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Least Squares Methods for 2mth Order Elliptic
Boundary-Value Problems

By J. H. Bramble and A. H. Schatz

Abstract. In this paper we consider a general class of boundary-value problems for 2mth
order elliptic equations including nonhomogeneous essential boundary conditions and
nonselfadjoint problems. Approximation methods involving least squares approximation
of the data are presented and corresponding error estimates are proved. These methods can
be considered in the category of Rayleigh-Ritz-Galerkin methods and have the special feature
that the trial functions need not satisfy the boundary conditions. A special case of the
trial functions which is studied are spline functions defined on a uniform mesh of width #
(or more generally piecewise polynomial functions). For a given “well set” boundary-value
problem for a 2mth order operator the theory presented will provide a method with any
prescribed order of accuracy r which is optimal in the sense that the best approximation
in the underlying subspace is of order of accuracy r.

1. Introduction. In this paper, we present, and give error estimates for a class
of least squares methods for the approximation of solutions of general boundary-
value problems for 2mth order elliptic partial differential equations. The estimates
are based on an abstract approximation theorem which we prove. This theorem is also
applied to obtain some purely approximation theoretic results.

The results on boundary-value problems are a generalization of those of [14],
where we treat only the Dirichlet problem for second order operators. A description
of some of them is given in [15].

As is well known, the ordinary Rayleigh-Ritz method for the treatment of bound-
ary-value problems with essential boundary conditions requires that the trial functions
satisfy boundary conditions. In the least squares method this difficulty is not present.
For other approaches where the requirement of satisfication of boundary conditions
has been avoided, the reader is referred to the works of Aubin [4], [5], Babuska [6]
and Nitsche [26]. Although most of this work has been aimed at second-order prob-
lems, it could be generalized in some directions to higher order problems.

Little has been done, however, of a general nature on the treatment of higher
order equations with general boundary conditions by any method. We present here,
for the first time, a general theory for the approximation of solutions of such problems.
For a given “well set” boundary-value problem for a 2mth order operator, our theory
will provide a method with any prescribed order of accuracy r which is optimal in
the sense that best approximation in the underlying subspace is of the order of ac-
curacy r. Some special features of the method presented in this paper are as follows:

(1) The trial functions are not required to satisfy any boundary conditions.

(2) Selfadjoint problems and nonselfadjoint problems are treated with equal ease.
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2 J. H. BRAMBLE AND A. H, SCHATZ

(3) Problems whose associated quadratic form is not positive definite are treated.

(4) The data are used in an L, sense.

(5) The matrix of the resulting linear system is always symmetric and positive
definite.

An outline of the paper follows. The first part contains the above-mentioned
general approximation theorem. We begin Part II with a description of the function
spaces and subspaces to be used later. The remainder of Part II is devoted to some
approximation theoretic applications of the general theorem; e.g. we study some
approximation theoretic properties on 9@ of functions which are assumed to have
certain approximation theoretic properties on Q. The main part of the paper is in
Part III. Here we present and study least squares approximations for general bound-
ary-value problems for 2mth order elliptic operators. Many error estimates are
proved; e.g. L, estimates are given as well as interior estimates for derivatives. A
specific example of a boundary problem for the biharmonic operator is presented.
Finally, two methods for the Dirichlet problem for Poisson’s equation, which are not
contained in the general theory, are studied. The proofs of the estimates in these
methods are again an application of the abstract theorem of Part I.

ParT I

2. Preliminaries. Foreach j =1, .-« ,n,n 2= 1, let X(j, 6,),0=< 6, < 1, bea
one-parameter family of Banach spaces (real or complex), with corresponding norms
[|* llxci.6;) satisfying the following condition:

Condition1. (a)Foreachj=1,.--,n, X(j, 0)) C X(j, 0;)forany0 < 9, < 0} = 1
with a continuous injection, i.e.

@.1n Hullxcion S Ci(8;, 02) |lullxciio;n

for all u & X(j, 67) where C.(6;, 6}) is a constant which may depend on the choices
of 6; and ¢/.

(b) Let Y be any Banach space with norm || ||y. For fixed j, let T € £(X(j, 0); Y)
M £(X(, 1); Y) (where for X and Y Banach spaces, £(X; Y) is used to denote the
space of bounded linear mappings of X into Y) with

2.2) Tully = mollullxii.0 HTully = my|lullxi..
Then, for each 0 < 8; < 1, T & £(X(j, 6;); Y) with
@.3) [ Tully £ Co(0:ymy™" m3||ullxcion

where C,(6,) is a constant which depends at most on 6; and is independent of the
choice of Y and T.

We note that Condition I(b) states that for each j the spaces X(j, 6,),0 < 6, < 1,
are interpolation spaces between the spaces X(j, 0) and X(j, 1) (cf. [17]).

