a
principal value. In this paper we shall only investigate the complete Bose-Einstein
function for 5, defined as

2) By(n) = lim B,(n, u) .

U200

The important mathematical properties of this function are discussed in Section
2. Its relations to other functions are presented in Section 3, emphasizing the fact
that some functions are readily computable from B,(5). Our method of obtaining
the Chebyshev expansions, including discussions of actual computations and ac-
curacy are given in Section 4. The coefficients of the Chebyshev expansion are pre-
sented in the microfiche appendix of this issue.

2. Mathematical Properties. The following properties can be found in Truesdell
[3], [4], and Dingle [5]:

@) B,(n) = f By (n)
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o ek"l
(4) B”(")=;?:1’Z’:“ 7<0,

" m(—1n)°
(5) =k§"k—!s“(p+l—k)—m, 0 < —n < 2m, p # integer,
) nk 7r77p
(6) =l§%!—§-(p+1—k)—m, 0 <17 < 2m, p # integer,
) k D
) = k=ozg#p%§(p +1—k) — —;’—)!— {ln |y —¥(@+1) +¥Q1)},

|n| < 2w, p = integer,
where ¥(p) = (1/T(p)) (d/dp)T(p), and {(p) is Riemann’s zeta function.

[(p+1) /2] p4+1—2k
_ _ $(2k)n
© By (n) = cos mpBy(—n) + 2 & 1= om

p2sinmp S C@R)EE = p — D!

2k—2p—1 )
n

m k=[(p+3) /2]

where [a] denotes the largest integer contained in a. This function can be treated
from different routes of approach. Dingle started from the integral representation
of B,y(n) and derived useful properties, mainly from a Mellin transform. Truesdell
[3] defined the function by the series (4), with Eq. (8) providing the analytic con-
tinuation. Truesdell [4] also considered a differential-difference equation of the
type (3) and derived mathematical properties subject to certain boundary condi-
tions, e.g., in this case

9) B,0)=¢(+1), p>0,
(10) B_i(n) =€l —€T", =0,
or

(1) Bo(n) =In (|1 =€), n#0.

He suggests this latter approach as a basis for a unified theory for most of the special
functions of mathematical physics. We note parenthetically that the functions of
negative integer orders are expressible in terms of elementary functions by the use
of Egs. (3) and (10).

3. Relation to Other Functions.
(1) To the hypergeometric function ,Fi(ay - - - an; by - - - bi; 2): It is evident that
for p = integer the series (3) can be expressed in the form

(12) B.(n) = lim [1Fu(e, -+, 61,1, -+, 1;€") — 1]e ™V,
e—0

(i1) To the polylogarithm : Using Lewin’s [1] notation, we define the polylogarithm
as
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Li,(2) = " Lina () dz
0 [ !

(13) Lis(e) = fo zlil—(l]‘—z—‘—?ﬁdz,
Lii(z) =1In (|1 — 2]).

Then

(14) Li,(2) = B,_i(Inz2) .

Lis(2) has been investigated by many mathematicians, including Euler, Abel,
Kummer, and Ramanujan, and is usually labeled as the dilogarithm or Euler’s
dilogarithm [1]. Recently Kolbig [6] presented an algorithm to compute this function
to 14 significant digits.

(iii) To the Fermi-Dirac function: Define the complete Fermi-Dirac function as

1 ®  2Pdx
Tp+1)7o "4+ 1°

Dingle [5] has shown the following relations to be true for real 7:

(15) Fyp(n) =

(16) B,(n) = —Real part of F,(n + iw) ,
a7) B@) = 3 @', @)

and

(18) Fy(n) = By(n) — 2B, (2n) .

The last expression suggests that the computation of the Fermi-Dirac function is
facilitated readily by the Bose-Einstein function.
(iv) To the Debye function: Define the Debye function as (see [7])

dt
et — 1

(19) I(p + 1)Dy(x) = /j

)

we see the relation

(20) Dy(@) = [$(p + 1) — B,(0,2)].

