
Elliptic Spline Functions and the 
Rayleigh-Ritz-Galerkin Method* 

By Martin H. Schultz 

Abstract. Error estimates for the Rayleigh-Ritz-Galerkin method, using finite-dimensional 
spline type spaces, for a class of nonlinear two-point boundary value problems are dis- 
cussed. The results of this paper extend and improve recent corresponding results of 
B. L. Hulme, F. M. Perrin, H. S. Price, and R. S. Varga. 

1. Introduction. The purpose of this paper is to discuss error bounds for the 
Rayleigh-Ritz-Galerkin method, using finite-dimensional "spline-type" spaces, for 
a class of nonlinear two-point boundary value problems, cf. [2], [3], [4], [5], [7], and 
[9]. In particular, we generalize, extend, and simplify the very important techniques 
and results of [7], [9], and [10]. 

In Section 2, we generalize the interpolation theory results of [11] and [12] to 
spline spaces defined by an arbitrary selfadjoint, elliptic, ordinary differential 
operator and in Section 3 we analyze and apply these results to the class of non- 
linear two-point boundary value problems previously studied extensively in [3] 
and [4]. Now we introduce some notations, which will be used throughout this paper. 

Let a and b be two fixed real numbers such that -oo < a < b < oo. If u E 
C- (a, b) and is real-valued, for each nonnegative integer m and 1 ? p < co, let 

(/b m \/p d 
llullmp E Z Dju(x)JPdx , whereD- ' j~~~~~o ~~~dx' 

WMIp denote the closure of the set {u E C-(a, b), u real-valued I Ijulm,p < co } with 
respect to 11 1m.P and WomP denote the closure of the real-valued functions in 

Co-(a, b), i.e., the real-valued C-(a, b)-functions with compact support contained in 
the interior of (a, b), with respect to 11 imP. We remark that u E WmP if and only 
if u E Cm-l[a, b], Dm-lu is absolutely continuous, and Dmu E LP[a, b]. Moreover, 
u E WomP if and only if u E WmP and Dku(a) = Dku(b) = 0 0 < k _ m - 1. 
Finally, the symbol K will be used repeatedly to denote a positive constant, not 
necessarily the same at each occurrence. 

2. -y-Elliptic Spline Functions. In this section, we define the concept of a "-y- 
elliptic spline space" and we define and analyze a particular interpolation mapping 
into such a space. In particular, we derive computable lower and upper bounds for 
the interpolation error. These results generalize those of [11] and [12]. 

For each nonnegative integer, M, let CM denote the set of all partitions, A, of 
the interval [a, b] of the form 
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(2.1) A:a = xo < x1 < ... < xM < xM+1 = b. 

Moreover, let (P U =o (PM. 
Let 

E (u) (-1) jD j(pj (x)D ju (x)), x E (a, b), where pm (x) ? > 0 
j=o 

for all x E (a, b), p,(x) E Wj,2 n wo0o, 0 _ j < m, and E is Py-elliptic, i.e., there 
exists a positive constant, 'y, such that 

b m 

JlDmuI0,2 2 _ f J pi(Xu) (Diu(x))2dx _ y2e(, u), for all u E Wom2 . 
a j=O 

If A E (PM and z is an integer such that m - 1 ? z ? 2m - 2, we define the -y- 
elliptic spline space, S(E, A, z), to be the set of all real-valued functions s(x) E 
Cz[a, b] such that on each subinterval (xi, xi+,), 0 < i < M, E(s(x)) = 0, for 
almost all x E (xi, xi+,). 

We remark that in the special case of pm(x) = 1, for all x E [a, b], and pj(x) = 0, 
for all x E [a, b], 0 < j ? m - 1, our definition is identical with the definition of 
the deficient splines of degree 2m - 1 of Ahlberg and Nilson, cf. [1]. It is easy to 
verify that all the results of this paper remain essentially unchanged if one allows 
the number z to depend on the partition points, xi, 1 _ i < M, in such a way that 
m - 1 < z(xi) < 2m - 2 for all 1 ? i _ M. The details are left to the reader. 

Following [12] we define the interpolation mapping g: Cm-l[a, b] - S(E, A, z) 
by g(f) s, where 

(2.2) D ks(xi) - Dkf(xi) J0? < k ?2m - 2 - a , 1 < i < 
M 

0? k < - m-1 i Oand M + 1 . 

We remark that the preceding interpolation mapping corresponds to the Type I 
interpolation of [12]. It is easy to modify the results of this paper for the cases in 
which the interpolation mapping corresponds to Types II, III, and IV interpolation 
of [12]. The details are left to the reader. 

