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On the Construction of Gaussian Quadrature
Rules from Modified Moments *

By Walter Gautschi

Abstract. Given a weight function w(x) on (a, ff), and a system of polynomials {p,(x)}i%,,
with degree p,(x) = k, we consider the problem of constructing Gaussian quadrature rules
P fx)ox)dx = Yr_, A" f(E™) from “modified moments” v, = {#p,(x)w(x)dx. Classical
procedures take p(x) = x*, but suffer from progressive ill-conditioning as n increases. A
more recent procedure, due to Sack and Donovan, takes for {p,(x)} a system of (classical)
orthogonal polynomials. The problem is then remarkably well-conditioned, at least for
finite intervals [, f]. In support of this observation, we obtain upper bounds for the respec-
tive asymptotic condition number. In special cases, these bounds grow like a fixed power of
n. We also derive an algorithm for solving the problem considered, which generalizes one
due to Golub and Welsch. Finally, some numerical examples are presented.

1. Introduction. Let w(x) be a weight function on the (finite or infinite) interval
(o, B), i.e., measurable and nonnegative on (a, f), with all moments

B
(1) U = j xfo(x)dx, k=0,1,2,...,

finite and p, > 0. Given a set {p(x)};>, of polynomials, with degree p, = k, we
call

(1.2) Ve = J‘ﬂ Pu(x)w(x) dx, k=0,1,2,...

a
the modified moments of w. Clearly, v, = , if p(x) = x*.
A Gaussian quadrature rule associated with the weight function w is a functional

(1.3) Gof = 3 AP (&),

r=1

which has the property that

#
(1.4) G.f =f fXw(x) dx, all fePy,_,,

where P,,_, is the class of polynomials of degree < 2n — 1. As is well known, G,
exists uniquely for each n = 1,2,3,. ... In fact, the abscissas £ are the zeros of m,(x),
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246 WALTER GAUTSCHI

(1.5) T (&™) = 0, r=12...,n

where {m(x)}i%, is the system of orthonormal polynomials belonging to the weight
function w,

B
(1.6) degree m, = k, j T (X)m(x)w(x) dx = §,, 1
. = r=s.

The weights A", too, can be expressed in terms of these polynomials, e.g., by

(L.7) = (Z [nk(é‘,”’)]2>_l, r=12...,n,
k=0

showing that A > 0.

The problem we want to consider is the computation of the functional G, (i.e., the
computation of the abscissas ¢™ and weights A™), given the modified moments v,.
In view of (1.5), (1.7), the problem may be considered as solved, once the orthonormal
polynomials {m,} have been obtained accurately.

We note, incidentally, that these polynomials are also useful for the construction
of rules

(13~ G.f =201 + Y AP fE™),
r=2
where £ is an arbitrary real number with n,_,(¢) # 0, and

1.4~ G.f = Jﬂ SXw(x)dx, all feP,,_,.

The abscissas &, r > 2, are then in fact the zeros (other than ¢&) of
(IS)N lP"(X) = n,,_l(f)n,,(x) - nn(é)nn—l(x)a

while the weights A", r = 1,2, ..., n, are still given by the expression on the right
of (1.7), if & is replaced by &™ and & = ¢ [2, Sections 1.3-4].

The problem stated, in the special case py(x) = x*, is classical, and a number of
methods are known for its solution. However, the problem becomes increasingly ill-
conditioned as n increases, as we have shown in [6]. In order to obtain high-order
Gaussian quadrature rules in this manner, it is therefore necessary to resort to
multiple-precision computations. Alternatively, more elaborate procedures may be
used, such as the one in [6], which do not rely on the moments g, .

The general problem was considered recently by Sack and Donovan [12], in the
case of polynomials {p,} satisfying a recurrence relation

(18) xpj(x) = apjs1(x) + byp; (x) + cjpj_y(x),  j=0,1,2,...3 p-1(x) =0,

with known coefficients a; # 0, b;, ¢;. If {p,} are themselves orthogonal polynomials
(e.g., Legendre polynomials, or Chebyshev polynomials of the first and second kind),
and (x, f) is a finite interval, the results reported in [12] suggest that the problem is
now remarkably well-conditioned. This new approach is therefore a useful alternative
to the procedures mentioned above, in cases where the modified moments are accu-
rately computable.
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It seems worthwhile; therefore, to investigate the condition of the general problem
in the case of polynomials {p,} which are orthogonal with respect to some other
weight function w(x) on the interval (a, b) [not necessarily equal to (x, B,

b

(1.9) degree p, = k, j pAX)p(x)w(x) dx = 0 (r # s).
Such polynomials always satisfy a recurrence relation of the form (1.8). In Section 2
we obtain upper bounds for the condition number of this problem, relative to both
finite and infinite intervals (a, b). Asymptotic estimates of the condition number are
given in Section 3 for certain classical weight functions on the interval [—1, 1].
Rather strikingly, these estimates grow only like a fixed power of n. The condition
is less favorable, in general, if the interval (a, B) is infinite. In Section 4 we then derive
an algorithm for solving the problem under study. The algorithm reduces to one
given by Golub and Welsch [8] for the case p(x) = x* and is similar (although not
identical) to the algorithm of Sack and Donovan [12]. Some numerical examples are
presented in Section 5. In particular, we obtain Gaussian quadrature rules G, for
n = 1(1)8, 16, 32, relative to the weight functions

1 08

w(x) = —<1 + C,

5 in mnx), m = 1(1)12,

on [—1, 1]. Tables of the respective Gaussian abscissas and weights may be found on

the microfiche card attached to this issue.

