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Least Squares Methods for 2mth Order Elliptic 
Boundary-Value Problems 

By 3. H. Bramble and A. H. Schatz 

Abstract. In this paper we consider a general class of boundary-value problems for 2mth 
order elliptic equations including nonhomogeneous essential boundary conditions and 
nonselfadjoint problems. Approximation methods involving least squares approximation 
of the data are presented and corresponding error estimates are proved. These methods can 
be considered in the category of Rayleigh-Ritz-Galerkin methods and have the special feature 
that the trial functions need not satisfy the boundary conditions. A special case of the 
trial functions which is studied are spline functions defined on a uniform mesh of width h 
(or more generally piecewise polynomial functions). For a given "well set" boundary-value 
problem for a 2mth order operator the theory presented will provide a method with any 
prescribed order of accuracy r which is optimal in the sense that the best approximation 
in the underlying subspace is of order of accuracy r. 

1. Introduction. In this paper, we present, and give error estimates for a class 
of least squares methods for the approximation of solutions of general boundary- 
value problems for 2mth order elliptic partial differential equations. The estimates 
are based on an abstract approximation theorem which we prove. This theorem is also 
applied to obtain some purely approximation theoretic results. 

The results on boundary-value problems are a generalization of those of [14], 
where we treat only the Dirichlet problem for second order operators. A description 
of some of them is given in [15]. 

As is well known, the ordinary Rayleigh-Ritz method for the treatment of bound- 
ary-value problems with essential boundary conditions requires that the trial functions 
satisfy boundary conditions. In the least squares method this difficulty is not present. 
For other approaches where the requirement of satisfication of boundary conditions 
has been avoided, the reader is referred to the works of Aubin [4], [5], Babuska [6] 
and Nitsche [26]. Although most of this work has been aimed at second-order prob- 
lems, it could be generalized in some directions to higher order problems. 

Little has been done, however, of a general nature on the treatment of higher 
order equations with general boundary conditions by any method. We present here, 
for the first time, a general theory for the approximation of solutions of such problems. 
For a given "well set" boundary-value problem for a 2mth order operator, our theory 
will provide a method with any prescribed order of accuracy r which is optimal in 
the sense that best approximation in the underlying subspace is of the order of ac- 
curacy r. Some special features of the method presented in this paper are as follows: 

(1) The trial functions are not required to satisfy any boundary conditions. 
(2) Selfadjoint problems and nonselfadjoint problems are treated with equal ease. 
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2 J. H. BRAMBLE AND A. H. SCHATZ 

(3) Problems whose associated quadratic form is not positive definite are treated. 
(4) The data are used in an L2 sense. 
(5) The matrix of the resulting linear system is always symmetric and positive 

definite. 
An outline of the paper follows. The first part contains the above-mentioned 

general approximation theorem. We begin Part II with a description of the function 
spaces and subspaces to be used later. The remainder of Part II is devoted to some 
approximation theoretic applications of the general theorem; e.g. we study some 
approximation theoretic properties on aQ of functions which are assumed to have 
certain approximation theoretic properties on U. The main part of the paper is in 
Part III. Here we present and study least squares approximations for general bound- 
ary-value problems for 2mth order elliptic operators. Many error estimates are 
proved; e.g. L2 estimates are given as well as interior estimates for derivatives. A 
specific example of a boundary problem for the biharmonic operator is presented. 
Finally, two methods for the Dirichlet problem for Poisson's equation, which are not 
contained in the general theory, are studied. The proofs of the estimates in these 
methods are again an application of the abstract theorem of Part I. 

PART I 

2. Preliminaries. For each j = 1, * * *, n, n l 1, let X(j, 0.), 0 <0 0 < 1, be a 
one-parameter family of Banach spaces (real or complex), with corresponding norms 

x (j j) satisfying the following condition: 
Condition I. (a) For each j = 1, ,n, X(j, G) C X(j, ) for any0 O< < < 1 

with a continuous injection, i.e. 

(2.1) IIUIIX(i,Oe) < C1(0i, ')D IIUx(iuOi ) 

for all u E X(j, 0E) where C1(01, 0E) is a constant which may depend on the choices 
of Oi and o;. 

(b) Let Y be any Banach space with norm 11 . For fixed j, let T E ?(X(j, 0); Y) 
n ?(X(j, 1); Y) (where for X and Y Banach spaces, S(X; Y) is used to denote the 
space of bounded linear mappings of X into Y) with 

(2.2) IITujjy ? mOIIUIIX(f,O), ijTully ? mlillulix(i l). 

Then, for each 0 < O; < 1, T E ?(X(j, 0,); Y) with 

(2.3) - l Tuj j ? C2(Oi)mO im'i IuI IIX(j ,)s 

where C2(Oi) is a constant which depends at most on O; and is independent of the 
choice of Y and T. 

We note that Condition I(b) states that for each j the spaces X(j, Oj), 0 < 0, < 1, 
are interpolation spaces between the spaces X(j, 0) and X(j, 1) (cf. [17]). 

Let 0 E Rn, 0 (01, * , 0a). We shall say that a ? 0 ? b for two real numbers 
aandbifa ? 0< b, j 1, ,n.Foreach0ER',0< 0< 1, denotebyX(O) 
the product space X(0) = 7=1 X(j, Oj) with the norm 

(2.4) IIUIIx(e) > iluiiix(i,6i) u = (U,, U un), 
i -1 
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It will be convenient for us to renorm X(0) in the following way: For each a E R" 
and h E R' with h > O, X(0; h; a) will denote the Banach space whose elements are 
those of X(0), but furnished with the equivalent norm 

(2.5) lfa|X(O;h ;a) - h'i|IujIIXx(i.e,)* 

We note that the constants of equivalence depend on h and a and when a = (0, . . , 0) 
the norms (2.4) and (2.5) are equal. 

3. Approximation-Theoretic Properties of Certain Subspaces of X(o). In order 
to motivate the approximation-theoretic result we wish to prove, let us consider 
the simplest case in which X(0) = X(l, 01), 0 _ 0, < 1, a single one-parameter family 
of Banach spaces satisfying Condition I. Suppose that there exists a one-parameter 
family SA, 0 < h < 1, of closed subspaces of X(l, 01) for some 0 ? 01 < 1, having 
the approximation property that for some a, > 0 

inf ljul - X1Iix(1.,p) < ChU | |ul Ix(.,,1), 
%lesh 

where C is a constant which is independent of h and u, G X(l, 1). 
Suppose that the subspaces S' are also closed in X(1, 0). We now ask what prop- 

erties with respect to best approximation in X(l, 0) do the subspaces SA have which 
follow from their properties on X(l, p1)? Since X(1, 0) C X(l, #1,) with a continuous 
injection, we trivially have 

inf lu - { {x(1 ,) ! Ch 1 I |u I 1x(l . 

We shall show in this case that since the spaces X(1, 0) satisfy Condition I the stronger 
inequality 

inf liul -% X1 [x(1 ,O -< Chal@'1(1--$l) l UJ | X(1', 

holds for each 0 ? 0, ? 1. Here C is some constant which is independent of h and 
ul E X(l, 0,). In the nontrivial case, in which 01 = 1 and 0 < 13, < l, we have 
0101/(0 - 01) = 0al/( - 01) > arl. 

In this section, we shall generalize this situation. Briefly, we shall consider product 
spaces X(0) as described previously. We shall assume that for some 13 E R", there 
exists a one-parameter family of closed subspaces Sh of X(,B) having certain properties 
with respect to best approximation in X(h) (see below) and then show that this implies 
that they have certain not so evident approximation properties in the weighted spaces 
X(O; h; a), for some appropriate choice of a. 

In Parts II and III of this paper, we shall consider some specific applications 
where the assumed properties of the approximating subspaces are easily verifiable. 

Let 1, a E RW with 0 < 1 < 1 and 0 < a and let h E R' with 0 < h ? I. For 
fixed values of 1 and cr, let Sh denote a family of subspaces of X() which are closed 
in both X(d) and X(O) having the following property: 

Condition II. For all u E X(1) there exists a constant C3, independent of u and h, 
such that 

n n 

(3.1) inf fju - xltx(p) = inf E IUi" - X;jtX(i,#,) _ C3 E htI|uil1x(u,,). 
xESh xESh ij j1 
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Remark. In all our applications, the spaces S4 will be finite-dimensional and there- 
fore automatically closed in X(3) and X(O). 

We shall now state the main result of this section. 
THEOREM 3.1. Suppose that Condition I is satisfied. For given S4, satisfying Condi- 

tion II, let a,X = l8oa(l - o) and O <!! li < ai for j = 1 ** n. Then 

(3.2) inf E h iA1u; - XiIIxc(io) -< C(G) ? h++) uiIIx(i,ei) 
XESA j 1 i-1 

for all u = (u1, *. *Un) E flj1 X(j, 0,), where 0 = (01 '.* , 0.) with O : 0 _ 1 
and C(0) is independent of u and h but may depend on the choice of 0. 

The proof of Theorem 3.1 is lengthy. We shall first need some lemmas. 
LEMMA 3.1. Suppose that the conditions of Theorem 3.1 are satisfied and that there 

exist q j, 0 < r; < a_j, = 1, * , n, such that for all u C I, X(j, 13i) 
n ~~~~~~~~~~n 

(3.3) inf h-caiIui X|IIx(i,o) - C4 E h-`IjujIIx(f, p), 
XESA i-i i-I 

where C4 is a constant which is independent of u and h. Let k be an integer 1 < k < n 
for which , = max [, *, , qj. Then 

n\ 

(3.4) inf E halui - XiIIxui.o) ? C4( h-klk IIUkIIX(k,Pk) + 4 h-`jIu.IIx(;.S)) 
Xesh i-1 iok 

where 
C4= max { C2(fi3)(C3C4)Pk, C4 }. 

The following remarks will be useful in the proof. 
Remark 3. 1. If X is a Banach space and N a closed subspace of X, then the quotient 

space X/N is a Banach space with norm I {u}1IX/N = inf,,ENIu - vl Ix vwhere {u} 
denotes the equivalence class to which u belongs. The triangle inequality then states 
that 

inf jlul + u2 - vl|x ? inf IIu, - vil|x + inf IjU2 - V211X. 
v N v IEN I I, N 

Remark 3.2. Let X and Y be Banach spaces X C Y and let N be a closed subspace 
of both X and Y. Suppose that there exists a constant C such that for all u C X 

inf fju - vl|y < CIlulIx. 