We now state and prove analogues of some of the basic results of [12]. 
THEOREM 2.1. The interpolation mapping given by (2.2) is well defined for all 

A e P, y-elliptic operators E, and m - 1 < z < 2m - 2. 
Proof. By [6, p. 43], there exist 2m linearly independent functions Vk(X) E W2m,2, 

1 < k < 2m, such that E(Vk(X)) = 0 almost everywhere in [a, b], 1 ? k ? 2m, and 
if s(x) is a S(E, A, z)-spline function, then on each subinterval (xi, xi+?), 0 _ i <_ Mk 
s(x) can be expressed as s (x) = k aikVkk(X). Thus, the total number of coefficients 
determining s(x) in [a, b] is 2m(M + 1). 

We now calculate the number of linear equations which constrain these co- 
efficients. The regularity conditions, at the interior partition points, yield (z + I)M 
linear constraints and the interpolation conditions yield (2m - 1 - z)M + 2m 
linear constraints. Hence, the total number of linear constraints is 2m(M + 1). In 
other words, if s(x) exists, it is obtained from a solution of 2m(M + 1) linear equa- 
tions in 2m(M + 1) unknowns. To establish both the existence and uniqueness of 
s(x), it suffices to show that if Dkf(xi) = 0, 0 ? k ? 2m -2- z, 1 < i < lYM, and 
Dkf(a) = Dkf(b) = 0 0 < k < m - i, then s(x) - 0. 

Consider 
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Jb m M [xi+l 

e (s, s) j p(x) [Dis (x) ]2dx = E J p j (x) [Ds (x) ]2dx 
a j=O i=O $i 

Integrating by parts, we have 

M r $i+1 m 

e(s, s) = E>J s(x) E (-I)jDj[pj(x)Djs(x)]dx 
(2.3) i=? i i=? 

M m m x=$ i+l 

+ M rnE E (_1 )3+kDi-k[pj (x)Djs (x) ]D ks (x)X= 
i=O j=O k=O X=X i 

The first sum in (2.3) is zero since s(x) is a spline function and, using the regularity 
and interpolation properties of s(x), it may be shown that the second sum is also 
zero. Hence, 0 = e(s, s) _ yjlDms 120,2 and s(x) = 0. Q.E.D. 

COROLLARY. 

(2.4) e(f - gf, s) =0, 

for allf E Wm,2, s(x) E S(E, A, z), E y-elliptic, A E (P, and m - 1 < z < 2m - 2. 
Proof. As in (2.3), we have 

M J Xi+l m 
e(f - 9f, s) = E (f -f) E (-I)jDj[pj(x)Djs(x)]dx 

i=O $i j=0 

M m m x=xj+l 

+ E3 E E (_I) j+kDj-k[pj(x)D js(x)]Dk (f - f) = o 
i=o j=o k=o $=$i 

Q.E.D. 

The following result is a generalization of the first integral relation of [12]. 
THEOREM 2.2. Let f e Wmi2, E be a -y-elliptic operator, A e WP, and m - 1 ? 

z < 2m - 2. If gf denotes the S(E, A, z)-interpolate off, then 

(2.5) e(f, f) = e(f-9fj f-9f) + e(9fj f) 

Proof. Since e(., *) is a bilinear functional, e(ff) = e((f - gf) + gf, (f - gf) + 9f) 
= e(f - gf, f - gf) + 2e(f - gf, gf) + e(,f, gf). The result now follows directly from 
the above corollary. Q.E.D. 

The following result is a generalization of the second integral relation of [12]. 
THEOREM 2.3. Let f C W2mm2, E be a y-elliptic operator, A C (, and m - 1 < 

z ? 2m - 2. If gf denotes the S(E, A, z)-interpolate off, then 

rb 

(2.6) e(f - jf, f - gf) = (f - gf)E(f)dx. 

Proof. As before, 
M x i+1 M m m 

e(f - gf, f - gf) = E (f - gf)E(f - 9f)dx + E E E (_ 1) j+k 
i=O i i=O j=O k=O 

x=xj+l 

Dik[pj(x)Di(f(x) - gf(x))]Dk (f(x) - 9f(x)) 
Z=x | 

=f(f - gff)E(f - 9f)dx = fb - gf)E(f)dx, 
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since gf is a spline function. Q.E.D. 
Finally, following Kolmogorov, cf. [8, p. 146], if t and d are positive integers, 

let Xd(t) denote the dth eigenvalue of the boundary value problem, 

(2.7) (-1)tD2ty(x) = Xy(x), a < x < b, 

(2.8) Dky(a) = Dky(b) = O. t _ k < 2t-1, 

where the Xd are arranged in order of increasing magnitude and repeated according 
to their multiplicity. We remark that the problem (2.7) - (2.8) has a countably 
infinite number of eigenvalues, all of which are nonnegative, and it may be shown 
that 

Xd= b d2at[1 + O(d-1)], ast < d - . 