(v) To the various zeta functions: If we start with the series representation of
Riemann’s zeta function,

0

(21) ¢(s) = 2k,

k=1

we can generalize the function as follows:
(22) (50 =2 @+,

(23) F(z,s) = 2 k2", le] <1,
k=1
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(24) b(z, s, 0) = io (a + k)~%", le] < 1.
k=

The last three functions are known as the generalized zeta function, Jonquiére’s
function and Lerch’s transecendent, respectively [8]. The last two functions can be
appropriately continued analytically beyond the indicated circle of convergence
[4]. Comparing Eq. (23) to Eq. (4), we have immediately

(25) F(z,8) = Bsaa(n2) .

Notice that Jonquiére’s function is just a generalization of the polylogarithm.
(vi) To the exponential integral: Dingle [4] has given the following identity:

(26) By) = 3 Bipn(2eki — ),

where

Bi () = /1 it (pz 1,R() > 0).

4. Chebyshev Polynomial Expansions: Approximating Forms and Computa-
tions. The advantages of expanding functions in Chebyshev polynomials are well
known. Clenshaw [9] presents exhaustive discussions of comparison among Cheby-
shev series, best-fit polynomials and economized power series, and also methods for
computing Chebyshev coefficients. In this paper, we present three sets of expansions
as follows:

@27) B,(n) =& 2, aiPTi*(e™") for—o <9< —1,p=1,2,---,10.
k=0
¥4
(28) B,(n) = kgzobk"”mn) - %!—ln la| for—1<9=<1,p=12---,10.

1 D
B,(n) = Qy(n) + 9 771’+2 kz:o CJ”T%(%) - '%'— In ‘ﬂl
(29) = ’
for —2 == 27p= 1r27 AR

Tor the range (1, «), one can use expansion (27) and Eq. (8) which is simple for
p = integer. In the last three equations, T, and T,* are the usual Chebyshev and
shifted Chebyshev polynomials, @, is a (p + 1)th degree polynomial, the coefficients
of which will also be given. The expansion (27) is computed from g straightforward
economization of the series (4), and the expansion (28) is obtained from the use of
the orthogonal property of summation, both methods being described in [9]. The
expansion (29) is computed by economizing part of the series in Eq. (7), leaving out
a polynomial

_Sa Ll 1
(30) @) = Lyt + 11—k — 71 = ¥+ D] - 5 oy

For the lower order functions this breaking up is advantageous because the series

o0

> e+ 1—k)

k=p+2
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is even, due to {(—2k) = 0, and the polynomial @, is a low order one. The evenness
of the last series also accounts for the fact that

bp+2k+1_0) k=172)'

The above three Chebyshev expansions are rapidly convergent. For example, we
need typically six terms for an accuracy of 10~8 and thirteen for 10-16.

All computations were performed on the IBM 7094 Mod II using a package of
subroutines in 70-bit (about 21 decimal digits) arithmetic, written by Dr. C. L.
Lawson and associates of the Jet Propulsion Laboratory. In Tables I to X in the
microfiche appendix, we present the coefficients for the expansions (27) to (29).
Each expansion, with its rounded coefficients is checked by its corresponding pro-
gram of function generation for 1000 pseudo-random arguments. The maximal
relative error ranges from 2 X 102 to 3 X 10~%. In addition, the expansions (27)
and (29) were checked against each other in the cross region —2 < 7 — 1, and the
expansions (28) and (29) in —1 = n = 41. To further insure against gross errors,
we have also used each expansion to compute the polylogarithms by Eq. (14) and
spot-check against a 10-decimal table of such functions [10].

The authors are indebted to Dr. C. L. Lawson for many helpful discussions.
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TABLE 1. COEFFICIENTS FOR Bl(n)

BOSE-EINSTEIN FUNCTION OF ORDER 1 FOR X IN (~INFINITY,=1)

(1)

x &
o 1.05285 82239 81766 23290
1 (=2) 5.53862 68567 09330 246

2 (=3) 2.68437 82246 98853 90

3 (-84) 1.67463 06089 39455 &

N (-5) 1.19952 18076 28102

5 (=7) 9.37378 96647 949

6 (-8) T.77690 37272 48

7 (=9) 6.73964 05546 2

8 (-10) 603774 86833

9 (-11) 5.55186 5133

10 (=12) $.213%9 045

11 (=13) 4.98145 34

12 (-14) 4.82919 9

13 (~15) 4.73966

14 (-16) 4.7014

15 (=17) 44707

16 (=18) LYY 4 )