Let§ ER", 0 = (0, -~ , 6,). We shall say that a < 9 < b for two real numbers
aandbifa <6, <b,j=1,---,n Foreach § €ER" 0 < 4 £ 1, denote by X(6)
the product space X(6) = []%., X(j, 6,) with the norm

2.4 ullxo = Zl [aillxciion, u= (U, '+, ).
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1t will be convenient for us to renorm X(6) in the following way: For each « & R"
and » € R' with 4 > 0, X(6; k; ) will denote the Banach space whose elements are
those of X(6), but furnished with the equivalent norm

(2.5) Hallxcomiar = Z; B usl | xct,00
&

We note that the constants of equivalence depend on 4 and a and whena = (0, --- ,0)
the norms (2.4) and (2.5) are equal.

3. Approximation-Theoretic Properties of Certain Subspaces of X(6). In order
to motivate the approximation-theoretic result we wish to prove, let us consider
the simplest case in which X(6) = X(1, 6,),0 < 8, < 1, a single one-parameter family
of Banach spaces satisfying Condition I. Suppose that there exists a one-parameter
family $*, 0 < & = 1, of closed subspaces of X(1, 8,) for some 0 < 8, < I, having
the approximation property that for some o, > 0

inf |lu, — xullxa.e0 = CA”||urllza,n,
X1E8h

where C is a constant which is independent of # and u, € X(1, 1).

Suppose that the subspaces S* are also closed in X(1, 0). We now ask what prop-
erties with respect to best approximation in X(1, 0) do the subspaces S* have which
follow from their properties on X(1, 8,)? Since X(1, 0) C X(1, 8,) with a continuous
injection, we trivially have

inf |luy — xllxa.0 = CA”||ullza.n.
X1E383
We shall show in this case that since the spaces X(1, 6) satisfy Condition I the stronger
inequality
inf ||luy — xillxa.o = CH 7w lxa,00
X1 ESH

holds for each 0 < 8, < 1. Here C is some constant which is independent of # and
u, € X(1, 6,). In the nontrivial case, in which 6, = 1 and 0 < 8, < 1, we have
0:0,/(1 — B) = a1/(1 — B1) > o1

In this section, we shall generalize this situation. Briefly, we shall consider product
spaces X(6) as described previously. We shall assume that for some 8 & R", there
exists a one-parameter family of closed subspaces S* of X(8) having certain properties
with respect to best approximation in X(8) (see below) and then show that this implies
that they have certain not so evident approximation properties in the weighted spaces
X(0; k; o), for some appropriate choice of a.

In Parts IT and III of this paper, we shall consider some specific applications
where the assumed properties of the approximating subspaces are easily verifiable.

LetB, s ER"with0 £ 8 < 1and 0 < o andlet # € R with0 < & =< 1. For
fixed values of 8 and o, let S* denote a family of subspaces of X(8) which are closed
in both X(8) and X(0) having the following property:

Condition I1. For all u € X(1) there exists a constant C,, independent of u and A,
such that

n n
(3.1) inf ||u — xllx@ = inf 2 |lu; — Xillxcien = Cs 2 K il lxan -
XESH XESH j=1 i=1
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Remark. In all our applications, the spaces S* will be finite-dimensional and there-
fore automatically closed in X(8) and X(0).

We shall now state the main result of this section.

THEOREM 3.1. Suppose that Condition 1 is satisfied. For given S*, satisfying Condi-
tion 11, let a; = Bio{(1 — B;)and 0 < p; < a; for j=1, -+, n. Then

(2  inf 2 Au; — Xillxa.e S C0) 25 ATy x 0
XE€E8H j=1 i1
forallu = (uy, -+ , u) € [, X, 6,), where 6 = (8,, -+~ , 8,) with0 = 6; £ 1
and C(0) is independent of u and h but may depend on the choice of 6.
The proof of Theorem 3.1 is lengthy. We shall first need some lemmas.
LeMMA 3. 1. Suppose that the conditions of Theorem 3.1 are satisfied and that there
exist 1;,0 £ v, £ o, j = 1, -+~ , m, such that for all u € [[3., X(, 8;)

(3.3) inf 2 A% ||u; — Xillxi.0 S Ca 21 BV uilx i 800
&

XESh =1
where C, is a constant which is independent of u and h. Let k be an integer | < k < n
Jor which v, = max [n, +++ , n.) Then