Now we obtain explicit upper and lower bounds for the quantities A(E, p, z, j), 
1 < m, p = m or 2m, m-1 < z 2m - 2, and 0 < j < m, defined by 

(2.9) A(E, m, z, j) sup {II[D(f - f)jjo,2/[e(f, f)]"2Jf E Wm 2, e(f, f) # 0} 

and 

(2.10) A(E, 2m, zj) sup { jIDj(f - f) 0,2/[jE(f)j 0,2jf 1 W2fE 2, [JE(f)j 0,2 # 0} 

Letting 

A\-- max (xi+, - xi) and A = min (xi+, - xi) 
O~iM O~iM 

for all A E WM, we have the following generalization of Theorem 3.4 of [11] and 
Theorem 7 of [12]. 

THEOREM 2.4. 

(2.11) Xd+1 '2(m - j) < A(E, m, z,j) < yKm,m,z, (j) ij 

where 

(2.12) d dim {Dj[S(E, A, z)]} 

and 

Kmmz, I if m-1 <z<2m-2,j=m, 

=t (i),ifm - 1 = z, 0 <j < m -, 

(2.13) (z + 2-m)! if m_- < z < 2m-2, 0 < j _ 2m 2 , 

_(z ? 2 -mi)? = (z + 2-jm)!, if m-1 < z < 2m-2, 2m-2-z ? j m-1, 

for all Py-elliptic operators E, 0 < M, A EE M, m - 1 ? z < 2m - 2, 
and 0 ? j < m. 
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Proof. First, we prove the right-hand inequality of (2.11). If m - 1 < z < 2m - 

2 and j = m, the result follows directly from Theorem 2.2. 
Otherwise, Dj(f - gf)(xi) = 0 1 < i _ M, 0 _ j ? 2m - 2 - z, and by the 

Rayleigh-Ritz inequality, cf. [5, p. 184], 

Ji (D' (f - gf) (x)) < (/)|il(Dj~~ gf) (X))2 dx 
(2.14) i 7 i 

0 < _ _ 2m - 2 - z. 
Summing both sides of (2.14) with respect to i from 0 to M, we obtain 

(2.15) JIDj(f -gf)110,2 <_ - JD (f - gf)110,2, 0 j < 2m - 2 - z. 

Using (2.15) repeatedly, we obtain 

/ 
2m-1-z-j2mlzf 

(2.16) JID'(f - Jf)j11j0,2 = JDD (f - f)110o,2 

Hence, if 2m - 1 - z = m, i.e., z = m -1, then 

(2.17) JjD'(f -gf)j11j0,2 7- ( -Dmfll 0,2, 

and the required result follows from the y-ellipticity of E. 
Otherwise, since m < z, applying Rolle's Theorem to D2m-2-z(f- gf) E 

Cz-m+l[a, b], we have that for each 0 ? j < z - m + 1, there exist points {(i) }m+'- iin 
[a, b] such that 

D~m--Z (ff- 9f) ( (i)) = 0 

(2.18) 0 j < m -1- (2m- 2-z) = z-m+ 1, 

0 < I < M + 1-j , 

(2.19) a = 2o'j) < t1(j) < < M(j)+,_j = b, 0 < j < z-m + 1, 

(2.20) 0ji) < 1(j+1) < (j1, forall0 ??M+1 -j, O<j<z-m+1, 

and 

(2.21) j(+Y1- (jI < (j+1), 0O<< M-j, 0<j<z-m+1, 

i.e., choose i1(o) = xi, 0 ? 1 < M + 1. 
Thus, applying the Rayleigh-Ritz inequality, we have 

1+1 
(j) (D 2m-2-z+j(f _ gf)(X))2dx 

(2. 22 ) [ (1 +1t ) ]2 fq)1+ (D2m-2-z+(u+l) (f _ gf) (x))2 dx 

for all 0 < 1 ? M - j, 0 _ j ? z -m + 1. Summing (2.22) with respect to I 
from 0 to M - j, we have 
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IID 2m2z+(f _-gf)110,2 < (1 + l)a IID2m-2-z+(j+l)(f _-f)110,2 

(2.23) 
0 < j < z- + 1. 

Using (2.23) repeatedly, we have 

I1D2m-l-z(f -f)jjo 2 _ (z +2-m)! (A)m-(2m-l-z)JlDm(f - 4f)110,2 

(2.24) X 

< (z + 2-m)! (a) z-m+l IlDmflI 0,2 

Combining (2.16) with (2.24), we have that 

(2.25) JID'(f - 9f)jjo,2 < (z+ m- in)! (2)m-IIDmfI0,2, if 0 < j < 2m - 2 - z. 
-ir 

Otherwise, it follows from (2.23) that 

(2.26) I1D'(f - gf)110,2- (= +2 - ) jDmfjj0,2. 