2. Condition of the Problem. In studying the condition of our problem, it is con-
venient to consider normalized modified moments as defined by

B
(2.1 U, = hy 12 f pi(x)w(x) dx, k=012,...,
where
b
22) h, = f PE(x)w(x) dx.

The normalized moments 7, are invariant under different normalizations of the
orthogonal polynomials {p,}.

The problem stated in Section 1 is then equivalent to solving the system of 2n
(nonlinear) algebraic equations

(2'3) hk_ll2 Z j"‘pk(ér) = {;k, = 0’ 1, 27 sy 2n - 1,
r=1
for the unknowns 4,, £,. We can write these equations in vector form,
(24) F(y) = ¥,
by letting y" = [4;, ..., 4, &, ..., &1, V7 = [¥o, ¥y, ..., Von1)s FT =

[Fo,Fy,...,Fy_y], and

(2.5) F(y) = hy V2% L&), k=01...,2n— 1

r=1
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In conformity with (1.3), we denote the solution of (2.4) by
(2.6) v§ = [AP, .. A0 &, Em
Given a vector norm | - |, and an associated matrix norm, we may define, as in
[6], a (relative) asymptotic condition number K, for the problem (2.4), viz.
\
@ 0 = 1 IR 0]
1yl

where F(y) denotes the Jacobian matrix of F(y). An elementary computation shows
that

(238) F(yo) = HEA,

where

(29) H = diag(hg /2, h7 2, ..., h3,13), A =diag(l,...,1,4,,..., 4,)
are diagonal matrices, and

Po€1) =+ PolE)  Po(Ey) -+ POl
(2.10) = = (Y IREER 21 (<% B 21 (<) IR 1 ()

ATy

Pan-1(80) - P2n-1(E) Pan-i(Ey) o Pou (&)

(For simplicity, we have written ¢, for &, and 4, for A" in (2.9), (2.10).) Therefore,

@i 0 S kA I
1yol
For the following, it turns out to be convenient to work with the L,-norm
2n-1
(212) ”y”l = Z |yk|’ yT = [yO’yl,"'ayZn—l]'
k=0

THEOREM 2.1. Let [a, b] be a finite interval. With {l,(x)}5_, denoting the Lagrange
interpolation polynomials associated with the abscissas {£™)"

r=1-»
noox =& 7,(x)

2.13 Lix) = = )
@13 ) VJIH &P — & m(EPNx — EP)
let
b n
(2.14) L, = f Y B(x)w(x) dx,
a A=1
(2.15) 0, = max |[;}(EP).
12Asn
Let, furthermore,
b
(2.16) M, = max |p(x), h, = J pa(x)w(x) dx,
asxsh a

(2.17) Ay = max{l¢P — x[:a S x < b i=1,2.. n.



THE CONSTRUCTION OF GAUSSIAN QUADRATURE RULES 249

Then, using the L,-norm (2.12) in (2.7), we have

@.19) e S RO,

where

(2.19%) k" = max(1, 1/min A")[1 + (20, + I)An]/(ﬂo + i |§‘r"),> ,

(2.19%) kP = max (M, /h)?), \ -
0sps2n-1

(219%) 1P = L[],

Remarks. 1. The quantity '’ depends only on the weight function w(x), the quan-
tity k(2 only on w(x), while k!’ depends on both w(x) and w(x).

2. Normally, [«, 8] = [a, b], in which case A, = b — a.

Proof of Theorem?2.1. The key issue in the proof is a bound on thenorm of 2~ 'H
We first determine =~ ! explicitly.

-1

Let
(2.20) Py(x) = BEI[1 — 26,E9)x — <)l
(2.21) Qi(x) = B)(x — &)

denote the fundamental Hermite interpolation polynomials belonging to the abscissas
{EMY. Let

2n—-1 2n—1

(2.22) Pix)= ¥ auplx) Q)= ¥ bunx).

u=0

Then, as in [4], one shows that

(2.23) El = [g], A =[a,], B=[by]

By the orthogonality of {p,(x)}, one obtains from (2.22)

[ L[
G = 3 P (x)p (x)w(x) dx, b,, = —J Q.(x)p,(x)w(x) dx,

u Ja hua

or, in view of (2.20), (2.21),

1 1
(2.24) Qu = h (“Ap - 2551")ﬂ1u)’ bzu = h .Bz,“

u u
where
(2.25) s = (g,
and

b b

(226) «a,, = j BXp,ow(x)dx, B, = f Bx)p (xNx — EP)w(x) dx.