Then, for all u E X and for the same constant C 

inf jlu - vlly ? C inf Ilu - wllx. 
,EN woEN 

Proof. We may assume without loss of generality that n, = max [71, ** *,n] > 0 
and therefore 3k> 0, for otherwise (3.4) is trivial. Let Sii denote the Kronecker delta. 
Then in view of Remark 3.1 

n n 
(3.5) inf F h"lluu - xiIIx(,.o) : h inf - h"llui8j 2IIXU(.O)) 

Now for I = k we trivially have 

(3.6) inf E Fh |uibik - 0tIIlx(i.o) _ h- "IIUkIIX(k,o) 
4kEESh -i1 
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Suppose now that Uk E X(k, 1), then in view of our assumption (3.3) and Remark 3.2 

(3.7) inf hIj h iuijU k - 4'I1Ix(i.o) < C4 inf h l U 1ik - ,ti'JX(ji). 

Since Sk satisfies (3. 1), we have from (3.7) 
h 

(3.8) inf E k |ujk - it lx(i.o) < C3C4h"1k II UkI Ix(k. 1l) 
okESh j-1 

We can now "interpolate" the inequalities (3.6) and (3.8) using our assumption 
(b) of Condition I. Let Y be the quotient space of X(O; h; a) modulo the subspace 
S" and T be the mapping of X(k, 0) into Y defined as follows: T = T2 o T1 where 
T1 is the injection mapping of X(k, 0) into X(O; h; a) and T2 is the canonical map- 
ping of X(O; h; a) into Y which associates with each element of X(O; h; a) its equiva- 
lence class in Y. Now, in view of the inequalities (3.6) and (3.8), T C ?(X(k, 0); Y) n 
.C(X(k, 1); Y) where in (2.2) we may take mo = h-'4, ml = C3C4h-8+1". Hence, in 
view of (2.3), we have 

(3.9) inf h 
c 

jjUk81k - 4'ilXiX.O) ! C2tk)(Cl3UCJ h klUkIlX(kI#k) 
kesh ij-1 

for all uk C X(k, [3k). 

From (3.3) we also have that for 1 5 k 
n 

(3.10) inf i ha'i Ilui l - 4lklx(i.o) ? C4h t' lIUzflX(z,p). 
*'ESh i-1 

The proof of the lemma now follows from the inequalities (3.5), (3.9) and (3.10). 
LEMMA 3.2. Suppose that the conditions of Theorem 1 are satisfied. Then, for all 

u e X(O), we have 

(3.11) inf h2 h-a flui - | lxlix.o) < Cs E lluillx(i.P)00 
xES'4 ji i 

where C5 is a constant which is independent of h and u. 
Proof. Let M max {C1(0, i31), * , C1(0, [3n) C2(f31), . , C2(30), C3, 11 Now 

we have 
' n4 

inf E h-a ilui - Xillx(I.o < h-" Iuillx(I,o 
(3.12) XczSh il 

where we may assume that max a, > 0, j = 1, * , n, for otherwise (3.12) is just 
(3. 11). In general then, (3.12) is a poor estimate. We shall now systematically improve 
(3.12) by using Lemma 3.1 in order to obtain the estimate (3.11). We proceed as 
follows. Let a k = max I a 1, * * * , a,, }. Now apply Lemma 3. 1 to the inequality (3.12) 
where we take C4 M and a, =7, j = 1, * , n. It is easy to see from (3.4) that 

(3.13) inf >: h-' flu1 - Xilxu,o) < M1+2P h' (1) IlUl X(i.pj) 
xeS' i-1 

where p = max{13, * , [n l and t" _ a1 if j 0 k and 7 (1) - a k3,k We repeat this 
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process using Lemma 3. 1, now using the inequality (3. 13) instead of (3. 12). Iterating 
after s steps we arrive at 

n n 
(3.14) inf E h-ai Ilu - XjIx(j.o) -< M. E h-t) Jjujjx(j,i; 

xESh ;1j 

where 

?71 -oemosi, aj 5z' O, 
-i O,j) a, = 0, -0, 0 

j1= 1, * *, n, s = El., S1 and M, _ M[2z;Pz1J. Since M, , M21('-P and 
a j()?f can be made arbitrarily small for sj sufficiently large, it follows that each nq 
can be made arbitrarily small after a sufficient number of iterations which proves the 
lemma. 

Proof of Theorem 3. 1. We have, noting Remark 3. 1, 

nn / n\ 

(3.15) inf ? 8 1-ilu - XiIIx(i.o) i n k f n h-. i luiil 4-ji,so) 
xesh i-.1 4i- ESh i-i I.0 

Now, for each I = 1, ** *, n, trivially 
n 

(3.16) inf 1 h-'i Iluiil - 'PfI1x( 0o) < h-' IIu|IIX(1,o). 
* ,lsh jl 

In view of Lemma 3.2, Remark 3.2 and (3.1), we have 

n n 

inf E h-;" 1|ui5,s - ip&jIx(i.o) S inf F. hF1 fjuj6j3 - V&jIIx(j,o) 
40ESh ;_1 i|-hj1 

n 
(3.17) < C5 inf Z Juii - jXi.xj) 

< C5C3h"' ||ulllx(il, 

forallu EX(l, 1). 
We can interpolate the inequalities (3.16) and (3.17). In (b) of Condition I, we 

take Y to be the quotient space of X(O; h; ,u) modulo the subspace SA, T to be the 
same mapping as in the proof of Lemma 3. 1, with k there replaced by any I = 1, 
n, mo = h-'" and ml C3C5h"'. Then, for any 0 < O0 < 1, we have 

n 

(3.18) inf E h-"' Iju,5,z - 011x(0.o) < Cl(0j)(C3Cs)" h -u+ (+ IIUAIIix(1.e). 
O'lsh i- 

The inequality (3.2) now follows easily from (3.15) and (3.18). 
As a consequence of Theorem 3. 1 we have the following: 
COROLLARY 3.1. Suppose that the conditions of Theorem 3.1 are satisfied and let 

T ? ?(X(O; h; I,); X(O; h; ,u)) such that Tx = x for all x e Sh. Then 
n 

(3.19) ju - TU1IX(O;h;14) < C(O) I h-1+(Ui+'Ai)i jIjUjiX(i.G,), 
i=1 

where u, ,u, oi and 0 are as in Theorem 3. 1. 
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Proof. By hypothesis 

I |u - Tu| X(O;h;.) ? C |UI IX(0;h;M). 

Hence, for any x EE S 

U - TU IXIo; h;i.) U - X - T(u - X)I (o;;,.p) 

? C jju - xIx (O;h;;.) h" h |IIu1 - XilIX(.o)) 

The proof now follows from Theorem 3. 1 by choosing x to be the best approximation 
in Sh to u in X(O; h; ). 

PART II 

4. Some Function Spaces, Subspaces and Approximation Theoretic Properties. 
In this part, we introduce some particular function spaces and certain classes of 
finite-dimensional subspaces. We shall then apply Theorem 3.1 to obtain various 
approximation theoretic results concerning these function spaces. 

A. Some Particular Spaces and Their Properties. We shall first briefly state some 
notions concerning the theory of interpolation of Banach spaces (see [17], [24] for 
further details). 

Suppose (Lo and G31 are Banach spaces which are continuously imbedded in a 
topological vector space . Their sum 

(Bo + G31 u; u = Uo + u, ui Ez 1Bi, i = 0, 1) 

is a subspace of 33. For u CE (Bo + 3 and 0 < t < o form the functional 

K(t, u)- inf (I|u|l(B. + tIIuII(1.). 
UUo +Ut 

If 0 < 0 < 1, 1 6 q < co, we denote by (($o, B )9.. the Banach space with the norm 
co ~~~dt\ "' 

I I auI so1is eo, = 1J (t K(t, u))'a ) if 1 < q < co 

(4.1) 
-sup t-?K(t, u), if q = oo 

t>0 

We note that if G3o = 6(3 then ((BO, Ml)I = &,0 with 

(4.2) 1jIuII(mO..)a = C(q, O)IIull1. 

where 

(4.3) (q, 0) =(qO(l _ ) . if I ? q < CD, 

= 1, if q- X . 

The next lemma says that the spaces (,, () ' satisfy Condition I(b). 
LEMMA 4.1. Suppose that Y is a Banach space and (%, 0bI are as above. Let T E 

?(GBi; Y), i = 0, 1, with 

(4.4) IITUIIy < MilluII, i 0 O, 1. 
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Then for 0 < 0 < 1 and 1 < q ? c, T C 2C((63b0, 1)0,., Y) and 

(4.5) liTully < (C(q, 0))-'M1_M'-@ jlujj(MOaa,B)q, 
where C(q, 0) is given by (4.3). 

We shall now specialize to some particular function spaces. Suppose that a is 
an open set in N-dimensional Euclidian space RN such that either a2 = RN or else a 
is bounded with a C' boundary 0dS which lies on one side of 2 (see [23]). We shall 
consider the following spaces of real (or complex valued) functions defined on Q. 

(i) The Sobolev Spaces W-(Q). (a) Let V = C() if Q is bounded and V = Cc(RN) 
if Q = RN. If 1 ? p < o and m is a nonnegative integer, then Wm'(D) is the completion 
of V under the norm 

[Nj 
IWVm (3~ Ef|Daillfpo) I CI D"lm 

where a denotes a multi-index a (a', aN), a ) Dau a 0IaIU/( Xla' ax . N 

aj = ?1a, + + aN and W? = L,(Q) with 

I lul I' = f Jul[ dx. 

Note. We have written WT instead of W (Q) when the domain considered is evident. 
(b) If m > 0 and not an integer, set m = [m] + s where [m] is the integral part 

of m. Then, Wp(U) = W, is the subspace of W,ml of all elements u such that 

IDux)- D'u(N+v 1/ 
11 11 r ( ~ ~lal-n nJ Ix yl+) 

is finite. 
(c) Again, let V = C'(1) if Q is bounded and V Cc(RN) if Q = RN. If p = 2 

and m is any real number m < 0, then W2(Q) = W is the completion of V under 
the norm 

I [u[[IW2m = sup I 1(u, v) 
,ev IIvHlw,-mt 

where 

(u, v) = f ui dx. 

