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Error of the Newton-Cotes and Gauss-Legendre
Quadrature Formulas

By N. S. Kambo

Abstract. It was shown by P. J. Davis that the Newton-Cotes quadrature formula is convergent if
the integrand is an analytic function that is regular in a sufficiently large region of the complex
plane containing the interval of integration. In the present paper, a bound on the error of the
Newton-Cotes quadrature formula for analytic functions is derived. Also the bounds on the
Legendre polynomial and the Legendre function of the second kind are obtained. These bounds
are employed to derive a bound on the error of the Gauss-Legendre quadrature formula for
analytic functions.

1. Introduction. Let zq, 24, ..., z,—; be ndistinct points lying in the complex plane
and let C be a closed contour containing these points in its interior. Suppose that
f(2) is a regular function within C. Let

n—1

() (@) = T1 € = 2)

If now the points z = a and z = b also lie inside C, then, following the method
given in [1, pp. 117-118], we have for any weight function g(t),

b n—1
@ j g(0) f(t) dt = ’;0 Aef (zi) + Ed(f),

where 4o, 4,,..., A, are the weights for interpolating integration at zg, z, ..., Z,—
and

3) E(f) = j / (fo((zz)) Jepdd) dz.
@ 0le) = & J ltlgle) dt.
a z—t

and

o) je = [ 90w dr (k=0,1,...0n-1.

a (t - zk)W:l(Zk)

Here E,(f) designates the error of the n-point interpolating quadrature formula
given by
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b n—1
(6) f g0 f(t) dt = kgo Aicf (zi).

The problem of estimating the error E,(f) for analytic functions is connected with
the estimation of v,(z) and w,(z) on C. In this paper, we shall bound the error of two
special quadrature formulas over the interval [—1, 1] (ie, a = —1, b = +1) with
the weight function g(t) = 1. For the contour C we shall take the ellipse E, in the
complex plane defined by

(7) z=HE+ &Y, E=pe? 0£L60<2m and p > 1.
The ellipse E, has foci at z = + 1 and sum of its semi-axes is p (> 1). Let

AE) =11 f is analytic on [ — 1, 1] and continuable analytically so as to be
D=1 single valued and regular in the closure of the ellipse E,,.

Davis [2] discussed the convergence (as n — o) of the Newton-Cotes quadrature
formula for functions fe A(E,). In fact, it was shown by him that the Newton-Cotes
quadrature formula is convergent provided fe A(E,), where p > 2. Moreover,
as n— oo, the error E,(f) tends to zero with geometric rapidity. In Section 2 we
derive an upper bound on the error |Eyc, (f)| of the Newton-Cotes quadrature formula
given in Theorem 1. For p > 1 + /2, this bound on |Eyc, (f)| converges (as n — o)
to zero with geometric rapidity.

In Section 3 we derive an upper bound on |Q,(z)| and a lower bound on |P,(z)| for
ze E,and p > /2, where P,(z) and Q,(z) are the Legendre polynomial and Legendre
function of the second kind, respectively. Using these bounds, we derive an upper
bound on the error |Eg (f)| of the Gauss-Legendre quadrature formula given in
Theorem 2. This result differs from similar results due to Chawla and Jain, since
this result is a bound, while theirs is an asymptotic bound, i.e., a bound on the first
term of the asymptotic expansion.

2. Error of the Newton-Cotes Quadrature Formula. Newton-Cotes (n + 1)-point
quadrature formula for the integral [*] f(¢) dt is a special case of the nonsymmetric
interpolating quadrature formula (2) when a= —1, b= +1, g(t) = 1, and the
abscissas are given by

®) zZi=xi=—1+2n (i=01,...,n).