We are now in a position to bound the norm of Z~'H~'. From (2.26), we have
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" n b
227 Yol = Y j B(x)|px)|w(x)dx £ M,L,,
A=1 A=1 Ja
n n b
02®) TPy j Bl o] [ — EPwix) dx < M, AL,
A=1 A=1 Ja
Therefore, by (2.24),
n M n
% land S 520 + 28,00, ¥ [bul 5 3 M “ALL,
i=1 hu A= u
Consequently,
(2.29) IE-tH Y, £[1 + Qo, + DAL, max M/}

Osus2n—1

The theorem now follows from (2.11) and (2.29), by observing that

(230) Iyols = X @2 + &7 = mo + T 1&7)
r=1 r=1

and

(2.31) A=Y, = max(1, 1/min A™).

The following theorem is not restricted to finite intervals [a, b].
THEOREM 2.2. Let (a, b) be a finite or infinite interval. In addition to the notations of

Theorem 2.1, let
n 2
L,, = J‘ [Z ;.(x)] w(x) dx,

2
L,, = J I:Z Bx)x — f(,{"[l w(x) dx.

Then, using the L,-norm (2.12) in (2.7), we have
(2.33) ky < kDK,

where

(2.32)

max(1, 1/min A™)
Ho + Y=y &M 7
(2.35) k@ = (L2 + (1 + 20,)L3)|9],-

Proof. The proof is virtually the same as that for Theorem 2.1, except that the sums
in (2.27), (2.28) are estimated differently, using Schwarz’s inequality:

(2.34) kD =

n b n
S Joal gj S E0olp, (o) dx
A=1 a A=1

’ S 2 b 1/2
< {J‘ [Z l%(x)] w(x) de‘ p2(x)w(x) dx} = RU2LY2,
a lLi=1 .
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n b n
S Il < f S Bolx — Elip,(ow(x) dx
A=1 a

A=1

’ ; 2 b 1/2
= {J [ L, ok - 5&")] W dxj PA(xX)W(x) dx} = h2LY3,
a La=1 .

Hence, as previously,
[ET'H Y, £ Ly + (1 + 20,)L,3,

and Theoiem 2.2 follows from (2.11), (2.30), and (2.31).

For infinite intervals («, §) the bounds in (2.18) and (2.33) are likely to be very large,
even for only moderately large n, on account of the smallness of min A”. Severe ill-
conditioning, in such cases, is therefore a potential hazard. Example (iii) of Section 5
illustrates this point.

3. Asymptotic Estimates of Condition Number. We illustrate Theorem 2.1 of the
previous section by considering some special (classical) weight functions. We use the
notation

a, ~b, as n—- o

to express the fact that |a,/b,| remains between positive bounds not depending on n,
asn — o0,

THEOREM 3.1. Let [a,b] = [o, f] = [—1, 1].

(@ If wx) =1 — x3?, -1 <a=<0, then kK < &Y, where k1 ~ n?**? as
n— 0.

®) If wix) =1 — x1 + x), a«> —1, B> —1, then, as n— oo, k2 ~
nti2 if g > —4 and kP X 1 if g < —1, where q = max(a, p).

(© If o(x) = w(x), then k& = p3/2.

@ If ox)=(0-x¥) —1<a=0, and wx) = (1 — x?*, Bz —3, then
K> < &3 where,as n —» o0, k3 <~ nf*32 if o #£ 0, and &P ~ AR if o = 0.%*

Proof. (a) The polynomials m,(x), in this case, are the ultraspherical polynomials
P®¥(x), properly normalized. We assume the zeros &, = &™ of P®*(x) numbered in
decreasing order,

(3.1 1>¢6 >8> >¢ > -1

They are symmetrically distributed with respect to the origin, ie,, £, = —&p41-,-
It is known [14, p. 121] that for |o| < 3,

(3.2) cos<r T >§é,§cos(r—%>z, r=12,...,[n2]

n+1 n
From this one obtains by an elementary computation

T " 1
LI T P —
nrn = ,; 14 sin(n/2n)

It follows that 7_, |&| ~ n, and therefore

I\

**The result in the case « = 0 could be sharpened to read k' <~ nf*5/2In’n. See footnote ***.
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(33) to + Y |&| <~ n asn— oo.
r=1
For the corresponding Christoffel numbers A" we have [14, p. 350] min A" =
AP, whenever o > —1. (Note that for « = —1 all A are equal to n/n.) Moreover
[14, p. 350], A" & n~2*72, Therefore,
(3.4 max(1, 1/min A") <~ n?2*2 asn - oo.

