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Computer Investigation of Coulomb Wave Functions *

By Robert L. Pexton

Abstract. Numerical examples and heuristic reasoning are employed to illustrate the diffi-
culties encountered in computing irregular Coulomb wave functions by Boersma’s formulae.

Introduction. In the January 1969 issue of Mathematics of Computation, J. Boersma,

[1] derives a most interesting relation between the regular and irregular Coulomb
wave functions. Noting that the second-order differential equation of the Coulomb
wave functions,
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Boersma skillfully exploits the properties of the solutions My .(z), Wy m(2) to evolve
the two following formulas.
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L
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Since “Algorithm 292, regular Coulomb wave functions,” by Walter Gautschi [2]
provides accurate F, (1, p) values, and as Gautschi points out [3], the upward recur-
sion is a trustworthy procedure for computing the irregular Coulomb wave functions,
it appears that the Coulomb wave equation is numerically solvable by Boersma’s
technique. Unfortunately, cancellation of digits in formulas (3) and (4) is “crushing”.

For the parameter ranges n = 1(1)10, p = 1(1)20 and n = 11(1)20, p = 1, 2,
the results from [6] are compared with [5]. The details are displayed in Table 1.
Since the behavior of G, and G, is computationally similar, only G, will be illustrated.

TaBLE 1
Number of Digits of Agreement of Boersma’s Go(n, p) with Table 14.1 of [5].
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In [5], p = 1(1)20. Therefore, for n = 1(1)3, p = 21(1)40, we produced the
results of Table 2 by substituting in the Wronskian equation,

Fo(n, p)G,(n, p) — Fy(n, p)Go(n, p) = 1/(1 + n?)'2.

A method of computing regular Coulomb wave functions, independent of Gautschi’s
algorithm, indicates that F(, p) and F,(n, p) are correct to at least ten floating point
decimal digits. One concludes that the irregular solutions are responsible for the
inaccuracies in computing the LHS of the Wronskian.

As pointed out by the referee, a rough indication of the loss of digits, g, can be
obtained from

™ . Fn,p)
2n Go(n, e)

The result is easily deduced from Eq. (3).
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TABLE 2
Number of Digits of Agreement in LHS and RHS of the Wronskian Equation (see [6]).
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Examples.

n=25 p=10, g~ 34 [4]
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