(ii) The Spaces Cm(12) = W-(Q). If m is a nonnegative integer and Q is bounded, 
we set W 2(Q) = W =C"(Q), the set of functions having continuous derivatives up 
to order m on r2 with the usual norm 

llullwm in max Iu(x)I. 
I a I1sm xEQ 

If m > 0 and not an integer, set m = [m] + s. Then WZ(Q) is the subset of W'm(Q) 
such that the norm 

IIuIa 1 w v<>> m - = fIuII X + E sup i Dau(x) - Dau(y)| 
IJai[im] x,yEd Ix - y[ 

is finite. 



ELLIPTIC BOUNDARY-VALUE PROBLEMS 9 

(iii) Besov Spaces B7 a(Q). For any 0 < m < 1, I an integer, 1 < q < ? and 
I _ p < oc Bm ) () is the Besov space defined by interpolation 

Bv'((Q) = (Wvo(Q), Wv(Q2))0,q, where 0 = mr/i. 

The definition can be shown to be independent of the choice of I (up to equivalence 
of norms). 

(iv) The Boundary Spaces W'n(aE2) and B,(a(d). Suppose that Q is bounded and 
either m > O and 1 ? p ? o or -o < m < oc andp = 2. Since aQis of class 
C, Q2 can be covered by an interior subdomain and a finite number of boundary 
patches {O } with the following property: For each j there is a C' homeomorphism 
T, which maps 0i onto the ball lxi < 1 and Oi n ad into the hyperplane XN = 0. 

The set {OC n ad2} forms an (N - 1)-dimensional open covering of OQ. Let 
1 be a partition of unity subordinate to this covering which may be assumed 

to be such that i EE C'(Oj). Let SK denote the unit ball in RK, then T,(O,) = SN and 
Ti(O, n Q) = SN-1. For g E Co(aQ) set rig(x) = g(Tf1x), x z SN-1 and 

(4.6) |gW = ( ( ljT | i gj I m N-) )Pl/ 

(4.7) 1jg1B,mpQ = (E (rI -i (i gJJ8N;I 1)1PV 

where the norms on the right of (4.6) and (4.7) denote the norm in W7(8k-') and 
Bp q(8X-1), respectively. The spaces W,(aE2) and B'(a(Q), respectively, are defined 
to be the completions of C'( ad) with respect to the norms defined in (4.6) and (4.7). 
It is not difficult to show that all possible choices of the O0 and {j give equivalent 
spaces. 

We shall now list some known results concerning the above-mentioned spaces 
(see [21]) which we shall need in the applications of Theorem 3. 1. 

LEMMA 4.2. (a) Ifp q = 2 then B"'2(Q) = W(20) for all m > 0. 
(b) If 1 < p < o and m > 0 is not an integer then B,',"(Q) = W, (Q). 
(c) If 1 < p < o and m > 0 is any real number then W (Q) C B,'(Q). 
(d) If 0 < mO < mi, 0 < 0 < 1, 1 < qo, q1, q < co and 1 ? p < co, then 

(Bm qo(g), Bv""Q(Q))0, = B7',(Q), m = (1 - O)mO + Gm1, 

where if either mO or ml are integers then B" , i(Q) may be replaced by Wi(Q); i.e. if 
mO and ml are integers (Wpo(Q), Wp(Q))0,a = 

(e) If-o o <i ? ml < o andO < 0 < l then 

( W2 ((), W2 (Q))0,2 = W(Q), m = (1 - )mO + m. 

(f) In the case that Q is bounded and aQ is as described previously then the results 
of (a), (b), (c), (d) and (e) hold with Q2 replaced by dQ. In the above, equality is to be 
understood with equivalence of norms and containment is to be understood in the sense 
of a continuous injection. 

B. Some Finite-Dimensional Subspaces of Wk(Q). One of the purposes of this 
paper is to investigate some approximation properties of certain classes of finite- 
dimensional subspaces of the spaces defined in 4.A. Many different subspaces which 
have been described recently in the literature have certain approximation theoretic 
properties in common. We shall consider a class of subspaces defined by a single 
property common to most of these specific subspaces. More precisely, we define 
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the subspaces Sk r p() as follows: Let h, 0 < h < 1, be a parameter. For any two 
given nonnegative integers k and r, with k < r and 1? p < c, Sh, is any 
one parameter family of subspaces of Wk(Q) such that: (*) For any u E WC,(Q), 
there exists a u (E S, ,,(Q) and a constant C independent of h and u such that 

(4.8) ||u - Ufiw,k ? ChrkItuIIw,tI . 

This is obviously equivalent to the condition that 

(4.9) inf l u- xIIwk w_ ? Chr-"IIuJIW,P. 
XESk.r..ph(Q) 

In the literature, S (there is no standard notation) sometimes denotes 
subspaces satisfying the seemingly stronger condition (**): For any u E Wi(Q), 
there exists a constant C independent of h and u such that 

(4.10) inf IIu - XIw, C Ch'1IuI'IuwP 
XESt.r,p,h(fi) 

for all nonnegative integers j and I with 1 ? k and I j c r. 
The construction of such spaces has attracted much attention recently. For 

example, S. Hilbert [22] constructs spaces of splines on uniform meshes in RN which 
satisfy condition (*) for certain choices of k and r. Schultz [29] has studied many 
finite-dimensional subspaces on rectilinear domains in R' which satisfy (*). The 
papers of Aubin [3], Bramble and Zlamal [16] and Di Gugliemo [18] also contain 
examples of subspaces satisfying (*). The work of Babuska [7] and Fix and Strang [19] 
are also important in this regard. 

C. Some Other Properties of the Subspaces. As the first application of Theorem 3.1, 
we shall show that (4.9) implies (4.10) and in the case p = 2, (4.9) implies (4.10) 
where I and j also may be taken to be negative. In the case p = 2, this says that a 
space of the type S,?,2(?0) is automatically a space of type Sl,j,2(9) where I and j 
are any real numbers satisfying I ? k and I ? j ? r. 

THEOREM 4.1. Let Sk r,J(2) be given satisfying (4.9), then 
(i) If I and j are any two real numbers satisfying 0 ? I < k and I ? j : r, there 

existsfor all u C Wi(g) a constant C = C(1, j) which is independent of h and u such that 

(4.11) inf lIu -xI1wP - Ch'II|uIIw,i. 
XE S k. r. ph (f) 

(ii) If p = 2, then (4.11) holds where we may take I and j to be any two real numbers 
(positive or negative) satisfying 1 ? k and 1 < j < r. 

Proof. We first prove (i). In Theorem 3.1 let us take the case where n - 1 and 
X(l, 0) = W,(le-)+rel( ?),0 < O < 1, and i, = (k - )/(r - I) > 0;thatis X(l, ,) = 

Wk((Q). Hence (2.1) is satisfied. In order to show that Condition I is satisfied, it remains 
to show that (2.3) holds. Take Y to be any Banach space and in Lemma 4.1 (B- 
WI"(Q), I- W (2) and q- . Then, for any T C ?(Q33; Y), i = 1, 2, satisfying 
(4.4), we have 

TUITlY < Mo-lMtllBa@ O < 61 < 1, 

where a = 1(l - 0,) + ro0. Now, since Wa(R) C B8 (R) with a continuous in- 
jection, we find that 

lITully ? Coom"MNM u11"'s, 0 < 01 < 1. 

Therefore, (2.3) is satisfied and hence Condition I is. 
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We now take Sh = Sc,,,(Q) in Theorem 3.1, where Sk,r,,(Q) satisfies (4.9) and 
therefore a= r - k. We therefore have from (3.2) taking 4.t, a1 k - I and 

l (j - (/(r - 1) that 

inf IF(111 u -xjlw_ ? C(l, I)1hF1'lIuIIw,i 
zGSk.,1A(Q) 

and (4.11) follows, which completes the proof of (i). 
The proof of (ii) is simpler. Here we take X(l, 0,) = W2e1 -)+re1()0 :!! 01 5 1, 

where I is any real number satisfying the conditions of (ii) of this theorem. Clearly, 
(2.1) is satisfied. To show that (b) of Condition I is satisfied, we take (3 = -W2(9) 
and B W Wr2() with q = 2 in Lemma 4.1. Then, 

(|Tul(l y 2-/2 mo:!m!l(u(2(w,i,w2).1, 

But (Wl2(), W2(g))0 2 = W2 -+'t(9) with equivalence of norms which proves 
(2.3) and hence Condition I is satisfied. The remainder of the proof of (ii) now proceeds 
as in the proof of (i) and will not be given. 

D. Approximation on aQ. We shall now consider some questions which arise 
naturally. Suppose that Q is bounded and we are given a subspace of type S 
Let us look at the restrictions to aQ of elements of Sk,,3,(Q) (assuming now that 
these are well defined in the sense of a trace and belong to some Sobolev space on a Q). 

In Theorem 4.2, we shall consider the following question: What properties, 
relative to best approximation, do the restrictions to au of elements of S*,r,p(Q) 

have relative to functions in Sobolev spaces on aQ? We shall show that in fact they 
have some very nice approximation properties on aQ which are analogous to their 
properties on U. Other questions of a related nature are also treated. Before pro- 
ceeding, we shall need some preliminaries. 

We shall use Bi, j = 0, *.., 1, to denote boundary differential operators of 
the form 

(4.12) Bju - E bi.(x) Dau(x), x (E 00S 
I a kgmj 

where, for simplicity, we shall assume that the coefficients bj, (x) E C0(0u) and 
0 _ m1 denotes the order of the highest order derivatives occurring. 

Definition. A system of boundary operators { B }, j- 0, -. -, l, of the form 
(4.12) is said to be normal ifm, # mi for i # j and if for each j-0, * , I 

E b,a(x)va # 0 
I a i-mj 

at each point x E 3 Q. Here, v = v(x) is a unit normal vector to a 2 at x and va _ 
VI vl. The system { B, } is said to be a Dirichlet system of order I + I if it is 
normal and mi = j for j = 0, . ., l. 

We note that given a normal system { B, }, we can always add other boundary 
operators to the system so that the resulting system is a Dirichlet system of order 
ml + 1. We shall also need the following result concerning traces on ac. 

LEMMA 4.3 (CF. [24]). Let B, be an operator of the form (4.12). The mapping 
u -* B,u of Ca(C2) into C'(O0), completed by continuity, is continuous from WZ) -(+ 

B;"rni/vv(aQ) for any m, + 1/p < s and 1 < p < co Furthermore, let {B,} be a 
Dirichlet system of order I + 1. Then, there exists a continuous linear extension operator 
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E mapping Bf`lO B-1-V(c) -+ W2(U) such that Bi(Eg) = g,, j = 0, ** , 1, for 
all g E 1 0 Bvoi-/vv(ad) with I + 1/p < s and 1 < p < co. 