In order to estimate g, in (2.15), we recall (see, e.g., [11, p. 63]) that for « < 0,

(3.5) v(x) >|a|] on—-1<x<1,
where
vix) = 1 = 2L,E)x — &)

We distinguish two cases, depending on whether [3(£;) = 0 or I%(&;) < 0. In the
first case we let x = 1 in (3.5), and obtain

1 — o
l’ < .
|).(é).)l 2(1 _ é).)
Using (3.1) and (3.2), we get
, 1 — | 1 — |« 1 — |«
< =
(&l < 21 — &) = 2(1 — cos(n/2n)) 4 sin*(n/4n)’
In the second case we let x = —1 in (3.5) and obtain by a similar reasoning
, 1 —|a 1 —|a 1 —|a
|l).(€).)| < | | < | | < | |

20 + &) = 2(1 + &) = 4sin*(n/dn)”

Thus, in either case,

, 1 —|o|
|la(fa)| < 4sm2—(1t/4n) s
and it follows that
(3.6) 6, = max |l[)(¢)| £ 6,, G, ~n* asn-— .
A

Combining (3.3), (3.4), and (3.6) gives the desired result.
(b) With p,(x) = PP(x), and g = max(a, f), we have for the quantity M, in
(2.16) [14, p. 166]

p+qg+1) | .
3.7 = ~ Yyl f > _l,
e PRI
and
(3.8) M, < p~1? ifg < —L

Since
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Fp+a+ DI+ B+ 1) ]"2 12

1/2 _ ~latp+1)/2
=2 [(2;¢+a+ﬂ+l)l"(;z+1)l"(;t+a+ﬂ+l)

(3.9
u— 0,
the assertion follows.
(c) Since w(x) = w(x), we have L, = p, (see, e.g, [11, p. 52]), and ¥, = /o,
¥, =0 for k > 0, giving k> = ud/? as asserted.
(d) In the ultraspherical case w(x) = (1 — x?)*, —1 < a < 0, it is known that
[14, Problems 58, 60]

n 1 n 1
P € — (=1 2x) < -
xgl i(x) = [ (-1 <a<0), a; lilx) = tan?(37/42n + 1)) (@ = 0),
uniformly on [ — 1, 1]. Therefore,
L,=mgy/ | (-1 <a<0),
(3-10) L, <L,
3n

L, = mgy/tan? (@ = 0),

42n + 1)
where my = L, w(x) dx. In particular***,

L,~1 (-1 <a<0),
.~ n?  (a=0).

From (3.7), (3.9) (with@ = § = g) one finds by a simple computation that M,/h;"
is an increasing function of k, if B > —4, and constant (for k > 0) equal to 2/\/m,
if B = —3%. Therefore,

(3.11)

™~

2n—-1 2n—-1

"‘7“1 = Z |§k| = Mo Z My/hi? < ”OanZn—l/h%nz—la
k=0 k=0
and using the asymptotic estimates in (3.7) and (3.9),

(3.12) 91, < Noy N, ~ nf*302

The desired result now follows from (3.10)—(3.12). Theorem 3.1 is proved.

As an example, suppose we generate the Gaussian rule G, associated with the
ultraspherical weight function (1 — x2)%, —4 < a < 0, using as {p,} the ultraspheri-
cal polynomials with parameter f, —3 < B < 0. Then Theorem 3.1, together with
(2.18), tells us that the associated condition number x, satisfies k, < k,, Where,
as n — oo,

, ~ n2@rhrS if g % 0and a # B,
], ~ n2b+7 ifo =0and g # 0,

" ~ n3a+7/2 ifoa = B

&l

&l

***In the case « = 0, the sharper estimate L, < L¥, L* < nin%n could be obtained by using an
estimate for Y., |/,(x)|, due to G. I. Natanson [10], in conjunction with the inequality Y., I}(x) £
=1 LD
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Theorem 3.1, and the example just given, are presented here for the sole purpose of
illustrating the magnitude of the condition number for the problem considered. It is
not suggested that for such classical weight functions Gaussian quadrature rules be
constructed from modified moments, since the respective orthogonal polynomials
are explicitly known.

In practice, w(x) being given, we have no control over x{. However, we may
influence the magnitude of x{?, and to some extent that of k{>), by an appropriate
choice of the polynomials {p,}. In this connection, part (b) of Theorem 3.1 suggests
the Chebyshev polynomials of the first kind, p,(x) = T\(x), as both convenient and
well-conditioned. With this choice, in fact, ¥ = (2/n)!/2.

4. An Algorithm for Generating Orthonormal Polynomials. We now derive an al-
go_rithm for generating the orthonormal polynomials {m,(x)};-, of (1.6), given a set
of polynomials {p,(x)} (orthogonal or not), satisfying the recurrence relation

xpl(x)7l= ajpj.'.l(x) + bjpj(x) + ijj_l(x), j = O, 1, 2, cee ;

p-1(x) =0, a; #0,

and given the associated modified moments {v,}2", of (1.2). Our aim is toward deter-
mining the coefficients «;, f; (j = 0,1,2,...,n — 1) in the recurrence relation

4.1)

(4.2) xmj(x) = ojmjyq(x) + Bjm;(x) + oj_ym;_y(x), j=0,1,2,...; =_4(x)=0.
We denote by

s
(f,9) = J f(X)g(x)(x) dx

the inner product with respect to which the 7,(x) are orthonormal. Let M = [m;;] be
the Gram matrix of order n + 1, ie.,

4.3) m;; = (p;, p)) i,j=0,1,...,n).
Clearly, M is positive-definite. Let

(@.4) M =R'R, R =[r]

be the Cholesky decomposition of M, and

4.5) S=R"Y S=[s]