The weights A, (known as Cotes numbers) and the error Eyc, () of the Newton-Cotes
quadrature formula are, respectively, given by

©9) zk=f“M k=0,1,...,n)

1 (¢ = XK)Why ()

and

_ 1 [ fQ)Q) dz
(10) Enc,(f) = il e
where

(11) 01() = tnor(2) = 5 j W 1) dx

-1 zZ — X



NEWTON-COTES AND GAUSS-LEGENDRE FORMULAS

and w,, ((x) is defined by (1), with z; given by (8).
2.1 An Upper Bound on Q}X(z).
LEMMA 1. For z€e E,,

& Om
(12) ) =Y —,
m=1 &
where
(13) ok, = J Wy + 1(cos 0) sin m0 do, nm=1273,...
0

and %, is bounded as follows :
(a) Let n = 1 be an odd integer. Then

lok, <0, m even,
(14) <4/3, m=1,
< J2An/4), m > 1,
and
(15) |0¥@)| < 40/3(0* - 1).
(b) Let n = 1 be an even integer. Then

loka <0, modd,

(16) 2 12 12
m 3 1 2
<2|= + <4(=) ,
= 2[18 <4m2 =1 dAm? - 9)] = (105)
and
(17) 10X(2)| < 4/(2/105)(1/(p? — 1)).
Proof. In (11), setting x = cos 6 and z = ¢ + ('), we get
1 [™ w,, (cosB)sin @ do
18 *(z) = — ntl
(18) 0re) =3 L 1= 26 Tcos+ & 2
Following [3, pp. 311--312], we get
(19) SN0 1) 2 icos g+ e-2)t =y SnmO
s m=1 S

263

The last series converges uniformly and absolutely for 0 < 6 < n, and for all
|é] = p > 1. Using (19) in (18), we obtain (12). We now proceed to find bounds for

(20 ok, = [T (cos 6 — xi):l sin m0 do.
Jo Li=o
Proof of (a). Let n be odd, say, n = 2r — 1 (r = 1,2, 3,...). From (20)
fr[r—1
ok, = T (cos?6 — x?):| sin m0 do.
Jo Li=o
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Breaking the range of integration into two intervals, [0, 7/2] and [#/2, 7], we easily get

/2 [r—1
Q1) ok, = [1+ (=1)m+1] [[‘[ (cos20 — x,?)] sin m0 do.
i=0

0

Hence o7, = 0 if m is even. We now bound ¢, for odd integer m. Consider the fol-
lowing two cases.
Case 1. Let m = 1. From (21)

/2
ok < 2J sin30 do = 4/3.
0
Case 2. Let m > 1. (21) yields

/2
ok, < 2 j sin®6|sin m6| d6
0

/2 /2 1/2
<2 [<J sin%0 d()) < J sin20 sin?mf dG)]
(4] (4]

= J2(n/4),

where the second inequality is derived by employing Cauchy’s inequality. This com-
pletes the proof of (14).

Proof of (b). Let n be an even integer, say, n = 2r (r = 1, 2, 3, ...). We have from
(20),

(4] i=05i#r

T 2r
ok, = j [ [T (cos — xi)] cos 0 sin m0 do

r[r—1
= J [l’[ (cos?0 — x?):| cos 0 sin m0 do
i=0

0

0 i=0

/2 [r—1
=[1+ (-1)"*?] f [ﬂ (cos20 — x,-z)] cos 0 sin mf do.
Hence ¢, = 0 for m odd. When m is even, we obtain

/2
o] < 2 j sin? 6 cos O|sin m6| dO
0

/2 /2 1/2
<2 [( J sin?6 cos 0 dO) <J sin26 sin?m0 cos 0 d0>]
0 0

m:( 3 1 12 |
= — + = X
2[18 <4m2 1 Amr = 9>] = 4/2/105)

This proves (16). Bounds (15) and (17) follow from (12), (14), and (16). This completes
the proof of Lemma 1.
2.2 A Lower Bound on wy 1(2).