17 (=19) &8

18 (=20) &9
18
Z.{l) - 1.11110 9351605231 73202
k=0 ’ f

BOSE-EINSTEIN FUNCTION OF ORDER 1 FOR X IN (~1,1)

(1)

k bk

o 1651993 40668 48226 43647
1 (=1) 9.89626 31109 51687 8761
2 (=1) -1.25%

3 (=3) =3.45077 S4T57 15978 a8
4 0.0

5 (=6) &,295574 58405 2858

6 0.0 .

7T (=8) =1.19086 65392 68

8 040

9 (=11) 4.28764 4049

10 0.0
11 (=13) =1.7498% 65

12 0.0

13 (=16) 7T.7113

14 0«0

15 (=18) =3.58

16 060

17 1=20) le7

17

2"1(:1) =2.38111 38463 47556 60391
%0



BOSE-EINSTEIN FUNCTION OF ORDER 1 FOR X IN (=2.2)

x c‘(‘”

) (=2) -2.75090 13908 11024 28184

2 (=4) 2065829 22379 68585 000

a (=6) -2.89358 20907 06378 6

6 (=8) 4.04138 48538 3962

s (=10) -6.38838 59258 67

10 (=11) 1.08934 48843 6

12 (=13) =1.95667 2987

14 (=18) 3.65137 88

16 (=17) ~7.01683

18 (-18) 143802

20 (=20) =2477

22 (=22) 5.6
11

c;:)- ~2.72460 38480 69278 07790x 1072

kO ./

COEFFICIENTS FOR THE LEADING POLYNOMIAL
BOSE-EINSTEIN FUNCTION OF ORDER 1

. o
(o] 1640493 40668 48226 A36AN7
1 +1.0
2 (=1) =2.5



TABLE Ile COEFFICIENTS FOR Be‘")

BOSE-EINSTEIN FUNCTION

CONOVIWN=RC W

(=2)
(-4)
t-5)
(-6)
(=7
(-9)
(=10)
(=11)
(=12)
(=13)
(=1s)
(=1%5)
(=16)
(=17)
(-18)
(=19)
(=20)

102516
2459438
8.14112
3,7289%
2410330
135324
9.53221
T«17318
5.6763%
4¢6730%
3.97172
' 3046544
3.09090
2.8088
259
2043 -
23
262

17 )
g'x

OF ORDER 2 FOR X IN (~INFINITY,=1)

(2)

*x
50896 98219 58167
89137 13750 436
06811 94398 3
79723 29444
79748 2893
80891 422
51443 3

11792
3470
059
78
H

1.05196 26293 27385 63862

BOSE-RINSTEIN FUNCTION OF ORDER 2 FOR X IN (=1s1)

~

CBNOWVEWN -

(-1)
(=2)
(=4)
(=7
(=109
(=12}
(=1%)
(=17)

(=19)

157578
158243
3.73269
-2.08333
-4.31878
00
3.5%637
0.0
=T.48971
00
2015257

0.0
-T7¢32320
0.0
20767
0.0
=lel

16
Fo-

k=0

(2)

N
84100 92016 82060
40668 48226 43647
27164 27211 9182
33333 33333 333
90269 43633 8
87549 344

36457

%3

3.51019 68912 29963 95642



BPSE-EINSTEIN FUNCTION OF ORDER 2 FOR X IN (=2+92)

(2)

k °x

0 (=3) -6.89928 53464 23519 48047
2 (=8) &eAMTBT1 34314 59414 643
'Y (=T7) =3,67781 26398 11975 8

6 (-9) &,12708 63024 0292

s L (=11) =5,45439 73261 58

10 J(=13) 799272 95144

12 (=14) ~1.2%881 4726

14 (=16) 2409167 84

16 - (=18) ~3.62283

18 (=20) 6.486
20 (=21) =1.19
22 (=23) 242

cg‘:) a-6085486 19200 %3686 97738 x 10"
k=0

COEFFICIENTS FOR THE LEADING POLYNOMIAL
BOSE-EINSTEIN FUNCTION OF ORDER 2

2
a{’