We are now in a position to prove our first result concerning the approximation- 
theoretic properties on Oa of the subspaces of the type S,4,p(R) 

THEOREM 4.2. Let { B, }, j = 0, * - - , 1, be normal with mO < ... < ml and suppose 
that 1 < p < c, is given satisfying (4.9) with ml + 1/p < k. 

(i) Let si and Xi be given real numbers satisfying 0 _ s, < k - mi - /p and 
0 < ? , r - mi - p - si, j 03 , * 1. Then, for allg = (g,0, * * *,g) E 

_[Jo W"f+N'(OR) 

(4.13) inf ( hmi+8igi BX; - i ? hm i+8+ g;iw,.i+Xi) 
XE=s h.r.ph (a) i-O i_o 

where C is a constant which is independent of h and g. 
(ii) If p = 2, then (4.13) holds with Xi as above and si any real number satisfying 

si < k - m1 - i/p. 
Before proceeding with the proof, let us note one consequence of Theorem 4.2. 

Suppose we denote by S any one-parameter family of finite-dimensional 
subspaces of W,(aQ) having the property that for any g ? Wp(09) 

(4.14) inf ig - XIw k ? Ch Iglwpr, 
xeES k, ,ho(oS) 

where C is a constant which is independent of h and g. Suppose we take I = 0 in 
Theorem 4.2 and B0u = ul0,. In this case, we have the following: 

COROLLARY 4.1. The restrictions to the boundary of the elements of a space of 
type S., , (9), I < p < c, is a space of type S' ,(fQ)for all real numbers 0 ? p :E 
k -li/p and p ? 5 ? r -1/p. Furthermore, if p = 2, then this is also true for all 
real numbers p ? k - I/p and p ? a < r- l/p. 

Proof of Theorem 4.2. Without loss of generality, we may assume that the {Bi } is 
a Dirichlet system of order I + 1. For if it is not then, as remarked previously, we 
can always augment it so that it is one. Let us denote by I B' }, j = 0, * , ml, the 
augmented system where B', = B,. If (4.13) holds for the augmented system 
for given g = (gO,*** , g' ), it certainly holds for the original system by taking g', = gi 
for j = 0, * , 1, and g' = 0 otherwise. Now taking { Bj} to be a Dirichlet system 
of order I + I = ml + 1, let E be the extension operator discussed in Lemma 4.3. 
Since I < p < c, p - j - I/p is not an integer for any integer p, and hence 
B71 1/v.27(OQ) = W7-i-l/v(aQ) for j + I/p < p, j - 0, * * , 1. Set Eg = u forg ? 
JT o B;-'O (aQ). Then, from Lemma 4.3, we have that for any x E Sk . p(Q) 

(4.15) gi - BjXjw,k- i-1,P < Cjlu - XIlwit. 
j=O 

In (4.15), let x be the best approximation in S^,r,p(Q) to u in the norm of Wk(E)- 
Then from (4.15), (4.9) and Lemma 4.3, it follows that 

inf E - Bh1w,k-i-I |uIwk 
(4.16) #ESk?r(ph,) j-O 

3 Chrk 1E gi | w,r-j-zv. 
i-O 
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In order to prove part (i) of Theorem 4.2, we shall apply Theorem 3.1 in the 
following manner: Let us take X(j, 0j) WPI(ag) where pi = 0j(r - j + I -1 /p) + 
(1 - O,)sj for 0 < 0, < 1 and j = 1, * , I + 1. Obviously Condition I(a) is satis- 
fied and it is easily seen that Condition I(b) is satisfied using the fact that WP1(O32) C 
(Wp'(aQ), f i+11/P(02))0= BP'l(82) for 0 < Oi < 1, and s, satisfying, 0 < si < 
r-j + ? -/ p, j-, * I + . Now, taking 

1Wk 
1+1 

I X(j, fly) i H Q 
i=l i-i 

it follows that #i=(k -j + I - ilp - sj)/(r - ? 1- I lp - sj) for j=-1, 
1 + 1. We now identify Sh with the finite-dimensional subspace of HI1 W*-+l-l/v(8Q) 
of elements of the form (Box, ... , Bix) for x E S Hence we have from 
(4.16) that Condition II is satisfied with = r - k, j 1, * * , I + 1. Now a- = 

jffjri/(I - j) =k -j + I-l/p -si , j - I + 1, and we obtain from 
(3.2) that 

inf E -(--/-ig Ig- BjX1W ) 
(4.17) xeSh., ,(u) io h 

< C E h(| gk I w./)s I + > 
i o 

for any 1 < p < co and sj and Xi satisfying the conditions of the theorem. The 
inequality (4.13) now follows from (4.17) by multiplying both sides of (4.17) by 
k - I /p and hence part (i) is proved. The proof of part (ii) is simpler and will be 
left to the reader. 

Remark 4.1. It can be easily seen from the proof of Theorem 4.2 that (i) of 
Theorem 4.2 also holds if the norms I Iw, +WS are replaced by I + x j. s. on the 
right-hand side of (4.13) provided we take 0 < Xi < r - m; - 1/p - s, whenever 
s, is an integer. 

THEOREM 4.3. Let us assume that 
(i) {B,}, j- 0, * * , 1, is a normal system with mO < ... < mi. 
(ii) S^,r,v(2), 1 < p < X, is gihven with m,+,1, < k < r. 
(iii) ,B, and si, j 0, * , 1, are real numbers satisfying ml + l/p <fi < r and 

0 s.< k-m,- l/p, j = 0, ,l. 
(iv) s? ,- m, - I/p if - mi- I/p # integer, j= 0... ,1, or s; < 

$ - - l/pp if3- m, - lp = integer, j = 0,... ,1. 
Then, for all u E WP(R), 

(4.18) inf E hZmi+si iBiu - BjXjwp-i :!< Cho-11pilu|lwpo 
XE Sh.r,r h(f) i=O 

where C is a constant wvhich is independent of h and u. 
Proof. Let us first consider the case where A - mi - 1 /p is not an 

integer j = 0, . , 1. Then, a straightforward application of Theorem 4.2, with 
Xi mi Il/p -si, j = O,*, 1, yields 

I 1 

(4.19) inf ? h"+" iB u BiXlw0.i < Ch 0llp E jBjujwp-.j-,p. 
X eSk r ph (Q) -o j-o 
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But since,8- mi - I/p is not an integer 

j IBjulw,s-mu-j,1 2 E BjUIB,f- ;-i.P P < Cljul lwP#, 
i=o i=o 

which together with (4.19) completes the proof for this case. 
If the A - m, - I/p are integers, for j - 0, .- , 1, then we have, in view of 

Remark 4.1 and the assumption that si < 3-mi - I/p for j = 1, *., 1, that 

I I 

inf E hi"I' lBiu - Bixlw,.i < Ch-'11P x IBjulBft-mI-i1V.V, 
XESk.r, Ph() j0 oj 

from which the desired result easily follows. 
For our next result, we shall prove an analog of Theorem 4.3, except in this 

case we shall not require that the system of operators { B, } be normal. 
THEOREM 4.4. Suppose that 
(i) {B,}, jI-O0, *, 1, is a system of boundary operators of the form (4.12) of 

orders mO < <.. ? m, ({ Bi } need not be normal). 
(ii) Sk,r p(Q), 1 < p < c, is given with ml + 1/p < k < r. 
(iii) s and 3 are real numbers satisfying ma + I/p < i3 ! r, 

0 < s < min (k - ml- l/p, , - ml- lip), 

if 3 -m -l/p is not an integer and 0 ! s < min (k-m1-I/p, .8-m 1p), 
if ,B- m - l/p is an integer. 

Then, for all u E WQ2) 

(4.20) inf E jB,(u - X)lwpe+(mI-M,) < Ch-llv-s-"1 !IujIw, 
x(ESk.,.rh(Qp ) jeO 

where C is a constant which is independent of h and u. 
Proof. Using the smoothness properties of the coefficients bj" and of 602 it is 

not hard to see that for any x E S,, (Q) 

E jB,u - X|WV8+Mj-Mi < C E (u X) 
i=0 i_j0 8 Wp8+mj-i 

where 0'/0p; denotes the jth order inward normal derivative to d02 and C is a constant 
which is independent of u, x and h. Hence, it follows that 

(4.21) inf 
h BE B(u-x)lw,.+Mj-M< ml '(u - 

%E:Sk,r,p ( ) 0- 1PES1?,r.p(Q) i- O p+m- 

We can now apply Theorem 4.3 in the case that B, = Ol/av' and s, = s + ml - j 
for j = 0, m.., in. We obtain from (4.18) that 

(4.22) inf + mf w &(u+-t) ? Ch311" ju||w,O 
41 (s k.r,ph (a) i-oV Wp+" 

for s and ,B satisfying the conditions of the theorem. The inequality (4.20) now follows 
from (4.21) and (4.22) which completes the proof. 
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PART III 

In this part, we consider some general classes of boundary-value problems for 
2mth order elliptic operators. We shall present here a general theory on the approxi- 
mation of solutions of such problems. 

5. Preliminaries. 
A. Boundary-Value Problems. Let Q be a bounded domain in RN with 

boundary dQ. We shall assume (for convenience) that 00 is of class C' and shall 
consider in Q the operator A of order 2m with infinitely differentiable real coefficients: 

(5.1) Au A(x, D)u = i (-_1)' Da(a.p(x)Dflu), 
I ai1 Io .16 m 

where, as usual, a (at, * , aN) and ,B(i3, *.., 3N) are multi-indices, Da a 

(d/dxj),) (a/aXN) N. Set 

Ao(x, t) = E (- )maa.(x)a+ 
1tat 1. , -m 

where al +_ t1 *' N+fIN. Note that A is not necessarily formally selfadjoint. 
Its formal adjoint A* is given by 

A*u = E (- 1)'ca Da(apa(x)D'u). 
I a I 1 ,Is 

It is assumed that A is uniformly elliptic; i.e., there exists a constant a > 0 inde- 
pendent of x such that 

a- I 
m2m < l AAo(x, )l < a 12m 

for all x EE Q and all t E RN. 
We shall consider the boundary problem 

(5.2) Au = f in Q, 

Bju = gi, j = 0, *,m- 1, on dQ9, 

where the B,'s are given boundary differential operators of order mi, 0 < in< 

2m - 1 and f and gi are given. The operators B, are defined by (4.12). 
All functions considered in remaining sections will be real valued. The conditions 

we shall place on our problem are as follows: 
Condition III. (i) A is uniformly elliptic with coefficients in C@(QI). 
(ii) The boundary system { B, I is normal, covers the operator A (see e.g. [23]) and 

has coefficients in C'(d9). The order of B, is mi where we assume them ordered so 
that O <!! mo < ... < m,,-, <-! 2m -1. 