LEMMA 2. For z€ E,,
(22) War 12| Z (0> = DA2p))" "

Proof. We consider the two cases when n is odd or even.
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Case 1. When n=2r — 1 (r = 1,2,3,...) is odd, we have for ze E,,

1
pner(@ = o T ﬂ |6t + 1+ 287 — 48|

- W‘,L:L (&% — a)&* - qi)l,

where ¢; = 2x? — 1) + /—1(2x(1 — x})"/?) and g; is the complex conjugate of
gi. Also |q| = 1. Hence,

p2 —1 n+1
|Wn+ l(z! = ".4.1 n (p < 2p ) .

Case 2. When n = 2r (r = 1, 2,3,...) is even, we have for z€ E,,

r—1
Was 1@ = l| TT |22 = x7|
i=0

= €+ 1(1>2”ﬂ1|( — e - 3
—2'6! 2!! s qi\s (I;

2 (p* = 1/2p);*(p* = 1P = ((p* — D2

This completes the proof of Lemma 2.

2.3 A Bound on Eyc,(f). From (10), by selecting the contour C as an ellipse E,
(p > 1)it follows that

l/@llexE)
23) [Exc,(/) éan s 142k

Employing (15), (17), and (22) we obtain the following theorem.
Tieorem 1. Let f € A(E,), p > 1. Then for n = 1

(24) |Enc, ()| £ K,M(p)(2p/(p* — D),
where

4P+
25) Ko=3 ooy "ot

B 2\ pr+ 1

G
and
(26) M(p) = max|f(z)] onE,.

2.4 Discussion of the Results. Relation (24) gives a bound on |Eyc,(f)| for all
p > land all n > 1. From (24) it is easily seen that the bound on |Eyc,(f)| tends to
zero as n tends to infinity only if p > 1 + /2. However, Davis [2] proved the
stronger result that |Eyc,(f)| tends to zero as n tends to infinity provided that p > 2.
Therefore, it is of interest to tighten the bound (24).

3. Error of the Gauss-Legendre Quadrature Formula. An important special case
of the general interpolating quadrature formula (2) is the Gauss-Legendre quadrature
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formula. The n-point Gauss-Legendre quadrature formula for [*] f(¢) dt is obtained
by letting a = —1, b = +1, g(t) = 1, and choosing zo, z,, 25, ..., z,—; as then
zeros of the Legendre polynomial P,(x). The weights 4, and the error Eg (f) of the
Gauss-Legendre quadrature formula are, respectively, given by

1 Pu(x)dx
7 = _— = ce. -
@ & j Ao wpE T D

and
_ L[ f(2)Qul2) dz
(28) Ee(f) = L s
where Q,(z), defined by
1 (! P,(t)dt
(29) 0:2) = 3 f_l —

is the Legendre function of the second kind.
3.1 An Upper Bound on Q,(z).
LEMMA 3. For z€ E,

1 - Onn+2r

(30) 0u(2) = mr1 X i

G r=0 s
where
(31) 0 < 0Opn+2r+1 b, for r=0,1,2,3,....
Moreover,
(32) |042)] < pbuf(p* — 1)p"
where
(33) by = Q") /2n+ 1) (22 foralln =0,1,2,...).

Proof. Setting t = cos @ and z = ¥& + &™) in (29) and proceeding as in the
proof of Lemma 1, we get
had anm
(34) %) = X wn
where
(35) Onm = j P,(cos 0) sin(m0) do.
0

Heine [4, p. 311] gave the following evaluation of g,n :

Y r<m ik l>r<m2— n>/[r<m it 1)F<m ik 2),

when m > nand m — nis odd,

= 0, otherwise.
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Writing m —n=2r+ 1 (r=0,1,2,...), we obtain from (36)

Onn+2r+ 1 _ (I’ + 1)(" + r+ 3/2) > 1
Oumszres (r+ 12+ r+ 1)

Hence, for fixed n, the sequence {0, .+2.+1} for varying r is strictly monotonically
decreasing, yielding
B (n!)2(2)2n+ 1
T o@n+ )
The results (30) and (31) follow from (34), (36), and (37). Bound (32) follows from (30)
and (31). This completes the proof of the lemma.