Both R and S are upper triangular matrices with positive diagonal elements. By an
observation of Mysovskih [9],

4.6) Ti(X) = So;Po(X) + 81;p1(x) + -+ + s;pi(x),  j=0,1,...,n
Substituting (4.6) into (4.2), we can write
X[Sopo + - + 8210501 + s5;p,]
= o[So,j+1P0 + - + ;4 1P; + Si+1,j+1Pj+1] + Bilsoipo + -+ + s;0)]
+ o 1[Soj-1P0 + -+ + i1, j—1Pj—1]-
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Each term on the left, in view of (4.1), can be expressed as a linear combination of
p’s. Having done this, coefficients of equal p’s must agree on both sides, because of
the linear independence of the system {p,(x)}. In particular, comparing the coefficients
of p;,, and p;, one gets

i = %Sjarjets  Siby+ Simq im0 = asi e + Bsy
from which
S:. S S. .
— JJ _ _ Jit1 Ji—1,j
aj_s~ aj, B; = b; T a; + p aj_y.
j+1,j+1 j+1,j+1 Jjj
Since
1 .
S_IJ=—— (]=0,1,...,n),
T
r..
_ Js +1 s _
sj,j+1 - . (’ _Oa 1,...," l)a
Fiffj+1,j+1
one finally obtains
r. .
aj — j+1,j+1 ajs
Tii )
4.7) j=0,1,...,n— L
r.. r. .
_ Jit1 i—=1,j
B;i=b; + S = aj_y,
Ji ji—Lj-1

For j =0,r_,, is to be interpreted as zero, and r_; _, as an arbitrary nonzero
number.

We note that the formulas (4.7) reduce to those of Golub and Welsch [8],if a; = 1,
b; =c; =0, ie, p(x) = x* Also, of course, M =R =1, and thus «; = a;,
Bj = bj, if pulx) = m(x).

Once the Gram matrix M is known, the desired coefficients a;, f; can thus be ob-
tained from (4.7) by a Cholesky decomposition of M.

The Gram matrix M, on the other hand, can be built up from the modified mo-
ments v; in the following manner. Applying the recursion (4.1) twice, one has

1
m;j = (i, pj) = (a—_l [(x = b )piy — cim1pi-2], Pj)

1
=4 [(xpi-lapj) = bi_1(pi-1» pj) — ¢i—1(pi-2, Pj)]

i—1

1
= a.__l pi-1. xp)) — bi—1(Pi-1, ) = €i=1(pi-2, p))]

1
= T_: La;(pi-1, Pi+1) + bj(pi-1, ) + ¢;j(pio1, Pj-y) — bi—1(pi-1,p))

= ¢i—1(Pi-2, Pj)],
that is,
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48) my; = a—l_ [am;_y joq + (b; — bi_Im_y j + cmi_yjoy — CimiMi— 5 5]
i-1

Since

(49) m_,;= 0, Mmy; = PoV; (] =0,1,...,2n),

we have in (4.8) a recursive scheme to progressively build up the matrix M, using (4.9)
as initial values.

The involvement of v,, in (4.9) may appear puzzling at first, the Gaussian rule G,
being determined uniquely by the first 2n modified moments v;,j = 0,1,2,...,2n — 1.
Actually, the role of v,, is just that of normalizing 7,(x), and its value affects neither
& nor A", in view of (1.5), (1.7).

The algorithm presented here does not compare favorably with the algorithm of
Sack and Donovan [12] in terms of speed and storage requirements. Our derivation,
however, appears to us more transparent than the derivation given in [12].

5. Numerical Examples. All computations described in this section were carried
out on the CDC 6500 computer in single precision arithmetic.

(1) We repeat and extend some of the experiments reported by Sack and Donovan
[12]. For py(x) we choose in turn x*, (1 + x)¥, P,(x), T\(x), U(x), where P,, T,, U,
denote, respectively, the Legendre polynomial, and the Chebyshev polynomials of
the first and second kind. We apply the algorithm of Section 4 to produce the coeffi-
cients «,, f,, r =0, 1,..., n — 1, in the recurrence relation for the normalized
Legendre and Chebyshev polynomials, making use of the appropriate modified mo-
ments shown in Table 1. (Notations: 2n)!! = 2-4---(2n), 2n + D! =1-3-5-..
2n+ 1), 00 =(=D!" =1 (=3 = —1)

TABLE 1. Modified moments v .

(x) 2y-1/2 212
pu(x) 1 (1-x?) (1-x%)
xk k even 2/(k+1) (k—=D)!a/k! k—D"r/(k+2)"!
k odd 0 0 0
(14+x) 24k +1) 252k — )"r/2k) ! k+ D!'n/(k+2)!
P(x) k even (k")2m/(k!)* — (k=11 =3)! /(K (k+2)!1)
k odd 0 0
T(x) keven —2/((k+1)k—1)) n/2 (k=0)
—n/4 (k=2)
k odd 0 0 (otherwise)
Ux) keven 2/(k+1) n
k odd 0 0

For the first two choices of p(x), as is to be expected, the Gram matrix M becomes
increasingly ill-conditioned with n increasing, and the Cholesky decomposition of M
eventually breaks down on taking the square root of a negative number. Prior to this,
the errors in a, and B, steadily increase, except for B, in the first case [Pd(x) = x*],
where the algorithm consistently returns the correct value g, = 0. Sample values of
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errors are shown in Table 2 for the case w(x) = 1. The Cholesky decomposition, in

this case, fails at n = 23 and n = 12, respectively. The situation is very similar for
the other two weight functions.