(iii) The only solution of (5.2) in C@(Q) with zero data is the zero solution. 
Remark 5.1. The smoothness requirements on the coefficients of the differential 

operators and the domain can be weakened considerably (cf. [12]). 
B. Sobolev Spaces. In the remaining sections, we shall be concerned primarily 

with an L2 theory for least squares methods. For simplicity, the inner products on 
the spaces W2'() and W,(aQ), introduced in Part II, will be denoted by (. , *), and 
(. , . )., respectively, and ll1 11, and j. 1. will be used for their corresponding norms. 
We shall occasionally be interested in the Sobolev spaces W,(G) where G is an open 
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set in RN, G < U. In this case, the inner product and norm on WA(G) will be denoted 
by (, ) and 11 'a, respectively. For precise definitions, the reader is referred to 
Part II, Section 4A. 

Remark 5.2. The spaces W,(G) have the following property (cf. [23]) which shall 
be useful later on. Let s1 < s2 be any two real numbers, then for any 0 < 0 < 1 
and all u E W2'(G) 

(5.3) lIulIl _ C(O, SI, S2)(IUtIllsl) I ( lUIllsG)O 

where s - (1 - O)sI + Os2, 

C. Definition of a Solution and Some Further Preliminaries. For any set of real 
numbers I and s, j = , ,m - 1, W"' jII will denote the product space WU.h'I) 

W2(7) X J7J'! W2'(3g) with the inner product 
m-1 

(5.4) (, = (( , *)t+ E 
j=O 

It will be essential for later purposes to consider different inner-product structures 
on W""1"). Let 0 < h < co and y, j = 0, ... , m - 1, be given real numbers. Then 

W(4,f i will denote the Hilbert space whose elements are those of W(t' but equipped 
with the inner product 

'n-1 

(5.5) , )( I + E hY-2i( ) 
i=O 

We note that the norm induced by (5.5) is equivalent to the norm induced by (5.4). 
We shall next give definitions of weak solutions of (5.2) under various assumptions 

on the regularity of the data. We shall use the following result which is basic in 
what follows. In this theorem and throughout the paper we shall use C to denote 
a generic constant not necessarily the same in any two places. 

THEOREM 5.1 (CF. [12], [28]). Under Condition III, we have that for any real 
number p 

m-1\ 

(5.6) jjlujj |P-< C(|l AUul im + E IBitlv-miu.2) 
i o 

for all u E C'(12). The constant C is independent of u but in general depends on p. 
Definition. Let F = (f, go, ... , gm--l) C W(Pv2m,V-mii1/2) and F. = (.f, g, - 

E C-(D) X I'I 
' 

C-(dQ) converge to F in W2(-2mfi.P-mi-1/2) as n co. Let u,, 
C"(0l) be the solution of (5.2) with data F,, (it is well known that such u,, exists and 
is unique). Then in view of (5.6), we define the weak solution of (5.2) with data F 
to be the unique limit in W,$(Q) of the sequence fun I 

In the case that p > 2m, we have the following: 
THEOREM 5.2 (CF. [23]). Under Condition III, we have that if p is a real number 

p > 2m, the mapping 2Pu = (Au, Bou, .. , Bm.-u) is a homeomorphism of W12(Q) 

onto W(PV2t,-mv1l/2) 

It will be convenient for later purposes to give an alternative form for (5.6) in 
the case that p < mO + 2 

LEMMA 5.1. Suppose that Condition III is satisfied and let h > 0, 0 2 0, j = 
0, * * , m - 1, and p < m, + s be given real numbers. Then, for all u E W2'() such 
that Au E W-2-(2) and B,u E WE -1122(dQ) (in the sense defined above), we have 



ELLIPTIC BOUNDARY-VALUE PROBLEMS 17 

(5.7) || || < sC u { (AU, AV)O + X,Z 0 h 
2'y\Biu, 

Bjv)o } 

(.EC7 1 { 
Av| 12.-n + Zj- h 7B iBjvImj+l/219 

where C is a con-stant which is independent of u, h and yj, j = 0, --, m - 1. 

Proof. In view of (5.6) and the definitions of Sobolev norms of negative order, 
we have 

_ +~~( u /) ~ (Biu, ~pI) (5.8) IIuIIp ? C 4 sup (Au, +t)o )sup0 } 
OecO(fl) Ikt'112m-P j-O jECcO(lQ) I'Pi I m,+1/2-p 

where we may restrict ourselves to those functions i6 and spi for which 11112-p = 

1 and (o,irnIm+1/2_, = j, = 0, M, m- 1. Now, let {An } and {I p}, j = 0, 
m - 1, be maximizing sequences (subject to the above conditions) for each of the 
respective terms on the right-hand side of (5.8). For each n let vy E C"(Q) be the 
unique solution of Av. i/'" in Q, B,v, = h27 2Sp on dQ, j = 0, m in - 1. Then 

u ?lp _ C {lim (Au, Avn)0 + n- h 2y(Bu, Bi3v)o } 
n- Ia I AVn 1 12 + Z_o h27y IBjVnIm,+1/2-p 

for which the lemma easily follows. 

6. Finite Dimensional Subspaces of WV(Q). In this section, we shall discuss some 
approximation-theoretic properties of subspaces of the type S.,.2() = Sh,,, dis- 
cussed previously in Part II, Section 4. Our aim is to show that they have certain 
approximation-theoretic properties relative to the "data spaces" of the differential 
operators considered here. We refer the reader to Part II, Section 4B for a discussion 
of their basic properties. 

THEOREM 6.1. Let SX ,,2(Q) = Sk,7 satisfy (4.9) with 2m = k < r. Then, for all 
F=(fgos*... gm.-,) W(x\)\), whereO 0 X r -2m, 0 Xi: <r - mi 2 

j = 0, * M* *, - 1, there exists a constant C independent of F and h such that for 
7y;-2m -nm - (where 0 < m; < 2m-1 is the order of B1), j=0, m - 1, 

inf (if - Axilo + E h-' igi - BixIo) 
(6.1) X E S k,r i O 

hx If lx + E h-'i+xi Iglxi. 

Proof. The proof of Theorem 6.1 will follow from Theorem 5.1 and Theorem 3.1. 
In Theorem 3.1, let us identify the spaces X(j, 0,), j 1, *... ,m + 1, 0 < 0j < 1, 
at_SI|X; St! S<_ =r@(-2n).,,<,,ra.N W@(-ni -1/2)fPa5s=;. 
m + 1. Certainly, Condition I is satisfied. We now take 

#I = O, pi = (2m - mi-2- '2)(r M-2- mj 2-), j =2, **,m + 1. 

Then 
m+1 m-1 

H X(j, (3) = L2(2) X ] W2^m l/2(Ou) 
i-O 1-0 

Now, consider 6P(S, r) the image of S, r under the mapping (P(x) = (Ax, Box, . 

B,,,X). Since k = 2m and m - < 2m - 1, it follows that ((SI,r) is a finite-dimensional 
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subspace of II"!` X(j, I3i) and hence of 

f X(j, 0) - L2(fQ) X 11 L2(O 2) = W?'?) 
1=0 i-i 

We shall now show that the space P1(S, r) satisfies Condition II of Theorem 3.1 
with a' = r - 2m. In fact, let F -(f, go, , gm-1) E W(riZr-^i/i). By Theorem 
5.2, there exists a unique solution u E W2(R) of (5.2) with data F, and from (4.9) 

(6.2) inf IIU - X112 < hr 2m |IuI'I. 
XESk,.rh 

But by Theorem 5.2, the norms I- x112r and luull, are equivalent to the norms 
m-1 