The required result now follows from (2.25), (2.26), and the y-ellipticity of E. 
Finally, we remark that the left-hand inequality of (2.11) follows directly from 

a fundamental result of Kolmogorov, cf. [8, p. 146]. Q.E.D. 
The next result generalizes Theorem 3.5 of [11] and Theorem 9 of [12]. 
THEOREM 2.5. 

(2.27) XdT+12(2m - j) < A(E, 2m, z, j) _ Y2Km, 2m, z, ji) 

where 

(2.28) d dim {Dj[S(E, A, z)]} 

and 

(2.29) Km,2m,z,j (Km,m,zj) (Km,m,z,0), 

for all y-elliptic operators E, 0 ? M, A E WM, m- 1 ? z 2m -2, and 0 < 

j < m. 
Proof. Applying the Cauchy-Schwarz inequality to the second integral relation 

and using the y-ellipticity of E, we have 

(2.30) jjDm(f - gf)j11o 2 = y2e(f - 9f, f - 9f) < y2jjE(f)11o,211f - 9fJjo,2 

Applying the proof of Theorem 2.4, we have 

(2.31) jIDj(f - 4f)110,2 < Km'm'z'jjjDm(f - 4f)jj0,2(!)Mj3 

Using (2.31) for the special case of j = 0 in (2.30) yields (2.32) 

(2.32) IJDm(f - 4f)l o 2 _ 7y2IIE(f)ljo,2Km~mzo(i\) 
Using (2.32) to bound the right-hand side of (2.31) gives us the right-hand in- 
equality of (2.27). The left-hand inequality of (2.27) follows as in Theorem 2.4. 
Q.E.D. 
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Now we obtain explicit upper bounds for the quantities AOO(E, p, z, j), 1 < m 
p = m or 2m, m - 1 < z ? 2m - 2, and 0 < j ? m, defined by 

(2.33) Ax (E, m, z, j) -sup { IID(f - gf) IIo,/[e(f, f)]'21f 6E WM'2, e(f, f) 0 01 

and 

(2.34) AOO(E, 2m, zj) sup {IDj(f - 9f)Ijo,w/IIE(f)Ij0,2jf E W2 I2, 

IIE(f)110,2 # O} 

As a generalization of Theorem 5.1 of [11] and Theorem 6 of [12], we have 
THEOREM 2.6. 

(2.35) AOQ(E, m, z, j) < 7Km, m j(ar-i-1/2 

where 

Km,m,zj Kmlmzj+li if m l- Z. 0 < j < m-1, 

KmMzj+li if m-1 < z < 2m-2, 
(2.36) 0 - 2m -2- z, 

:-l(j-2m+3 +z)12 2Kmm"zj+l if m-1< z 2m-2, 
1t 2m -2- z <j < m-i, 

for all -elliptic operators E, 0 ? M, A 6cPM, m - 1 ? z < 2m - 2, and 0 ? 
< m -1. 

Proof. We give the proof in the special case of m - 1 = z, 0 < j < m-1, as 
the proof in the other cases is analogous. Given any x 6 [a, b], there exists a point 
y 6 [a, b] such that Di(f - gf)(y) = 0 and Ix - yj . . Hence, 

Di(f- 9 f)(x) = DJ+X(f - f)(t)dt 

and 

jID'(f - gf)jjo ,, (=)"12jDj+ (f -f) 11 0,2 

The result now follows from applying Theorem 2.4 to the right-hand side of the 
preceding inequality. Q.E.D. 

As in Theorem 2.6, we have the following result, as a generalization of Theorem 
5.2 of [11] and Theorem 8 of [12]. 

THEOREM 2.7. 

(2.37) Aoo(E, 2m, z, j) ? y2K2mo j(A)2mi-l/2 

where 

Km,2m,z,j+1 Km,2mzj+li if mr-1 z, 0 < j < m-, 

Km,2mzj+li if m- 1 <z<2m-2, 
(2.38) - 2 0 6 j_2m -2- z, 

-|-2m +3 + z)/2Km,2m~zfj+1, if m -1< z <2m -2, 
t ~~~~~~~~~2m -2 - z<j, 



72 MARTIN H. SCHULTZ 

for all y-elliptic operators E, 0 < M, A (E (M, m- 1 ? z ? 2m - 2, and 0 < 

j ? m -1. 
In some special cases the preceding results may be strengthened. Let 

A(D2m,p,z,j), 1 _m,m < p <2m, m - 1 z ? 2m - 2 

be defined by 

(2.39) A (D2m, p, zj) sup {I IDj(f - f)||0,2/IID'fll 0,21f E W'2, jI[DPfjl ,2 1 01 

THEOREM 2.8. 