1020205 69031 59394 28540

1.64493 40668 48226 43647
(=1) +7.5 R
(=2) -8.33333 33333 33333 33333

un-—& w



TABLE 111e COEFFICIENTS FOR 33(1\)

BOSE-EINSTEIN FUNCTION OF ORDER 3 FOR X IN (=INFINITY,-1)

.'(‘3)

1.01219 31451 29650 82949
(=2) 1.24382 55879 25482 627
(=4) 2.53265% 31050 84119 9
(=6) 8451332 84354 547]
(=7) 3.77619 33554 889
(=8) 199716 22042 57
(=9) 1.19257 23029 O
(-11) 7.7815%6 5102
(=12) 5.43233 929
(=13) 3.99928 81
(-14) 3.,073%21 9
(=18) 244642
(=16) 20059
(=17) 1.686
(-18) 1445
(=19) 1.3
(~20) 1.1

] 6 ’
z ;.((3) =1.02689 35785 15060 73359
k=0

»~

P 0= 0=t bt st Pt e
PV PUVWNSOOBSNOVEWNNSO

BOSE-EINSTEIN FUNCTION OF ORDER 3 FOR X IN (-1v1])

(3)

k bk

0 1.48574 42504 23194 80063
1 143079 04409 37322 89151
4 (=1) 4.00816 83004 53899 4245
3 (=2) T.61724 13979 79151 AT}

'Y (=3) =2.,60416 66666 66666 67

5 (=5) =4,3223%4 54057 00568

6 0.0

7 (=8) 2.54560 60489 86

8 0.0

9 (=11) =4,16179 964
10 0.0
11 (=14) 9.81770 2
12 0.0
13 (=16) =2,06273
14 0.0
15 (=19) 9.3

1
g b,“” 3.39087 65906 79315 86559



BOSE-EINSTEIN FUNCTION OF ORDER 3 FOR X IN («242)

XS

(=3) =1+38240 23448 56439 85359
(=6) 6460479 28657 44857 16
(=8) =4,13655 18361 34391
(=10) 3.,81314 96849 471
(-12) -4,27812 59257 7
(=14) 5.44781 6440
(=16) =T7.58766 77
(=17) 1.13022 2
(=19) -1.7740
(=21) 2490
(-23’ =449

10
2 :céz)..l.37599 856404 18483 24610 x 1073
k=0

COEFFICIENTS FOR THE LEADING POLYNOMIAL
BOSE-EINSTEIN FUNCTION OF ORDER 3

SWBN=O »

d‘(‘3)

108232 32337 11138 19152
1620205 69031 59594 28540
(=1) Be22467 03342 41132 18238
(=1) +3,05555 555535 55555 55558
(=2) -2.08333 33333 33333 33333



TABLE IVe COEFFICIENTS FORTB (1)

BOSE~-EINSTEIN FUNCTION OF ORDER & FOR X IN (=INFINITY,=1)

Pt Pt st Pt s
PWNHO VBN WN—~ O

-

(=3)
(=5)
(-6)
(-8)
(=9)
(=10)
(-12)
(-13)
(-14)
(-1%)
(-16)
(=17
(-18)
(-20)

L)
o

1.00597 40171 90023 41635
6.05236 39813 86722 88
8.02626 05972 96852
1.98208 20770 2585
6.91269 30600 80
3.00326 51255 8
1.51891 79724
8.58567 853
5.28269 07
3.47486 1
261228
1.7507
1319
1.0
842
1
.ﬁ“)-1.olzlo 86981 50698 95505

kw0

BOSE-EINSTEIN FUNCTION OF ORDER & FOR X IN (=1y1)

x

i
QOB NOVIEWN~ O

[
-

Pt Ped Pt Pt Pt
VI wnN

(=1)
(-2)
(-2)
(~4)
(-6)
(=9)
(=12)
(-19)
(-17)

(=20)

8

1636995 79515 31983 75414
1.28533 582564 00499 82940
3.43862 84007 27161 7753
6.72368 36118 67610 152
1.08290 38012 56439 838
=2.60416 66666 66666 7
=3,60607 58431 2463