IIA(u - x)lIo + 2 IBj(u - X)12r-rn;-1/2 

i o 

and 
m-1 

IIAUIIr=irn + E. IBjUIr=rnj...iii 
j=0 

respectively. It then easily follows from (6.2) that 
m-1\ 

inf I if - AXI 1o + E npi: - BjXlI2m-m-1/2) 
(6.3) X 

- k.Ah i+ 
m-1 

:< Chr-2rn(lIfllr-2m + E )gi r-mj-1/2 

which was to be shown. 
Now, in Theorem 3. 1, we take 

SA 2 cP(Srm,r), ,3 0-, ,B = (2mn - 2- D)Ar - - 

j- 2, ,m+ 1, 

ando- = r- 2m,j 1, ,m+ 1.Wehavethat a, = Oand a =2m -mj.2- 

=7Y-2,j = 2, , m + 1. Hence, from (3.2) we obtain 
mn-1 

inf ljf- AxIlo + E h -j g1 - BiXlo 
%isk. rh j=O 

(6.4) Q 61 IO+)h,(r2) ,(-m 

* ~~~~~~~~~~m-t 8 
+1 h -a+Gi+2(r-mi-1/2) g 1G(r.j/2)} 

whereO ? ot ? 1 for I- 1, * , m + 1. Now, setting 0,+2(r - m-, ) 2 

j = 0, * *, m - 1, in (6.4), we obtain the desired inequality (6.1). 

7. Least Squares Methods for 2mth order Boundary-Value Problems. In this. 
section, we shall consider a least squares method for the approximation of the solu- 
tion of (5.2) using the subspaces Sk,, as approximating functions. The scheme we: 
shall consider is a generalization of the scheme considered in [14]. 
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Let u be the solution of (5.2), where for the present we shall assume that F = 
(Y, go, ... , g_-1) (E W10'0 . The first approximation scheme we shall consider is as 
follows: 

Let St,,, be given with 2m = k < r. Find w E Sk7 such that 

m-I 
(7.1) (f - Aw, Ap)o + E h-2(2-mi-i/2)(gi - Bw, Bj,p)o = 0, 

i -o 

that is 

f (J - Aw)AXp dx + h f-2(2m--m;-1/2) (gj - Biw)Bi(o d- = 0 
j-O 

for all v E Sk, 
Since 6P(Sk ) (the image of Sk,, under the mapping (PG = (A(p, Bo* , , 

is a finite-dimensional subspace of W( 20.)-.r-1/2), by (iii) of Condition III (unique- 
ness), w exists and is unique. It is determined by solving a linear system of algebraic 
equations whose coefficients depend only on f, g; and h. An alternative way of stating 
(7.1) is the following: Among all x G Sk, , find the one which minimizes the func- 
tional 

m-1 
(7.2) x(x) = lit - AxIIO + E h-2(2-mi/2) Ig - BjXg0. 

i-O 

In the scheme given in (7.1) and (7.2) above we could have chosen kih-2(Im-m m-l/2) 

instead of the coefficients h-2(2m-m-1/2) where the k,'s are any fixed constants which 
are independent of h. All the results which follow remain valid for that case. 

Let us note some features of this scheme: (i) For each given S.,', the weighting 
factors h2(imm,i/i), j = 0, * , m - 1, are constants. (ii) The trial functions are 
not required to satisfy the boundary conditions. (iii) Only L2 inner-products are 
used in the computation of the solution. (iv) The operator A need not be selfadjoint. 

Let e = u - w. The following theorems give error estimates for the approxima- 
tion scheme discussed above. 

THEOREM 7.1. Suppose that Condition III is satisfied and u is the solution of (5.2) 
with F = (f, goy * * , gm-i) E W(0'?). For given Sk,,, with 2m ? k < r, let w be the 

solution of the approximate problem (7.1) and set e = u - w. 
Case 1. Suppose that 4m ? r and I satisfies 4m - r ? I < mO + 2. Then 

m-( 1- 1/2 

lell| Ch I I Ael 0 + E h22B2 jBe 

(7.3) - o 

\I 
'2ln I tI 1 

-(2m-mi-1/2) 
I j I I _ _ 

Case 2. (i) If2m < r < 4m and4m - r ? mO + 
-, 

then for 4m - r ? 1 ? 
mO 

+ a 

/-1n- 1/2 

jlefIf ? Ch2mml IlAell12 + E h-2(2m-mi-/2) IBiel2 
(7.4) io 

Ch i2m-l(Ifjjlo + E h-(2m-mi-1/2) Igi o) 
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(ii) If 2/n < r < 4m and m;, + 2 < 4m - r, then 
/ 12 -11 1/2 

1lel1I..+l/2 < Chr InlyAelo + >h IBe1 ) 
(7.5) i3o 

m-l 
< Chr-2m l(fll + 1 h (2m-mi-1/21 1g1 

j-0 

In (7.3), (7.4) and (7.5), C is a constant which is independent of h and F. 
If the data are smoother, we have: 
COROLLARY 7.1. Suppose that the conditions of Theorem 7.1 are satisfied and in 

addition F = (f, go, ..., gm-,) E W(x.xi), where 0 < X ? r - 2m and 0 < Xi < 
r - mi - I, j= 0, . , m - 1. Then, 

(a) Case 1. If 4m < r and 4m - r ? I < mO + 2, 

(7.6) llell1 ? Chm2l(hx litih x + h-(2m-mii1/2)+Xi lgl ) 
j=0 

Case 2. (i) If 2m < r < 4m and 4m - r _? mO + 2, then,for 4m - r ? ? mo + 2, 

(7.7) |lejlj < Ch2m-(hx hIfk + h h-(2m-mi-1/2)+X 1+X 1) 
j =0 

(ii)f 2m < r < 4m and44m - r > mO + '2 

mn-1 

(7.8) lelIIm.+1/i < Chr-2m(hx 11h k + E h-(2i-mi-i/2)++Xi gi Ixi) 
i -0 

(b) If 2m < r, then, for each t- 0, m - 1, 
m-1\ 

(7.9) Ig, - B,wjo < Ch 2-mti1/2 hx f1 11k + E h-(2lrmi-1/2)+Xf g I) 
i=0 

In (7.6), (7.7), (7.8) and (7.9), C is a constant which is independent of h and F. 
Proof of Corollary 7.1. Since 

n-1 \ 1/2 

12jAell0 + ? h2(2m-mil/2) 1Bel2) 
(7.10) ijo 

m-1 
< C inf Il(f - AxIlo + E h-(2mmi-1/2) jgi - BiX1) 

XESk.rh i=0 

the inequalities (7.6), (7.7) and (7.8) follow immediately from (7.3), (7.4) and (7.5), 
respectively, after applying Theorem 6.1. The inequality (7.9) is a special case of 
(7.10). 

Proof of Theorem 7.1. From Lemma 5.1, we have 

(Ae, AO) + '-1 h -2(2m-mj-1/2)(Be, B ,iI)0 

(7.11) #eCm() || IA/II 12m_I + Zm- h-2(2-mi-1/2) IB VI Ii+2=- 

C sup fQ(e, 0V)}. 
SEC av(ia) 

Since e satisfies (7.1), we have that for each A/ E C(Q) and all x C Skr 
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m-1 

Ae, A,)o + E h-2(-m-1/2) (B,e, Bi /i)o 
i-o 

- (Ae, A AX)o + h-2(2m-mi-1/2)(Bie, B' Bj-)o 
(7.12) i-o 

/mn-i \1/2 

? 
C(|jjjlO2 + 

-2 h2(2m-mi-1/2) IBe12) 

i -o 

II A41- AXIIO + h-(2m-m1-1/2) IBj4' - B1x1) 

where we have used Schwarz's inequality. Now, for each ,6 EC Cs(Q), we choose x 
so that it minimizes the last term in parentheses. Hence, for fixed ^fr, we obtain 

mn-1 1/2 

(7.13) Q(e, Vt) ; II + hE -2(2m"mi-1/2) IBieI) Q*(,0) 
i -o 

where 

inf (||AyI - Ahlo + Em-1 h-(2m-mi-l/2) IB iCf- B,(p O) 

I( IAiPI2-i_ + Z"-O1 jh2(2-mI-2) IBjImi+121 

We now appeal to Theorem 6.1 for the approximation-theoretic properties of 
the subspaces S,b,r in order to estimate Q*(41). We obtain from (6.1) that 

m-1\ 

inf IIA46- Apo lo + Fn-h(2mimi12) iB - Bi( ) 
Sk rh i-O 

C h IAikk + E h-(2m-mi-1/2)+Xi IBOPI'k) 
(7.15) i0o 

? ChX IIAilI1 + h h(2m-mi-1/2)+X-X IB V1t') 
i -o 

S Ch" (IAi12I + h B(2m-mi-1/2-X+ I Bi n+12 ) 
i -o 

where X = min (r - 2m, 2m- 1) and 

Xi = min (r - mi - 2,m; + 2-1), j = O,*, m-1 

First, suppose that the conditions of either Case 1 or Case 2(i) of Theorem 7.1 
are satisfied, i.e. 4m - r ? I < m0 + I and 2m < r. Then, 2m - I r - 2m and 
hence X = 2m - 1. Therefore, 

-Xi + X max (-I - r + 2m + m, + ', 2m - m- < 2m - m- 

Hence, 

2m - m;--- X, -X < 2(2m - m- ) 

and from (7.14) and (7.15), we obtain 

(7.16) Q*(ik) ? Ch2Ml 
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wlhere C is a constant which is independent of y6 and h. Therefore, we immediately 
obtain the inequalities (7.3) and (7.4) from (7.16), (7.13) and (7.11). 

For Case 2(ii) of Theorem 7.1, i.e. when = mO + 2 < 4m - rand 2m < r < 
4m, we have that the inequality (7.15) holds with X = r - 2m. Here, we also have 
that 2m - -- - - ? 2(2m -m - 1). Therefore, in this case, (7.14) 
yields 

(7.17) Q*(r) < Chr-2r 

where C is a constant which is independent of ,1 and h. The inequality (7.5) now 
follows easily from (7.17), (7.13) and (7.11), which completes the proof of the theorem. 

A discussioa- of the results of Theorem 7.1 and Corollary 7.1 is in order. In the 
derivation of the error estimates, the only property of the subspaces S ,r which 
we assumed, was (4.9) (see Section 4B). One can show (cf. Theorem 5.1) that this 
implies that S,.r only has the following property regarding best approximation: 
For each u E W2(Q) 

(7.18) inf flu Xll < Clh1 llulfl 
XESk, th 

for each pair of real numbers I and f satisfying I < k, I <: < r. C1 is a constant 
which is independeit of h and u. 

The approximate solution w of (7.1) has, in many circumstances, the same prop- 
erties as those of the best approximation. In order to show this, let us assume that 
F = (f, go, * , g_,1) C W(P-2m'l-nil/2) for ,B > 2m, hence u E W(Q) and the 
norms I lul lp and if l Jl-2m + E 2 0 Igi ,-m1,/2 are equivalent. 

Now, suppose that w is the solution of (7.1) for a given Sh,, with r ? 4m. Then, 
the inequality (7.6) yields 

(7.19) flu - wlll ? Ch'-' Ilul|, 

for 4m - r < I < m_ + I and 2m < f < r, which essentially reproduces the property 
(7.18) in this range. We note that since in this case 0 ? mo and 4m - r > 0, the 
estimate (7.19) always includes the case I = 0 (i.e. an estimate in L2(Q) where, we 
remind the reader, that mo is the order of lowest order boundary operator which 
was assumed to be operator Bo). We note that when 1 = 0 and :r, we obtain 

ilu- wllo < Chr Ilullf, 

If 2m < r < 4m and 4m - r ? mO + 2, then the estimate (7.19) also holds. 
However, in this case, 4m - r > 0 which says that the approximate solution re- 
produces the property (4.16) when measured in an appropriately high norm (which in 
this case does not include the W2(9) = L2(Q) norm). 

In the case that 2m < r < 4m and mo + - < r - 4m, (4.8) yields 

flu - WIljm+1/2 < Chr+P-4m |fu|U| 

for 2m < d ? r. In this case, our results do not indicate that w has properties com- 
parable to the best approximation measured in any norm up to order mo + 1. This 
will be illustrated by specific examples in Section 9. 

B. Interior Estimates. 
THEOREM 7.2. Suppose that Condition III is satisfied and u is the solution of (5.2) 



ELLIPTIC BOUNDARY-VALUE PROBLEMS 23 

for given F o( , g,**,) C W(x.xi) where 0 ? X ? r - 2m and 0 < Xi < 

r-m- - m ? - ] * * m -1. Let w be the solution of the approximate problem 
(7.1) and suppose that Q? is any compact subdomain of Q. Then, for each 4m-r < 
I < 2m 

(7.20) <IeII0 ? Ch2l(hX liflix + h (2m-mi-l/2)+Xi igxi ) 
j O 

where C is a constant which is independent of h and F but may depend on %. 
Remark 7.1. When X- -2m and X = f-m, -2 j = 0?1 . mm- 1, 

for 2m < ,B < r, the inequality (4.18) may be written as 

(7.21) 1 <eI ? Ch-t llulI, 

for 4m - r _ I < 2m and 2m < ,B ? r. Thus, for example, if r ! 4m, this says that 
the error can be estimated in all norms from L2(01) to W(2-(Q) with the best possible 
power of h. If 2m < r < 4m, then this can also be done provided the error is measured 
in a sufficiently high norm W2(Q1) with 4m - r _ I < 2m. 

Remark 7.2. For some values of r and 1, Theorem 7.2 may be improved by 
replacing Ilell'I with Ilell, on the left-hand side of (7.20). These cases are covered 
by the inequalities (7.6) and (7.7) of Corollary 7.1. In Theorem 7.2, we are mainly 
interested in obtaining estimates in norms W1(Q,) for I > mo + 4. 

Proof. As remarked above, we shall only need a proof of (7.20) in the case that 
mO + 1 < < -2m. However, it is just as easy to provide a proof for the case in which 
0 ? 1 ? 2m. We start with the well-known interior estimate (cf. [1]) 

(7.22) lvl II c C(<IAvlIo + Ilvl10) 

and the estimate 

(7.23) livilo ? C (1Av1-.2rn + E 1BivI_.mi_i2) 
i-O 

Hence, from (7.22) and (7.23), we have 

(7.24) vilV < C (IAvilo + Z 1BI_mi-1/2). 
i O 

Interpolating the two inequalities (7.23) and (7.24) (with I lvi 0o replaced with IvI I,"' in 
(7.23)), we easily obtain, taking v e, 

(7.25) llell' < C |lAel|l-2m + Z |Bel-,1/2 m < < 2m. 
i-0 

Using the procedure given in Lemma 5.1, (7.25) may be rewritten in the form 

(7.26) llell"x ? C (Ae, A0 ? - h2(2m-mi-l/2)(B B t) 
EC-(5) 1I Aip l12m-l + m- h-2mmil/2) lBj lm+1/2 

for 0 ? 1 ? 2m. The proof of Theorem 7.2 now proceeds in the same manner as 
the proof of Theorem 7.1 and Corollary 7.1 and will be left to the reader. 

C. Interior Estimates for Higher Derivatives In Theorem 7.2, we were able to 
obtain estimates for the 2mth order derivatives of the error on compact subsets of Q2, 
using only the property (4.9) of the subspaces S*,. The question naturally arises 
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as to whether derivatives of order higher than 2m can be estimated, in the case that 
k > 2m, with the "correct" rate of convergence. This can be done provided we make 
some additional reasonable assumptions as to the properties of the subspaces Sk,.,. 
Our first assumption is commonly called an "inverse" assumption and is shared 
by many of the spaces S,,r which are used in practice. More precisely, we shall 
assume that the subspaces S^,r have the following property: 

(***) Let Q, be any open subset of Q, Q1 C U. Corresponding to %, there exists a 
Lipschitz domain Q22 with Q, C Q2 and S2I C Q such that 

(7.27) IIxI| ? Ch IIxIIk-1 

for all x E Sk,, where C is a constant which is independent of x and h. 
Remark 7.3. These assumptions can be verified if for example we take St,, to 

be the restrictions to Q of splines defined on a uniform mesh of width h, provided 