(2.40) X-1 2(p - j) < A(D2m, p, z, j) < Kmp zji(a) 

where 

(2.41) d dim {Dj[S(D2m, A, z)]} 

and 

(2.42) Kpnpfzw_ {Kpp,2ml,z + Km,2mzlj 2(1/2)(2mP)[(2p ?2m)! IQ)} 

for all 1 < m, 0 < M, A E (WM, m < p < 2m, 4m - 2p - 1 ? z ? 2m - 2, and 
0 < j ?m. 

Proof. See Theorem 3.6 of [11]. Q.E.D. 
Let Aoo(D2m, p, z, j), 1 _ m, m ? p < 2m, m - 1 ? z ? 2m - 2 be defined by 

(2.43) AoO(D2m p, z,j) sup { |Dj(f - f)Ijo, /flDPfIIo,2If E WP' IIDPffjjO,2 5 01 

THEOREM 2.9. 

(2.44) Aoo (D2m, p, z, j) < K??,z j(,I)p-j-1/2 

where 

00 (4 0 K?? 2(1/2) (2m-p)[ p! 2 m) m(D} (2.45) KM'P z fj- lpp,2m-l,j + Km,2m,Zj2,(l2-2)2\A 

for all1 < m, 0 < M, A &E (M, m < p < 2m, 4m - 2p - 1 < z _ 2m - 2, and 
0 < j < m -1. 

Proof. See Theorem 5.3 of [11]. Q.E.D. 
Let Aoofoo(D2m p, z) j), 1 < m, m < p _ 2m, m - 1 < z ? 2m - 2 be defined by 

246) Aooo(D 2m, p, z, j) 
- sup {IIDj(f - 9f) 11o,./IIDPfIo, I!f &E WP' D IlDpf o,. 5z 01 

THEOREM 2.10. There exists a positive constant, K, such that 

2m - 
(2.47) Aoo oo (D 2 p, m - 1) ? K(i)p-, 

for all 1 < m, 0 <M, A E (PM, m ? p < 2m, and 0 ? j ? m-1. 
Using a result of M. E. Rose, we can prove an analogue of Theorem 2.10 for 

second-order y-elliptic operators. If E is a second-order 'y-elliptic operator, let 

(2.48) AcO,Oo (E, 2, 0, 0) sup {II f - 9fll o,./IID2fl oIIf & W2'0', jjD2fjj0,O # 01 
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THEOREM 2.11. If E is a second-order y-elliptic operator, there exists a positive 
constant, K, such that 

(2.49) AO, OO(E, 2, 0, 0) ? K(a)2, 

for all 0 ? M and A & (WM. 
Proof. By a theorem of M. E. Rose, cf. [10, p. 183], 

fb 

(f - f)(x) = JHA(x, y)E(f)(y)dy, for all A E& (PM(a, b), f E K2'?[a, b], 

where HA(x, y) _ i=o Ki(x, y) and Ki(x, y) equals the Green's function for 
E[u](x) on [xi, xi+,] subject to the boundary conditions u(xi) = u(xi+i) = 0 if x, 
y E [xi, xi+,] and Ki(x, y) = 0 if either or both x, y (E [xi, xi+,]. Thus, if 

rfj+l 

x E [xi, xi+1], I (f - f) (x) = Ki(x, y)E(f) (y)dy 

?< IKi(x, Y) 11 L[Nxixi+1] JJE(f) I o,0o(1i) 

Hence, it suffices to find a bound for Ki(x, y), 0 _ i < M, given that x and y E 

[xi, xi+l]. 

Following [6], we have that 

Ki(x, y) = -V1(X)V2(y)/C forx ? y, 

where E[vi](x) = E[V2](X) = 0, for all x E [xi, xi+,], vi(xi) = 0, Dv1(xi) = 1, V2(Xi) = 

1, V2(xi+1) = 0, and 

C = Wvx V2(X I 

-DV (X) DV2 (X) 

is a constant, and Ki(x, y) = Ki(y, x) for all x > y. If W2 p(x)Dvi(x), then 

[Vl]F -1-1 Fvl ] []0 [vJ(xi) 1 0 1 

LW2 Jq(X) W 0 I W2 I 0Lo W2 (xi) LP(X i) 
and if U2(X) w2(x) -P(Xi), 

V1 + [: - <-] [:1 + [ i)v/p(X = [O1 
1_U2 _ (X OqW 0 L U2 0 -0 

and 

[ v(xi~)] 
U2(Xi) LOJ 

It is easy to verify that 

[v W(X)]f(X A (tdp(x i)[/pj 
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where 

A~)[ -pt1 
A(t) 0 

and hence 

jvi(x)J ? [VJ2(X) + U I(X)]112 

? max []exp F-f A (t)dt1 2 - P(X)/p(X) (Xi+| - xi) 
x, s E[a, b] 0LSJ2 

where 11 112 denotes the Euclidean norm. Thus, we have shown that there exists a 
positive constant, K, such that Ivi(x) I _ K(s) Similarly, we may show that there 
exists a positive constant, K, such that IV2(y) ? K and hence IKi(x, y)I < 
(K2/c) (i!). Q.E.D. 