A similar result based on |o,,;| <2 was used to derive an asymptotic bound
(n > o) on |E¢ (f)| (see [5]). Using Stirling’s formula

(38) b, ~ 2/mn/2n + 1) asn — .

(37) Onn+2r+1 < Opn+t = bn

This extra n~ '/? factor in (32) is vital to obtain a better bound.
3.2 A Lower Bound on P,(z).
LemMMA 4. For z€ E,,

|Pi2)] 2 alp® + p~ 2" — 2p"/(p* — 1)
%) 2 alp® — 2p"/(p* = 1),
where
@ 2 1 .
(40) a, = (2)2n(n!)2 - (2n ¥ l)b,, (~ \/nn asn (I)) .

The bound (39) is significant if p > /2.
Proof. It is shown in [3, Lemmas 12.4.1 and 12.4.3] that for z € E»

(41) P2) = Y aja, (&%
j=0
and
42) Aj0y—j = Qp, j=0,1,2,...,n,

where a, is given by (40). From (41)

IP.2)| = ‘1 + Y, Lol

j=1 n

(anp")

y AjOn-j - 2j
s

; anP" [1 -

J

2 —2n 2
PPt —2] 202 =2
ap" | ————— |2 au .
[ p* 1 P - D)

j=1  Qn

I\
()
]
©
3
—
|
.
™M=
©
|
N
~.
S
=
2.
=
aQ
—~
~
N
=

This establishes the lemma.
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3.3 A Bound on Eg (f). From (27) by selecting the contour C as an ellipse E, it
follows that

£ )| 12n(2)| ldz|
@) e e
Let p > /2. Employing (32) and (39), we obtain

M +1
) ol s & 22 (2 2).
where
_ (2)4n+ l(n |)4

43) dn = (2n)'@2n + 1)!
and M(p) is given by (26).

It is easily seen that the sequence {d,} is strictly monotonically increasing and
lim,. » d, = ©. Thus

46) 0<d, =m,

and we have the following theorem.
THEOREM 2. Let fe A(E,), p > /2. Then

(;o2 + 1) M(p)

@) B, S a5

where M(p) and d,, are, respectively, given by (26) and (45).
In view of (46), an overall bound is given by
COROLLARY . Let n — oo, then for p > /2

(p2 + 1) M(p)
2) p2n :
We mention here that Chawla [6, Theorem 1] obtained the following asymptotic

(n = o0) result by using Davis’ method.
If feAE,) and p > 1, then

(48) |E6,(f)] =

“9) |Eo.(f) < pﬁ’,f) (L + p= 421 + O(1)).

3.4 Discussion of the Results. The asymptotic (n — o) bound (48) is not better
than the asymptotic bound (49). But the bound (47) is valid for all n and p > /2 as
compared to the asymptotic bound (49) which is valid for n > o0 and p > 1L

As a consequence of (47) we have the following asymptotic bound valid for p — oo

0 |Ee() < d (”)[H - 2] w2211+ 06~

This bound is compatible with the asymptotic (p — oo) bound of Chawla (unpublished
work), having the same leading term.

The bound (47) can be compared in some sense with the bound of Stenger [7]
given by
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2 M (p)
n pZn ’
-where M,(p) = max,;, |Real part of f(z)) and p > 1. Now, if we compare the

coefficients ((p? + 1)/(p*> = 2))d, and 32/ of (47) and (51), respectively, it is clear
that the former is less than the latter, for

64 + nd,\'?

(51) Es, () =

The relation (52) is definitely true if

(53) p> (64 * ”2>”2 (~ 183).

32 —n?

Thus we see that Stenger’s bound is better for small p, but ours is better for large p.
For small p < /2 ours does not exist. For large p ours is smaller by a factor n%/32 =
0.31. The cross-over point is near p = 1.83. These numbers depend on n but only
slightly.
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