h is taken sufficiently small (cf. for example Babugka [9]). Some further remarks 
concerning the assumption (***) will be made immediately after Theorem 7.4. 

Before proceeding with the interior estimates for the derivatives of the error 
of up to order k, we shall show that the assumption (7.27) implies that the sub- 
spaces Sk., have some further properties. 

THEOREM 7.3. Suppose that Sk,, satisfies (7.27). Then, for each pair of real numbers 
a and j3 satisfying ? a ? k and A < k - 1, 

(7.28) 1 IX 1 12 < Ch- a I Ix I1' 

for all x E Sk? where C is a constant which is independent of x and h. 
For simplicity we shall prove (7.28) in the case that a and : are integers. The 

proof in the general case follows using similar arguments. Using (5.3) (which is also 
valid if G is a Lipschitz domain), we have that if s is any integer then for any x ?E Sk, 

(7.29) (XIIxII21)2 < C IIXII12 X11X112 

where C is independent of x. Now suppose that (7.28) holds for k = s, then 

(||X|1|021)2 < Ch IX |11822|X8- 

or 

(7.30)~~~~~~~~ JJXI18-21 < Ch-l1 Ix 1X IQ 12. 

A simple induction argument using (7.29) now gives us that (7.30) holds for all 
integers s ? k- 1. 

Now, let a and : be any two integers satisfying the conditions of this theorem. 
We obtain, after a finite number of steps, 

JJIx1 1 2 < h Ix IX I 112- 1 -< < *I h6 Ix 1 1 n2 

which was to be shown. 
Let us denote by Sk,r(RN), for 0 < h < 1, any one-parameter family of finite- 

dimensional subspaces of W2(RN) having the following property: For all u C W2k(RN) 

(7.31) inf IIu - ^II R < Ch? IIUIIr 
Sk, r h (RN) 

where C is a constant which is independent of h and u. 
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As discussed previously (see Section 4), such subspaces have been constructed 
by several authors. 

Remark 7.4. It follows from an easy application of the Calder6n extension 
theorem that the restrictions to Q of elements of a subspace Sk, r(RN) form a subspace 
satisfying (4.9). 

In view of Remark 7.4, we shall make the following assumption: 
(****) Sk', is the restriction to E2 of elements of a space of type Sk,,(RN). 
We shall now prove 
THEOREM 7.4. Assume that the conditions of Theorem 7.2 hold with F = (f, go, .., 

gm-i) (E W(,-2m,-i-1/2) where now Sk , satisfies (7.27), (***) and (****) with 2m + 
1 ? k < r. Then, 

(7.32) <IeI ? ChI-L X jljuj 

for each I and : satisfying 4m - r ? 1 < k and 1 ? 3 ? r. The constant C is inde- 
pendent of h and F, but, in general, depends on %. 

Remark 7.5. In (***), we have assumed that n22 C U. If we had assumed that 
the inequality (7.27) held on Q, then we can also obtain estimates for the derivatives 
of the error up to order k on Q which are analogous to those obtained in Theorem 7.4. 
However, subspaces whose elements satisfy inequalities of the type (7.27) for domains 
a of general shape are not easy to construct. 

Proof. The inequality (7.32), in the case that 4m - r ? 1 2m, is just the in- 
equality (7.20), where then our assumption on F implies that u W2(). Hence, 
we need only consider the case in which 2m + 1 ? 1 ? k. Obviously, 

llu- WI I" < llu- wl- 

and hence it is sufficient to prove the inequality (7.32) with 0, replaced by Q. 
Let 2m + 1 _ I < k and suppose that 1 < 13 ? r. By a theorem of Calder6n [1], 

we can extend u to all of RN so that 

(7.33) |ju|R ?, g C |jU|u|, 

where we have again denoted the extended u by u. Now, let u, denote the best approx- 
imation in S,.T(RN) to u in the norm of W2(RN). Then, 

IIU - W1152 < IIU - uI IR + IIUI - w11|2 

(7.34) ? | -Ul I zIR + h IIui - wII2 

< |u - I IRj + h' jju - u|II1- + h jj|u - w|1-1, 
where, since u, E SA 7(RN), the restriction of u, to Q is in S^7 and hence uL-w 
satisfies (7.27). 

Now, it follows from (7.31) that 

(7.35) Nl Chp II RAN Ch1 jlulip, I 13 ?r I lu - uR2 I J h- |lR < Ch : | Iu Jull I =: _ r. 

We claim that for any integer 1 

(7.36) hIf IIu - u 1|jj < Ch' I 
IuI IR for I ? ? r. 

Now for any integer 1 we have 
usN 

RN (U Ul, 0)1 

IU - Utll-i_ = SUp Rlv 
'PE W2 1+ l(RN) | |+|| 1+ 1 
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where (.R, )N denotes the inner product on W,(RN). From the definition of u, it 
follows that 

| |u - s z | I l+i(- ) up - I I I 

where for each z6, V denotes the best approximation in S, `(RN) to Xf in the norm 
of W2(RN). Then, using Schwarz's inequality and the property (7.31), we have 

IIU _ IIRN 

IIU 

_ II 

IR 

N _ _ _ _ _ _ _ 

| | - 
U 
IjIR 

I < 
l U - 1 1 ( EW t+1(RN) 

1' 

1 

f11J+R1 

Ch I Iu - ul I IR < Ch'+1 IIUIIRN < 
from which (7.36) easily follows. 

From (7.34), (7.35) and (7.36), we then have 

(7.37) jju - wII|2 < C(h#1 J jlulj + h-1 Iju - wi 03) 

for any integer 2m ? I < k and I ? , < r. Hence, the inequality 

(7.38) llu - wilo2 < Chn l jlljuj 

would follow immediately from (7.37) if we could show that 

(7.39) jlu - wlII7, ? Chfl+l jluljjl. 

In view of Theorem 7.2 or in this case (7.21), the inequality (7.39) holds when 
1 = 2m + 1 and 2m ? < ? r. But then, by induction, it follows that (7.39) holds 
for all integers 2m < I ? k and real numbers (, I ? 3 ? r. The proof of (7.32) now 
follows by interpolation. 

D. An Example. We shall now consider a specific example of the theory presented 
in this section. In [14], several examples were given which illustrated the theory for 
Dirichlet's problem for second-order elliptic operators. Since the purpose of this 
paper was to extend the theory to higher-order operators and general boundary 
conditions, our example will illustrate this. In particular, we shall consider a bi- 
harmonic problem whose associated boundary conditions are neither Dirichlet nor 
natural boundary conditions. In our example, the operator is selfadjoint and the 
usual associated bilinear form is positive definite, however, we should note that 
our method works equally well if these properties of the problem are not present, 
provided Condition III is satisfied. 

Let us consider the problem of finding approximate solutions of the second 
boundary-value problem for elastic plates. Here we take Q to be a two-dimensional 
region (with smooth boundary) and u to be the deflection (i.e. displacement) of the 
plate D. The symbol a- is used to denote Poisson's ratio and D will signify the plate 
rigidity. The boundary-value problem to be considered can be stated as 

(7.40) A2U - in Q 

and 

(7.41) u= go, M(u)= g, on OQ. 

Here, f, go, and g, are prescribed data and M(u) is the bending moment; i.e. 
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(7.42) M(u) DL Au-( - a) 
a + 

I 
du 

In (7.42), 02U/0S2 denotes the second tangential derivative of u, au/ap is the exterior 
normal derivative and p is the radius of curvature on 02. 

!n. tfi& exmp1le the. Vppvoximatp- mbpjmn (.7W. take& thi following form: For 
given S,,, with 4 < k < r, find w C S,7 such that 

(7.43) J (f - A2w) A2w dx + h-7 (go - w)p ds 
(7 .43) d 

+ h 3 f (g - M(w))M((p) ds = 0 

for all so E S*h. 
If we take w to be the solution of (7.43), then (7.6), (7.8) and (7.9) of Corollary 7.1 

yield the following error estimates over Q and on OQ. 
If 8 < r, then 

(7.44) Ilu - whlo _ Ch4(h" llfllx + h-712+ Igoljx + h3'2+' jg | ) 

If 4 < r < 8, then 

(7.45) jju - W111/2 -< Chr-4(hI hIf Ix + h-7/2+X. lgolx. + h-3/2+)1l IgiIX). 

For any 4 < r 

(7.46) lu - wlo Ig- wjo ? C(h7/2+X llfllx + hxo lgolx + h2+X1 IgiIx) 

and 

(7.47) IM(u) - M(w)jo - g - M(w)Jo < C(h3/2+ 1 f11k + h2+xo Igoix. + hxl If lt). 

In (7.44), (7.45), (7.46) and (7.47), X, Xo and X, are restricted to 0 ? X ? r - 4, 0 _ 
X0 < r- r and 0 < X1 ? r - 

If we take for example k = 5, r = 6 and S,*7 to be quintic splines on a uniform 
mesh of width h, then we obtain from (7.45), (7.46) and (7.47) 

jjU - WII1/2 ? Ch4(I f1112 + 1g901112 + 1g91172) ? Ch4 l lul1, 

go w wIo < Ch'1/2(l f112 + g90111/2 + 1g117/2) ? Ch'1/2 llull6 

and 

jg, - M(w)Io ? Ch712(llti12 + 1go01112 + Ig17,2) ' Ch7'2 jjujj6. 

If we take k = 7, r = 8 and S', to be splines of order eight, then the two extreme 
cases of (7.44) yield 

Ilu - wHlo ? Ch4 (I If I lo + h 12 Igolo + h5/2 lg1 o) 

and 

IIu - WIo ? Ch8(IIf 1j4 + 1g0.115/2 + 1g1111/2) ! Ch8 jUl18. 

From (7.46) and (7.47) we obtain 

Igo - wjo _ Ch'5/2(l fl14 + 1g0115/2 + 1g9J1112 ' Ch15/2 ullu 8 
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and 

Ig1 - M(w)jo < Chl' /(Ill t4 + 1g011512 + 1gd111/2) _ Ch'1/2 lull8. 

Interior estimates are easily obtained from Theorems 7.3 and 7.4. If we take 
k = 5, r = 6, S,*, to be say quintic splines and 01 to be an open subset of Q with 
E,1 C Q, we obtain from (7.32) that 

jlu - wIll" < Ch6' lIlull 

for any 2 ? I ? 5. In particular, in the two extreme cases we have 

|u - wll"l < Ch4 IUlII 

and 

||u - wll"1 < Ch IlUli6. 

If we take k = 7, r - 8 and S',7 to be splines of order eight, then 

(7.48) ju - w1 ? Ch8 |lUll 

for any 0 _ I < 7. 
We note that for 0 ? I _ 4, Corollary 7.1 says that the inequality (7.48) also 

holds with Ilu - wI ,, replacing Ilu - wllI on the left-hand side. 

8. Other Approximation Schemes for Dirichlet's Problem. 
A. We shall first briefly consider some approximation schemes which are closely 

related to schemes previously discussed. For simplicity, we shall restrict the discussion 
to Dirichlet's problem 

(8.1) Au=I in Q, 

u=g ondQ. 

In the scheme (7.1), the approximate solution in this case is determined as the 
minimum of the functional 

(8.2) = )If - A 1I12 + h3 Ig - spl2 S E Sh 

We could, if we wished, determine an approximate solution as the minimum of the 
functional 

(8.3) 1Di(P) = Ilf- Apo112 + h-3+2880o) jg _ 12 

for a given pair of real numbers s and so. Estimates for the error in these schemes 
could be obtained using the methods presented previously in this paper. 

Let us discuss the results one can obtain for the particular choice of s = 0 and 
s= = 1. This scheme has certain advantages over the scheme (7.1). This will be dis- 
cussed immediately after Theorem 8.1. An equivalent formulation of this scheme 
is as follows: For given S",7 with 2 _ k < r, find v C S,7r such that 

(8.4) (f-Av, A(p)o + h-'(g -v,o)j = 0 for all s E S"k7r 

It is easy to see that there exists a unique solution of this equation and that it can 
be determined by solving a linear system of algebraic equations. 
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If we assume for simplicity that g is defined in a neighborhood DI of au and 
g C J//2(s), then we may take as a definition 

Kg w)1=f gw dc+ f(C w- g-) do, 
dQ 11 i=l J dxi k xi ao dv 

where 8v/lv denotes the interior normal derivative of v to aQ. 
We shall not give any details of the proof of the error estimates, except to say 

that we use a generalization of Theorem 3.1 which also follows easily from 
Theorem 3.1. 

THEOREM 8.1. Suppose S^,r is given satisfying (*) with 2 < k < r and let u be 
the solution of (2.2)for given data F = (f, g) C W(x'o) where 0 < X < r- 2 and I < 

X0 < r - -. Let v be the solution of the approximate problem (8.4). Then, for any 
4- r < 1< 

(8.5) llu - vjll ' Ch2-1(h' 1111 + h-3/2+)? Igl ), 

where C is a constant which is independent of h and F. 
Let us compare the estimates that have been obtained for the schemes (7.1) 

and (8.4). Suppose that F (f, g) C W 9,9-1/2) for 2 ? ,3 < r. Then, as previously 
discussed if w is the approximate solution of (8.1) obtained from (8.2), the following 
error estimates hold: If 4 ? r and 4- r < I , 12 then 

(8.6) llu- wlll ? Ch-1 illulHl. 

If r = 3, then 

(8.7) Llu- Wil,,2 < Ch-' iluilp. 

On the other hand, if we take v to be the approximate solution obtained from (8.4), 
then (8.5) yields the error estimate 

(8.8) I lu - vi 11 Ch'-' I Jul 

for any 4 - r < I < 2. 
The advantages of the scheme (8.4) are now easy to see. Namely, one can obtain 

estimates for the error in the W2'() norm with the correct order of convergence. 
This is an improvement over the previous schemes for any 3 < r. In the case that 
k = 2 and r - 3, one obtains from (8.8), using for example quadratic splines on a 
uniform mesh of size h, the estimate 

Lu - vjjl ? Ch2 |1U|13. 

In this case, the scheme (7.1) yields 

Lu - W1iI/2 < Ch2 j|Ul13. 

B. Let us again consider the problem of approximating the solution of Dirichlet's 
problem (8.1). Besides the approximation scheme analyzed in [6], Babuska (private 
communication) has proposed the following scheme for the approximation of the 
solution of (8.1): Find v C Sk, which minimizes the functional 

(8.9) 2(0 = lu - At I I' + p-1(h) p(h) du -12 't2 4") 0 - 
- 