3. Nonlinear Two-Point Boundary Value Problems. We consider the differential 
equation 

(3.1) E[u(x)] = f(x, u(x)), a < x < b, 

subject to the boundary conditions 

(3.2) Dku(a) = Dku(b) = 0 O < k l m-1, 

where 

m 
E[u(x)]-- (-1)jDj[pi(x)Dju(x)], p1(x) n Wj'2 f W?'?, 0- j _ j=o 

pm(x) > w > 0 for all x E [a, b], and there exists a positive constant, 'y, such that 
rb m 

(3.3) IIDmW1122[a,b] < y2 Y 2 pj(x)[Djw(x)]2dx 
a j=O 

for all w E Wom,2. 
Let 

(3.4) A inf b [Wop (x)[D w(x)]2dx > 0 
w-W0m,2;0 wa [W(X)]dx 

and f(x, u) be a real-valued function defined on [a, b] X R, measurable in x for every 
u in R and such that 

(3.5) f (x, u)-f (x, v) < q< A 
u-v- 

for almost all x E [a, b] and all u, v & R with u z v and for each c > 0 there exists 
a finite constant M(c) such that 

(3.6) f(x, u) - f(x, v) < M(c) 
u-v 
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for almost all x E [a, b] and all u, v E R with IuI < c, Ivl ? c, and u # v. 
As in [3], [4], [7], and [9], we consider the Rayleigh-Ritz-Galerkin procedure for 

approximating the solution to (3.1)-(3.2), i.e., if S is an N-dimensional subspace of 

Wom,2 with linearly independent basis functions {B (x) }f we seek an approxi- 
mation of the form us _j1=j 03 Bi(x), where the coefficients {Ji}f=i are determined 
by the nonlinear, algebraic system 

(3.7) A5 = F(5), 

where 
A (b mrn 

A-t EPk(x)D B i(x)D B j(x)dx) 
ak=0 

and 

F (5 ) - f (x, E 3B i (x) B j (x)dx] 

From [3] and [4], we have the following fundamental result. 
THEOREM 3.1. With the preceding hypotheses, there exists a unique generalized; 

solution, u, to (3.1)-(3.2) over WOMr2, 

1/2(3 A112 
(3.8) ek(u, u) < - I -1f (x, 0) 11 0,2 

the Rayleigh-Ritz-Galerkin procedure gives a unique approximation, us, and 

(3.9) e12 (us, us) < A __ fIf(x, 0)110,2 

The purpose of this section is to discuss the size of the error for the special cases- 
of elliptic spline subspaces which are somehow related to the differential operator E. 
We begin with the linear case, i.e., f(x, u) is independent of u, and subspaces of" 
E-splines. Generalizing [7], [9], and [10], we have 

THEOREM 3.2. If f(x, u) is independent of u, A ? P, m - 1 < z < 2m - 2, 
and S S(E, A, z) (n Worn2 then us = 9u, where g is the interpolation mapping 
of Cr-1[a, b] into S(E, A, z). 

Proof. Using the notation of Section 1, it is easy to verify that e(us, B1) 
(f, Bj)L2(a,b) and e(u, Bj) = (f, Bj)L2(a,b) for all 1 < j < N. Hence, 

(3.10) e(us-u, Bj) = 0 for all j N. 

Moreover, from the Corollary to Theorem 2.1, 

(3.11) e(u- u,Bj) =O foralll j ?N 

and hence 

e(us- u, Bj) =O for all I < j < N 

and 

0 = e(us - 4u, us - g) ? _yIIus - uJJ,2. Q.E.D. 