0.0

159360 490%3 9

0.0
-2.085%580 867

0.0

4010249

060
~1.013

0.0

209

z; b’((h) =3.07695 84719 85453 65878



BOSE-EINSTEIN FUNCTION OF ORDER & FOR X IN (-242)
(1)
k

0 (-&) =2.30667 54817 264920 37306
2 (=7) 8.,09726 12718 00291 68

L) (=9) -6.17468 33329 83862

6 (=11) 3.21845 01652 669

8 (=13) =3.10462 70977 1

10 (=15) 3.46844 7654
12 (=17) =4.3038% &9
14 (=19) 5.78113

16 (=21) -8,26

18 (~22) 1le26

20 (=24) =149

10
z cgt). 2.29861 96485 11800 66022 x uf“
kw0

COEFFICIENTS FOR THE LEADING POLYNOMIAL
BOSE-EINSTEIN FUNCTION OF ouoia Iy

n X
1.03692 77551 43369 92633
1.08232 32337 11138 19152

(=1) 6.01028 45157 97971 42700

{(=1) 2.764155 67780 80377 39412

(=2) +8.68055 55555 55555 55586

(=3) -84.16666 66666 66666 66666

L)

VEPWN O



TABLE V. COEFFICIENTS FOR Bs(n)

BOSE-EINSTEIN FUNCTION OF ORDER 5 FOR X IN (=INFINITY,s-1)

k

0

1 (=3)
2 (-5)
3 (~7)
4 (-8)
5 (-10)
6 (-11)
7 (-13)
8 (-14)
9 (-15%5)
10 (=16)
11 (=17)
12 (-19)
13 (-20)

(s
u(5)

1.00294 78351 99330 05491
297316 01322 40910 19
2.57811 10931 93397
4068595 55007 038
1.28576 48714 51
4058855 47567

1.96480 9486

9.61575 78

521147 5

3.06097

1.9185

14269

8.8

643

13
2 :.£>).1.oos9o 72583 75222 21147
k=0

BOSE-EINSTEIN FUNCTION OF ORDER % FOR X IN (=1s1)

k

0

1

2 (-1}
3 (=2)
& (=3)
S (-3)
6 (=5)
7 (-7)
8

9 (-11)
10

11 (-14)
12
13 (-16)
14

15 (=19)

o(5)

1431340 89513 17848 33677
1419906 81981 62292 33203
3.04524 74732 04559 3197
5.60264 67010 02529 653
8443715 65981 67846 02
118743 08755 076418 97
-2.17013 88868 88889
=257547 81771 643
0.0
8.86494 8412
0.0
-9.499%9 6
0.0
l.5818
00
-3.4

1
S b£5)-z.aszes 09926 36148 20297
=0



. o£5)

BOSE-EINSTEIN FUNCTION OF ORDER 5 FOR X IN (~2,2)

o (=5) =3,29780 92312 88972 87786
2 (=8) 9.03060 18341 58017 59
s (=10) -3.82215 14626 38158
6 (=12) 2450122 57345 576
8 (-14) -2.09701 90808 7
10 (-16) 2007236 2352
12 (=18) =2430%95 90
14 (-20) 2.80800
16 (=22) =3.671
18 (-24) 5.1
20 (=26) =T.3
10
Z c£5) . 3.2888] 66029 23391 06755 x 107~
=0

COEFFICIENTS FOR THE LEADING POLYNOMIAL
BOSE-EINSTEIN FUNCTION OF ORDER 5

(5)
%

1.01734 30619 84449 13971
: 1.03692 77551 43369 92632
(=1) 5.41161 61685 55690 95758
(-1) 2.00342 81719 32657 14233
(=2) 6.85389 19452 00943 48529
(-2) +1.90277 77777 77717 117718
(+8) -6+96064 A0b4L 40444 48444

~

CWVWEWN™O



TABLE VI. COEREICIENTS FOR Bg(T)

BOSE~EINSTEIN FUNCTION

=

WO ODBNOWMEWN—~ D

[l ad

(-3)
(-6)
(-7)
(-9)
(=11)
(-12)
(=13)
(-15%)
(-16)
(=17
(-19)
(-20)