~~~~~~~~~~~P'~ 



30 J. H. BRAMBLE AND A. H. SCHATZ 

among all so E Sh . Here, p(h) is a given function of h which is to be chosen ap- 
propriately. It is easily seen that if v E Sk r is the function which minimizes (8.9), then 

|v Ai i pclx + p(h) i v'(p d- - fsp dx 49R 
0 

do- O 
R~ 

' 
dx' R R a 

for all sp C S ,a). Hence, v can be determined from a system of linear algebraic 
equations in terms of the data f and g. 

We shall prove some error estimates for this scheme with p(h) chosen as p(h) = h3. 
We believe this to be the best possible choice. We shall make use of a result which 
was proved in [14]. It is also a special case of Theorem 6.1. For convenience we 
shall restate that result in this special case. 

LEMMA 8.1. Let Sh be given satisfying (4.9) with 2 ? k < r. Then, for any 
F = (f, g) E W('?', where 0 ? X < r -2 and 0 X0 < r 2 

inf (lIf, - Ayf11 + h3 g 12)1/2 < C(hx IIfllx + h-3/2+x? tfX) 
Vrsil.b rh 

where C is a constant which is independent of F and h. 
The following error estimates for the scheme (8.9) easily follow from Lemma 8.1. 
THEOREM 8.2. Let u E W22+(2) be the solution of (8. 1) for given data F = (f, g) E 

W(XX+3/2) where .- < X < r - 2. Suppose that Sht, is given, 2 < k < r, r > 4 and 2 

let v be the solution of the approximate problem (8.9). Then 

(8.10) flu - Avilo ? ChIX hulk, 

where C is a conastant which is independent of h and u. 
Remark 8.1. If we denote by w the solution of the approximation scheme (8.2) 

(or equivalently (7.1)), then in the case that 2 ? k < r, r 2 4, we can obtain from 
Corollary 7.1 that 

(8.11) ilu - wllo ? Ch" {lullx 

for any 2 ? X ? r. A comparison between (8.10) and (8.11) shows that the maximum 
rate of convergence in (8.10) is of the order hr-2 while (8.11) gives us the higher 
maximum rate of order h'. Note also that the matrices in the two schemes (8.2) 
and (8.9) are identical. 

Proof. We certainly have (with p(h) = h3) that 

jfu- \vi lo ? inf llu - Acblj2 + h3 h dv ) u 
~~~~~S h 

0 
1/ 

Applying Lemma 8.1, it follows that for 0 ? X < r - 2, and 0 < X0 < r- 2- 

(8.12) 1u1- <V||2 _ C(hx ilulff, + h3/2+X. |d | ) 

Now, from Lemma 4.3, we have that if 2 < X then 

(8.13) | < c | \ | 
9VN3/2 Clul 
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where C is independent of u. Choosing X0 = X - 3 in (8.13) and using (8.12), we 
easily obtain the desired inequality (8.11) which completes the proof. 
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