Combining Theorem 3.2 with the results of Section 2 and Theorem 2 of [2], we: 
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obtain the following 
COROLLARY. Let f(x, u) be independent of u. 
(i) If U E W2m,2 and S-S(E, A, z) n Won,2 then 

1U - USll j,2 _< Y2K.,2.,z jjjf (x)110,2 (2i)2n-j 0 <j < m, 

and 

J1u - usllj,0. < -Y'2Km,2m,z,jiff(X)1 0,2(a)2m-j-l/2 0 < j < m- 1 

for all A E (P and m-1 < z < 2m -2. 
(ii) If U ? W'2, E- D2m, and S _ S(D2m, A, z) n WOr,2 then 

ju - us11j,2- < KmpzjjjDPuj 0,2 (a)P-j, 0 < j < m, 

and 

- u s-usllj, < K??0pz, jDPujl0,2 (ay-j-l /2 0 < j < m-1, 

for all A ? (,m< p <2m, and 4m - 2p -1 < z _ 2m - 2. 
(iii) Let (P = D2m and S S(D2m, A m- i) n Wom,2. If u E Wp,2 

Lu - usj j,2 < cj3m p,2,2jjDPujj0,2( )Pj 0 < j < m, 

for all A C (P and m < p < 2m, where cjmp,2,2 is the constant defined in Eq. (2.10) 
of [2]. If u (E WP?, 

ju - UsJij,oo < cjmp,2,2jjDPujJ0,oo(\)P` 0 < j < m, 
for all A E (P and m < p < 2m. 

(iv) If m = 1, u E W2 , and S S(E, A, 0) n0 W "2, there exists a positive 
constant, K, such that flu - usljo,0O < K(2j)2, for all A E (P. 

Now we consider the nonlinear case of Eq. (3.1). The following theorem is a 
generalization of analogous results of [7] and [9]. We remark that its proof is con- 
siderably simpler than the proofs of the referenced results. 

THEOREM 3.3. If (3.1)-(3.7) hold and S S(E, A, z) n Worn2 then 

1/2 A ~~~~~~~~1/2 
(3.12) e2(gu - us, Ju - us) ? _ f(x, u) - f(x, 9U)11 0,2, 

for all A ? (P and m - 1 < z < 2m - 2. 
Proof. Using the above hypotheses and the Corollary to Theorem 2.1, we have 

(1 --]-)e(9u - us,9u, - us) < e(9u - us,4u - us)- f (gu -us)2dx 

< e (9u - us, 9u - us) 

f [f(x u ) f(x, US)] (gU - us) 2dx 

= e (gu, 5u, - us) - f f(x, 9u) (9u, - us)dx rb 

= e(u, 9u - us)-f f(x, 9u) (9u - us)dx b~~~~r 

= fb [f(x, u) - f(x, 9u)](9u - us)dx . 
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The result follows by applying the Cauchy-Schwarz inequality and definition (3.4). 
Q.E.D. 

COROLLARY. If (3.1)-(3.7) hold and S =_ S(E, A, z) n W0m,2, then 

(3.2) IID-(Ju -US) II - 2(a b) < . M(c) |U- 4u||0,2 for all A E 

and m - 1 < z < 2m - 2, where, 

=1 (b- a)rnm.1l/2 A1/2 
(3.13) c =- r-A f (xI 0) 11 0f) ,2 

and M(c) is given by (3.6). 
Proof. By (2.5), e(gu, 9u) < e(u, u). Hence, using (3.8), we have 

e (,u, Ju) < e (u, u) < A - | f (x, 0) 11 0,2 

and thus by the Rayleigh-Ritz inequality, cf. [5, p. 184], and the inequality 
llwflo ?O _ 1(b - a)"/2jlDwfl0,2, for all w E Wom,2, 11u1loO, <_ c and lluflo,O <_ c, 
where c is given in (3.13). The result now follows by combining these a priori bounds 
with (3.3), (3.6), and (3.12). Q.E.D. 

From the Rayleigh-Ritz and triangle inequalities and the preceding result, we 
have 

THEOREM 3.4. If (3.1)-(3.7) hold and S S(E, A, z) n Worn2 then 

(4 D'(u - uS)l0 2 ' I1D'(u - 9u)110,2 + ( ) A _ M(c) 

Ilu- gU10,2, 0 < j < m 
and 

fID'(u - us) o,., < 11D'(u - 9u)l1 X, + 1 (b-a)rin1/2 'A1 M(c) 
(3.15) 2 

rn- 

Ilu -b?|Q gul 0 O < j < M -I, 
for all A F (P and m - 1 < z < 2m - 2, where the constant c is given by (3.13) and 
M(c) by (3.6). 

We remark that as was done in the Corollary to Theorem 3.2, we can now com- 
bine the results of Theorem 3.3 with those of Section 1 to obtain specific error 
bounds. We leave the details to the reader. 

As in [3], [4], [7], and [9], one expects that more accurate Rayleigh-Ritz-Galerkin 
approximations are possible if the solution u is particularly smooth, i.e., Diu exists 
for some j > 2m and if we use a "spline-type" space of "higher degree" than 
S(E, A, z). We now generalize and simplify the construction and proofs of [7] and 
[9]. 