TABLE 2. Errors in the recursion coefficients for normalized

Legendre polynomials.
pux) = x* pulx) = (1 + x)*
error in a, error in a, error in §,
r= 35 19 x 10712 1.8 x 1078 1.1 x 1078
10 53 x 107° 23 x 1072 1.0 x 1071
15 19 x 1073 — —
20 25 x 1072 — —

25 — — —

No problems of any kind are encountered for the remaining three choices of p,(x),
even going with n as high as 100. The coefficients «,, B, are obtained essentially to
‘machine accuracy, the largest error observed being 7.1 x 10~ 14,
(ii) Weight functions of interest in Fourier analysis are w(x) = c,(x), and w(x) =
S.(x), where

(5.1) cn(x) = Y1 + cos mnx),

1<x<1 —
Sm(x) = 3(1 + sin mnx), l=x=1; m=012....

Writing Fourier coefficients in the form [15]

% J‘n f(x)cos mx dx = J‘l f(mx)c,(x) dx — Jl f(mx)se(x) dx,
T -1 1"

(5.2

2i jn f(x)sin mx dx = Jl f(@x)s,(x) dx — Jl f(mx)se(x) dx,
T -1 -1

m=1273...,

the first integrals on the right may be calculated by an appropriately weighted Gauss-
ian quadrature rule, and the second integrals by classical Gaussian quadrature. To
the best of our knowledge, no extensive tables exist for Gaussian rules G, associated
with the weight functions (5.1). Admittedly, their usefulness is somewhat limited,
because the set of points at which f must be evaluated differs from one Fourier co-
efficient to another.

Our algorithm of Section 4 may be used to generate the required orthonormal
polynomials. It is convenient to use it with p,(x) = P,(x), since the modified moments
can then be expressed in terms of spherical Bessel functions. In fact, using [1, p. 122]
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1 . 2 1/2
j exmnxpk(x) dx = ik <%) Jk+ 1/2(m11')a

we obtain in the cosine-case

1
63 vo=L va= S Siamm) (> 0, v =0 (20,

and in the sine-case
( _ 1)k+ 1

54) vo=1 vy, = T

Jok-12(mn) (k> 0), vy =0 (k> 0)

To compute the Bessel functions in (5.3), (5.4), we use the procedure Japlusnt of
[5], and the Gaussian abscissas and weights have been obtained using the relevant
portions (both sequential and nonsequential) of Algorithm 331 [7]. The results are
checked by having the quadrature rules regenerate the modified moments.

Table 3 of the microfiche section gives 12D values of é™, n&™, A" for the Gaussian
rule (1.3) associated with w(x) = c,(x), for n = 1(1)8, 16, 32, m = 1(1)12. (Because
of symmetry, only the nonnegative abscissas and corresponding weights are listed.)
Table 4 contains the analogous information for w(x) = s,(x), m = 0(1)12.

(iii) To give an example for an infinite interval, we consider the “one-sided”
Gauss-Hermite quadrature rules (1.3) corresponding to w(x) = e™*" on [0, o).
Tables for such rules were recently published in [13], [3]. It seems natural, in this
case, to choose p,(x) = H,(x), the Hermite polynomials orthogonal with respect to
w(x) on (— oo, o). Then clearly, 4

(5.5) vo = /7/2, v =0 (k > 0).
To compute v,, ,, we start from the explicit representation
. 2k + IN@D o ok 1-2e
H2k+1(x)=r§0(_l) ( 2 )Wz X ’

Multiplying both sides by e™*", and integrating between 0 and oo, we obtain, in
view of [ e ¥ xZ* 12 gx = Lk — r)!,

s = [ e ax = 3 o () P

r
0 r=0 2

or, after simplification,

k k k
(56  vme= YW =21y [] @) [] @+
r=0 i=r+1 i=k-r+1

Each s being an integer, the sum in (5.6) can be evaluated in integer arithmetic
without loss of accuracy, as long as no overflow occurs. Even so, however, it is found
that the Gauss abscissas and weights obtained by our algorithm gradually deteriorate

+ This procedure calls the gamma function (1 + a). Sincea = 1/2in our application, we have replaced
“gamma(l + a)” by its numerical value /n/2 = .88622692545276 in the procedure body.
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inaccuracy. For n = 6, for example, only 9-11 correct significant digits are obtained,
while for n = 12 only the first 2—4 significant digits are correct. It is believed that
this deterioration of accuracy is a reflection of the progressive ill-conditioning of
our problem. The quantity min A", in fact, is about 9.8 x 107° for n = 6, and
1.2 x 107 for n = 12, resulting in a value of k{!’ in (2.34) of the order 10* and
101, respectively.