(B4 inf 3 A |uy — xillxiio S C'Z(h—"m ol lxeom + 2 h—”|luf“x(i.m)'
xESh ja1 ivk
where
Ci = max {C,(B)(C:C", Ci} .
The following remarks will be useful in the proof.
Remark 3.1. If X is a Banach space and N a closed subspace of X, then the quotient
space X/N is a Banach space with norm ||{u}||x/» = inf,en|lu — v||x where {u}

denotes the equivalence class to which u belongs. The triangle inequality then states
that

inf ||u, + uy — v||x £ inf ||uy — va]|x + inf ||uz — vsl]x.
vEN EN 1.EN

LEY

Remark 3.2. Let X and Y be Banach spaces X C Y and let N be a closed subspace
of both X and Y. Suppose that there exists a constant C such that for all u & X

inf |lu — v]ly = Cllul|x.
vEN
Then, for all # & X and for the same constant C
inf ||u — v||y £ C inf ||u — w||x.
vEN wEN

Proof. We may assume without loss of generality that 5, = max[n, -+, 7.] > 0
and therefore 8, > 0, for otherwise (3.4) is trivial. Let 5;; denote the Kronecker delta.
Then in view of Remark 3.1

(3.5) inf > A% — xillxo S 2 ( inf D BT ||u; 85 — 'l/mxu.o))'
xESH j=1 1=1 \plesh j=1

Now for / = k we trivially have

(3.6) inf D7 A7 |u; 85 — Yillxa.o = A" ||ullxce.0 -

vkesh =1
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Suppose now that u, & X(k, 1), then in view of our assumption (3.3) and Remark 3.2

3.7 inf Z B uid — Yillxiio S C4 mf ™ E [a:8ie — ¥illxcign.

ykesh j=1

Since S" satisfies (3.1), we have from (3.7)

3.3) 1nfh 12_:] B |uidn — illxa.o S CoCli™™ ™| [xaany -

We can now “interpolate” the inequalities (3.6) and (3.8) using our assumption
(b) of Condition I. Let Y be the quotient space of X(0; #; «) modulo the subspace
S* and T be the mapping of X(k, 0) into Y defined as follows: T = T, o T, where
T, is the injection mapping of X(k, 0) into X(0; &; «) and T, is the canonical map-
ping of X(0; k; a) into Y which associates with each element of X(0; #; «) its equiva-
lence class in Y. Now, in view of the inequalities (3.6) and (3.8), T € £(X(k,0); )N
£(X(k, 1); Y) where in (2.2) we may take m, = A~ %}, m, = C,C:h” "**"*. Hence, in
view of (2.3), we have

(3.9) inf Z he Hu S — %qu o = Cz(Bk)(CsCo"h”"”" ot f | x .80

yEkESh =1

for all Uy e X(k, ﬁk).
From (3.3) we also have that for / & k

(3.10) }ngh Zl B |8 — Yillza.o S Cah™™ [lmllxc.o0-

The proof of the lemma now follows from the inequalities (3.5), (3.9) and (3.10).
LeMMA 3.2. Suppose that the conditions of Theorem 1 are satisfied. Then, for all

u € X(B), we have

@3.10) inf, 3> 47 [l = xillxcior S Co 2 Illlrcssns
=

XESh j=1
where Cj is a constant which is independent of h and u.

P"OOf: Let M = max {Cl(oa Bl)’ tt Cl(o; Bn)a C2(ﬁl)> tt Cz(ﬂ»), CSa 1}- NOW
we have '

n n
inf 2 h Ml = xillxao S 20 B lag]xi0
(312) XESA jm1 i=1

”
=M ; B0 |[uillxdi80

where we may assume that max @; > 0, j = 1, -+ , n, for otherwise (3.12) is just
(3.11). In general then, (3.12) is a poor estimate. We shall now systematically improve
(3.12) by using Lemma 3.1 in order to obtain the estimate (3.11). We proceed as
follows. Let o, = max{a,, -+ , a,}. Now apply Lemma 3.1 to the inequality (3.12)
where we take C, = M and a, = 1;, j = 1, --+ , n. It is easy to see from (3.4) that

a bl -y Q2
(3.13) inf Z B uy — xillxao S MY 3 AT ’ [ullxcs.80

XESH jml i=1

where p = max{8,, ++- ,8,} and 7{" = a;if j > k and 5{" = .8, We repeat this
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process using Lemma 3. 1, now using the inequality (3. 13) instead of (3. 12). Iterating
after s steps we arrive at

(3.14) inf D A ||u; = xillxao S My 20 B [Jullxa.sn
xE€Sh j=1 =1
where

"5") = ai(ﬂi)”’ a; ;é 0’

= 0’ a; = 0’
j=1 - ,ns=27.,sand M, = M" imor-1 gGince M, < MY and
a;(B; )" can be made arbitrarily small for s; sufficiently large it follows thateach »{"
can be made arbitrarily small after a sufﬁclent number of iterations which proves the

lemma.
Proof of Theorem 3.1. We have, noting Remark 3.1,

(3.15) inf DA™ ||lu — xillxio S Z( inf Z A | |udi — Willxa, o))
XESM j=1 ylesh j=i

Now, for each I = 1, --- , n, trivially

(3.16) inf E B (w6 — ¢:'||x(i.o> = 7 |wllxa.o -
ylesh j=1
In view of Lemma 3.2, Remark 3.2 and (3.1), we have
inf Z B | |ugds — Yillxa.o S }nf Z R |8 — Yillxa.o

YyleSh jwl

@G.17 = C; inf Z”u 811 — VYillxcion

ylesh jm1

A

CsCah™ ||u]|xan

for all u, € X(, 1).