1.00146
1.46950
8.36276
le12117
2062291
710545
2457596
1.09125
520774
27301
le544
3

OF ORDER 6 FOR X IN (=~INFINITY,-1)

6)
K

12551 33209 59981
81305 20546 87
02678 8247

28910 808

49745 1

9157

628

85

9.
5.9

12

Z .’((6) =1.00297 92406 37947 29262
k=0

BOSE~EINSTEIN FUNCTION OF ORDER 6 FOR X IN (=1lys1)

x

—
OCWVWE®NFPWVEINN—-O

—
—

el o ad e
Vv oLwNn

(=1}
(=2}
(=3)
(=&)
(~4)
(=6)
(~8)

(~12)
(~15)
(-18)

(~20)

1628742
1s16114
2.85868
4493479
689828
8.45885
1.06207
~1.55009
~1+61022
0.0
4443722
0.0
~-3,96476
0.0
566
0.0
-lel

16

(6)
‘k

61587 58135 30307
65776 57620 37079
93973 25112 0332
31787 04801 432
22945 92512 &7
79870 56734 9
83187 33909 1
92063 4921

79200 03 «

400

E b,(f) ®2.79163 864176 63134 18402

k=0



TABLE VII. COEFFICIENTS FOR B,(%)

BOSE-EINSTEIN FUNCTION OF ORDER 7 FOR X IN (~INFINITY,~1)

(7)
N

x

0 1.00072 65010 67949 32638
] (=4) 729206 60379 37048 8
2 (=61 2.73216 26652 5465
3 (-8) 2.70774 91505 23
. (-10) 4.61469 37088
5 (=11) 1.11283 8213
6 (=13)  3.41666 50
7 (-14) 125291 5
8 (=16) 5.2661
9 (=17) 2.463
10 (-18) 1.26
11 (=201 649
11
Z .{7) . 100145 84673 84852 29217
=0

BOSE~EINSTEIN FUNCTION OF ORDER 7 FOR X IN (=1,1)

(7)

k b,

0 127603 49784 56404 36794
1 114450 71898 83943 19347
2 (-1 2.77949 66146 76430 8912
3 (=2) 4.65044 10168 22454 371

Y (=3) 6.0627% 57485 42792 60

5 (=8) 6482307 64471 46105 7

6 (=5) 7.06196 58159 33522

7 (=6) 8403030 9334l 498

8 (=8) -9.68812 00396 83

9 (=10) ~8.94817 57911
10 0.0
11 (=13) 2.01872 22
12 0.0
13 (-=16) -1.5%271
14 0.0
15 (=19) 1.9

15
E b£7) =2.75181 98555 61149 81837
k=0



TABLE VIIl. COEFFICIENTS FOR BB(n)

BOSE-EINSTEIN FUNCTION

k

0

1 (-4)
2 (=7)
3 (=9)
4 (=11)
5 (=12)
6 (-14)
7 (-15%)
8 (=17)
9 (-18)
10

(~=19)

1.00036
3.62788
8497303
658751
8.86604
1.75964
4.57739
1.45%330
5376
2.24
1.0

10

OF ORDER 8 FOR X IN (=INFINITY,~1)s&

8
.{)

18977 66052 47394
56887 19901 7
38446 989

01698
8496
099

3

7

E a{a)-l.00072 55903 16286 51315

ke0

BOSE~EINSTEIN FUNCTION OF ORDER 8 FOR X IN (=1s1)

]

0

1

2 (-1)
3 (=2)
4 (-3)
5 (=4)
6 (=5)
7 (=6)
8 (=7)
9 (=9)
10 (=11)
11

12 (-15)
13

16 . (~18)
15

16 (-21)

1.27083
1613706
2474502
4.53164
S5¢72844
5.99213
5463835
5.05118
5426170
~-5038228
-4,47509
0.0
8.41771
0.0
~5+.46
0.0
5.9

16

8
ﬁ(‘)

78604
01477
05126
84286
09838
60903
40349
13828
55958
89109
7257

33006
22582
57352
51671
41519
83457
16603
3800
17

3

10151
82338
1799
609
42

2 : "\(‘8) =2.73410 41537 65980 83868

k=0



TABLE, IXe COEFFICIENTS FOR 39(11)