For each positive integer, t, we consider the differential operator 
m 

(3.16) Et[u] D ?2t[pj(x)Di?2tu(x)] 
3=0 

From inequality (3.3), we have that 
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rb m 

JIDm+2tW1o 0,2 
< 72 E pj(x)[D j+2 tw (x) ] 2dx y2e t(w, W) 

aj=O0=y 

for all w E Wom+2t,2. Thus, following Section 1, we may define the space S(Et, A, z) 
C Wm+2t,2, for all A E (P and m + 2t - 1 ? z < 2m + 2t - 2. 

THEOREM 3.5. If (3.1)-(3.7) hold and S D2tS(Et, A, z) n Wom,22 then there 
exists a positive constant, K, such that 

(3.17) IDj(u- Us) 11 0, 2 < KJD j+2t(gy -) 1y 0,2, 0 ? j < m 

and 

(3.18) 1Dj(u - us)[loso _ K DDj+2t(gy -Y)1Io. 0 ? j ? m - I , 

where 

r x 2t rX2 

y(x) fJa u(xi)dxidX2 ... dX2 t-Yr(u) 

and g is the interpolation mapping into S(Et, A, z), for all A E (E , m + 2t - 1 ? 
z ? 2m + 2t - 2. 

Proof. We prove only (3.17) as the proof of (3.18) is essentially identical. As in 
Theorem 3.4, it suffices to show that there exists a positive constant, K, such that 

IlDm(us - D2 tgy) 11 0,2 < Ki|D2 t (y -Y) 11 0y,2 

As in the proof of Theorem 3.3, 

(1 - A. )e (D2 tgy _ us, D2 tgy _ uS) 

rb 

< e(D2tgy - us, D2 tgy - uS) - f (D2tgy - uS)2dx 

rb 

< e(D2 tgy, D2 tgy - us) - f (x, D2 tgy) (D2 tgy - us)dx 
a 

=et (gy, gy _ (us)) -J (x, D 2 tgy) (D 2 tgy - us)dx 

=et (y, gy -(us)) - 
f (x, D 2ty) (D 

2 
ty us) dx 

rb 
= fb [f(, D2 ty) f(x D2 tgy) ] (D2 tgy _ us)dx. 

a 

Applying the triangle inequality and (3.4), we have 

A1/2 

e1/2 (D2tiy - us, D2ttgy - us)) A jf(x, D2ty) - f(x, D2tgy) 110,2 

The required result follows in the same way as the Corollary to Theorem 3.3, since 
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JD2 t9yjo, < 0 ID2 2 
D2tgyII0o00 + ID2 ty1II 000 

1 (b a)m-i/2 IIDm+2t(y 2-y)I,2 ? ID2yI o,0 

< (b-a)ml/2Y et1D2(y _ Y 1y - 2jy) + IjD2tY11o,00 
27r 

<(b - 
a)rnl/2yflo 

2< ni et 1(y, y) + JIDtyo, 

by Theorem 2.2. Q.E.D. 
We now state an analogue of part (i) of the Corollary of Theorem 3.2 to illustrate 

the power of the result of Theorem 3.5. The details of the analogues of the other 
parts of the Corollary of Theorem 3.2 are similar and are left to the reader. 

COROLLARY. Let (3.1)-(3.7) hold and S = D2tS(Et, A, z) n WOrn2. If u ? 
W2m+2t,2 then there exists a positive constant, K, such that 

llu - USj 2 < K(()2m+r2t-ji U112m+2t,2 0 _ j _ m 

and 

llu - usjj,. < K(2)2nm+2t-jl/2fl U12 rn?2t,,2 0 < j? m 

Proof. Since y = M(u) E W2m+4t,2, the results follow from Theorems 2.5, 2.7, 
and 3.5. Q.E.D. 

Finally, we make some remarks about the use of subspaces formed from low- 
order perturbations of the differential operator E. If we wish to solve (3.1)-(3.2) 
and E[u] =_ Eso Dj[qj(x)Dju] is such that qj(x) = pj(x), 1 ? j < m, and qo(x) 
is such that there exists a q > 0 such that 

rb m 
jjDmWjO0 2 712 j E qj (x) [D jw (x) ]2dx for all w C Wom,2 

a j=O 

then we rewrite (3. 1) as 

(3.19) E[u] f(x, u) + E[u] - E[u] _ g(x, u). 

It is easy to verify that if S is a finite-dimensional subspace of Wom,2, then the 
Rayleigh-Ritz-Galerkin equations for S for the problem (3.19)-(3.2) are identical 
to those for the problem (3.1)-(3.2). Hence, if we use a subspace of the form S =- 

D2tS(Et, A, z) n Wor,2 for some t > 0, A E P, and m - 1 ? z < 2m - 2, the 
preceding analysis applies. The details are left to the reader. 
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