Note Added in Proof. A substantially greater loss of accuracy is observed in
Example (iii) if for p,(x) one chooses the Laguerre polynomials L,(x) instead of the
Hermite polynomials H,(x). It is found that the Cholesky decomposition (4.4), in
this case, breaks down for n = 7, and the final results for n = 6 are correct to only
3 decimal digits (using single precision arithmetic on the CDC 6500).

It is instructive to compare the condition number «, for these two choices of the
polynomials p,(x) on the basis of Theorem 2.2. The constant k{" in (2.34) being the
same for both choices of p,, it suffices to compare k(¥ in (2.35). Using the Gauss
abscissas published in [3] to compute the Lagrange polynomials /,(x), the quantities
L,,and L, , in (2.32) may be evaluated by 2n-point Hermite quadrature (if p, = H,)
and by 2n-point Gauss-Laguerre quadrature (if p, = L,). This will give L, , exactly
(apart from rounding errors), and L, , at least approximately. For n = 6, one obtains

L,, =325 x 10! L., =380 x 10'"  (p, = H,),
L., =172 x 10*°, L,, =842 x 102!  (p, = L,).

Since ||, is of comparable magnitude in both cases (approximately .808 for p, = H,,
and 1.84 for p, = L,), one concludes that k{?) has the order of magnitude 10° in the
case of Hermite polynomials, but the order of magnitude 10!! in the case of Laguerre
polynomials.

Purdue University
Lafayette, Indiana 47907
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Table 3.

Gaussian quadrature
g (n)
r

«000000000000
+361512055191

«000000000000
«860779327689

0242290209930
681364289029

0610105498279
0799194449848

0183721448624

0829916931548
+R12033723745

000000000000
0324306172198
617765403920
«R49406026777

+168390008411
+43344888048)
683749626062
076748130216

| —

1
! {l+ecosmrx) f(x)dxs )
-1

w(in)

0.000000000000
1.138723616773

0.,000000000000
1.701740216060

0.761051479847
2.1%08690440832

0.,000000000000

1,200304411166
2.308079706289

0.577177943078

1.664703139)6¢
2.55107910090%

0.,000000000000
1.0190263083816
1.9%0767280896
2.66040086107)

0,466058124017
1.3617094813¢9
2.148062004802
2.794308404939

n
-

r=1

e (M)
,(n)
Tr

1000000000000
0¢500000000000

00584413360684
0207793319673

00411229351716
00088770640202

00420161624100

00249 86
0:0e0630801 002

00334430204681

00145876763064)
00019982969006

00329818383616
002393437799¢7
00008408420137
0001049052400
00163987480

0408116497839
00005020849310
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k ¥4

(n)
E1"

«086Lyy211Y68
2503 8247
«40977 6<CS
«5580933894859
«69108699472%2
A04746393857
+R95%5098110064
«960359B£§38B08

0865275317226
0135605466625
«22857461705%8%
311894529900
«396717870395
«478358079017
850146177804
.529437183161
6976182382079
.76009v933a87]18
.R16308692093
165869217887
908219836896
943017403185
«969946885802
088772819785

we (M)
Er

0.20‘522'07351
0,786500008603
1.28735525973¢
1.793301999351
2.171060265404
2.528185358945
2.8135155392]«
3,017809705269

0.1%223660398/
0.4255773153v¢

0,705526Re7610 .

1979845563830V
1.24063289417)0ac¢
1.502806226820
1.747184786%)12
1.9774352309%)6
2.191623047725
2:.30792249914¢
2.564638056674
2.720208373883

2.85325582098Y .

2.902576546050
3.067177006932
3.1063214c20705

, (n)

r

0165102838750
0139517417179
Ce0989)2820495
0057840712770
0026969859849
0¢6093706120673
0¢0020K94R& 660
0000196852824

0090033607260
0085766172189
06077748R1327s
00067102997 79)
0+05495799v%¢52
0042623473279
0003118850943
0¢02164088%4217
0+0136R3337+/97
0000805048379
00004210672 766
06002012143872
0e0U0797411678
000002469826)8
0.00005101459A
0.0V00048T7T0917
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©000000000000
«619672433754

«000000090000
«862902583574

«239081997849
«898703340087

«000000000000
886131898177

2923079926963

«103013716245
« 795028801002
9475718544078

«000000000000
«3223737%90%03
796122608172
«98777928942¢

« 164080744922
«564599847064)
«8293064807%0
+96580190903¢

(n)
'rE,r

0,000000000000
1.9407583685%13

2.710088417319

0.7510002640040
2.823389013407

0.000000000000
1.038106400040

2.09994111722¢

0.51840507069¢
2.371983809699
2.976883001610

0,000000000000
1,01278703486¢
2,501092927769
3.008982379416

0.65!663009172

27‘ 73168)
z.cc 303147824
3.033213706600

y (M

r

0484298625640
0287082107176

0+202258107687
0¢217741812313

0040739301 742¢
0011837917807

0177923913213

00247650804970
00126069100323%
0012.2.03067.5

00333423224440
0¢10379996¢439
0138720230001
0103740190930

0022367769824 1

"";3;."‘171’