BOSE-EINSTEIN FUNCTION OF ORDER 9 FOR X IN (=INFINITY.-1)

.'(‘9)

»

0 100018 05034 81616 47885
1 (=4) 1480797 71737 99062 9

2 (=T7) 2.95830 72770 769

3 (=9) 1.61184 55884 8

4 (-11) 1.715%7 7700

L (=13) 2.80489 74

6 (-15) 6418572

7 (-16) 147009

8 (=18) Se.54

9 (-19) 2.1

g l£9)' 1,00036 15986 59012 30961

BOSE~EINSTEIN FUNCTION OF ORDER 9 FOR X IN (~1,1)

x b£9)

0 1,26839 07793 83443 84499
1 1413358 69855 04227 99868
2 (=1) 272936 41585 90165 2682
3 (=2) &,47957 02183 04195 388

'Y (=3) S.58940 88346 84796 29

5 (=4) 5.,67248 80266 05228 2

6 (=9) 4.95135 35637 95898

7 (=6) &.00057 67056 4932

8 (=7) 3.16035% 22948 43}

9 (=8) 3.04302 48122 12
10 (=10) =2.69114 44555

11 (=121 =203451 774
12 0.0

19 (=16) 3.2397

14 0.0
15 (~19) -1.8

15
b{?) =2.72592 04008 73748 21871
k=0



TABLE Xeo COEFFICIENTS FOR B,o(M)

BOSE-EINSTEIN FUNCTION OF ORDER10 FOR X IN (=INFINITY,-1)

(10)

&k

0 1.00009 01046 22926 52571
1 {(=5) 902020 38901 80247

2 (~8) 9.78088 48593 67

3 (~10) 3.96168 16909

4 {~12) 3433904 503

5 (~14) &.5015% 2

% (~16) 8.4218

? (=17) 2.007

L] (-19) 5.8

9 (=20) 1.9

9
E ‘£10) =] ,00018 04048 70230 01436
k=0

BOSE-EINSTEIN FUNCTION OF ORDER 10 FOR X IN (=191}

N (10)

K bk

N 126721 01502 83260 56398
1 113192 25714 53935 58158
2 (=1) 2.72197 83213 31032 2417
3 (=2) G.65578 34504 05528 842

4 (=3) 5.52856 31312 94372 00

5 (~4) 5¢53989 52990 46837 3

6 (~5) 4+69397 74192 91605

7 (=6) 3.51410 71720 3391

8 (=T) 2.48672 38248 654

9 (~=8) 1.75724 63851 66
10 (-9) 157543 70211 0
11 (=11) =1.,22324 7480
12 (~14) -8.47850 7
13 0.0
14 (-17) 1e158

15 0.0
16 (=21) -5%5.8

16

b{10)s02,72202 16627 2

(10}, 2, «884 47484
k=0



GAUSS QUADRATURE RULES FOR THE EVALUATION OF

2112 O/ZXP(-Xz)f(i)dx

BY

DAVID GALANT



Gauss Quadrature Rules for the Evnlu_atlon of
y w
2:‘1/2]; exp(- xz)f(x)dx
by David Galant

Table I is a tabulation of 20S values of the parameters of the threc-

term recurrence relation

p’ (X) - (X - bj)p]—l (X) - "pj-z (X)'

with
po(x) =1 and P {(x) = 0

for the first tven.t;; monic orthogonal polynomials associated with the weight ’
f‘unction exp(~x2) on (o,n.,),- These pagameters were calculated, from tﬁe
moments using the QD algorithm 1) and 50S arithmetic.. The least ncculrace
parapeters (J = 20) had about 23S.

Table II is a tabulation, also to 205, of the nodes and weights of the

Causs quadrature rules |

G (0 = gwmux,n) . zr‘sz(‘)°cxp<fx2)r<x)dx +*En(f)
vhere j

Eg(xk) =0 ‘for k= o(l)2n -1

forn = 1(1)20. The nodes and weights of each rule were calculated from

the recurrence nlnuon.parmten by applying the QR algorithm to detexrmine