0026280
0+0080040160687
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3

La) t
r

.n8le8Y385658
e P830Y8AKU250
« 409949058669
0665132734932
«783513138776
«RT946714v408
«04965128342)
«OY0209504v63

«"48409R89297
«133130418175
«220978292866
307602103453
0393168914504
522652782027
516630246950
«485086909)0%
2749076780736
«RUGT93147107
«A578060623826
«90100]1606255
«9381337729%0
966411207380
1996254710108

991382822034

nt;l(_n_)

N.2560064550106
Ne 7049742308 06
1.28003631 3998
2.08957611372>
2.640)079)12076Y
2.70292753%05¢
2.583617401220
3.1110862347v

0139706260886k e
N.41826154370y
Ne694223784003
0.966360%00530
1.23923940%28¢
1.04196216227y
1.93091 7808494
2.152264000900
2439329413017
2¢5346)1%54249)/
2.6990486336) /
2083309330120/
2.967234106932¢
3,03607034945)
3,0904)085183¢
3,13337084651v

()
r

0el523096660638
0e0B3906R0%733
Ve015249204 786
0¢03177666262)
0006503234n624
0¢07220043R14])
0054605071890
0024799801767

0087169186176
0073765681125
000515%63na873

T 0027761957324

0009296152198
0001524590330
0009230059684
0600236972895
00030272069734
0036747377102 °
0038711406038
0-030507551026
0031166893344
0.023849)14072
00015493787389
000671098278



(n?

«000000000000
557510102820

«000000000000
2713000329835

383H8IES

«000000900000
«8T4464]176778

«R20772342804

«156¢62451017
<640247283941
852056615777

2000900000000

0116563015974
.55839613877)
.768676180386
+89946%897207

Lnd

0.000000000000
1.751469643321

0.000000000000
2.2399565982)8

RO I
0.000000000000

1,8047324317816
2.576532393840

0.,4909]14838940

2011396163709
2.676814804560

0.,000000000000
1.342%63100298
2.176281982119
2.752860002334

0.366256346510
1.754253207386
2.351407269680
2.,8257354854820

L (m)

T

1000000000000
0800000000000

00308899] 7Tpe94
04305700413653

o I81000858128

0307517984741

0226511341328
0:119729666308

0189579342694

00238968864193
0:074451793113

002743000024} 0
0+100049338347
00200235618307
00066560645089

0169204468604
0155906708198
00168682444978
00026206298163
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ﬁ(n)
T

«CT37u0BIVYSS
« 22200038307
.08681 ‘9667l7
«5153289]17463
« 728900720045
«R2T125669237
«9006091623310
+Q08521420707

+NO22Y¥HII9] 206
+12685R447062
«211813974005
«3169308%a763
+439429080877
«515902440445
887679032727
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+ 7755771592761
«AZTTIZ2IBITEI]
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«91342547)1728
046121217122
«971527683572
« 989347939747

o (n)
cl‘

Ne23193708Y21
N.697623176214
1 +53%6480830625
1.933112a0066¢
2.2QU009784cH40
2.59849192607¢
2.84845574c86¢
3.030133e0¥713

0,13268415i458
N,398537565273
N.665433226606¢
0,995667657/5n0
1.38050707800Y
1 ,6€0755339721
1.840248)310886
2.056078311083
2.2953019390N80
2.,430654886/77006
2e 36911692
2¢ 68454387
2.8696107515ac¢
2.972327405115
3,092164233400
3.1081282193%>

L (n)
r

Gel30311077782
NeL3825R37) 39k
0059313931816
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0600127467784
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000497684728
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0001836455096
Ve 0003AT491296
0.00003%14076S
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.000000000000
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515063874341
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e
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0.000000000000
1.8479361082258

-0.000000000000
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0,000000000000
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12000000000000
00500000000000
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GAUSSIAN QUADRATURE FORMULAS FOR THE INTEGRATION

OF OSCILLATING FUNCTIONS

Rovert PIESSERES
University of Leuven, Belgium.

Introduction

A tadle of veights and abscissas for the 2K-point Gaussian

integration formula

-
[ f(x) sinx dx =

-%

N oo

I (v, flx)-v, £(-x.) ] Oex,<n (1)
o1 3 it J

is given for N=1(1)9.

Cal ation of abscipsas and veights

It is eésy to demonstrate that the abscissas xj and veights

'j are given by

. /u.

x; = uj (2)
. s J=1,2,...,8

v, * bj/xj - ' (3)

vhere uj and bj are the abscissas and veights of the N-point
Gaussian quadrature formsula

.2

B
[ %sinJu glu) au = § bj g(uj) (s)
0 J=!

The veight functionlfin/: in (4) is nonnegative on th; inter-
val of integration [ 0 ,#? ] and thus u. and b, can be cal-
culated as is pointed out by Anderson[1] or Gnutlchi[2] . Ve
have used Anderson's rethod. : 4

The cslculations are carried out on the IBM 1620 of the Compu-
ting Centre of the Unxverlxty of j‘uvcn.
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