We can interpolate the inequalities (3.16) and (3.17). In (b) of Condition I, we
take Y to be the quotient space of X(0; #; ) modulo the subspace S*, T to be the
same mapping as in the proof of Lemma 3. 1, with k there replaced by any / = 1, -
n,m, = h™* and m, = C;C;#°". Then, for any 0 < 6; < 1, we have

(3.18) wmf Z B | |uié5 — \1’:”1:(; 0 = C'I(H,)(C3C5)0'h"‘”+(”“”0' e[|z 00 -
=1 .
The inequality (3.2) now follows easily from (3.15) and (3.18).
As a consequence of Theorem 3.1 we have the following:
COROLLARY 3.1. Suppose that the conditions of Theorem 3.1 are satisfied and let
T € £(X(0; h; u); XO; h; w)) such that Tx = x for all x € S". Then

(3.19) [la = Tullxom S CO) D B4 1yl v ;000

i=1

where u, u, o and 6 are as in Theorem 3. 1.
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Proof. By hypothesis

Hu - Tu”x(o:h:u) =C “u”X(o‘h“‘)‘

Hence, for any x € S,

[fu — Tullxcoiniw = [lu — x — T@w — ||x0mmw
n
= Cllu— xllxomiw = C(Zl B uy — Xi”X(i.O))'
i=

The proof now follows from Theorem 3.1 by choosing x to be the best approximation
in $* to u in X(0; A; w).

PARrT 11

4. Some Function Spaces, Subspaces and Approximation Theoretic Properties.
In this part, we introduce some particular function spaces and certain classes of
finite-dimensional subspaces. We shall then apply Theorem 3.1 to obtain various
approximation theoretic results concerning these function spaces.

A. Some Particular Spaces and Their Properties. We shall first briefly state some
notions concerning the theory of interpolation of Banach spaces (see [17], [24] for
further details).

Suppose ®, and ®, are Banach spaces which are continuously imbedded in a
topological vector space ®. Their sum

(BO+(B1={u;u=u0+u:uie&isi=osll
is a subspace of ®. For u € ®&, + ®,and 0 < ¢ < = form the functional
K@, u)y = inf (||ulle, + t]lulls.).

f0<8<1,1=g= »,wedenote by (B, ®,),,, the Banach space with the norm
® dr\"*
Hull (e, @0r0.e = (f (" K(@t, u))* _t—) , fl£g< o,
“4.1) 0

sup t ' K(t, u), ifg= .

t>0
We note that if 8, = &, then (B, B1)s,, = ®, with
4.2) [4]](@e.@00 « = Cla, O)]|ulla,

where

1 1/a
C(q,o)=( ),if1§q<oo,

4.3) q6(1 — 0)

=1, ifg= =,

The next lemma says that the spaces (®,, ®,)’** satisfy Condition I(b).
LemMaA 4.1, Suppose that Y is a Banach space and ®,, ®, are as above. Let T &
&(®;; Y), i = 0, 1, with

4.4) Tully £ M:||ulle;, i=0,1.
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Thenfor0 < § < landl1 £ g = «©, TE L(®o, B1)y,q» Y) and
4.5) [|Tully < (Ca, )7 Mo~ Mi||ull(@ase0r. 0
where C(g, 0) is given by (4.3).

We shall now specialize to some particular function spaces. Suppose that Q is
an open set in N-dimensional Euclidian space R" such that either @ = R” or else Q
is bounded with a C* boundary 9Q which lies on one side of @ (see [23]). We shall
consider the following spaces of real (or complex valued) functions defined on Q.

(i) The Sobolev Spaces W™(Q). (a) Let ¥ = C°(2)if @ is bounded and ¥ = CH(R")
if2 = RY.If1 £ p < » and mis a nonnegative integer, then #7(Q) is the completion
of ¥ under the norm

1/p
a ?
lallwe = ( 5 1pally.e)
lalsm

where o denotes a multi-index a = (a,, +++ , ay), Du = ' 'u/(axg -+ dxgY),
la| = a; + -+ + ayand W) = L(Q) with

[l = [ 1ul dx.

Note. We have written W7, instead of W7(2) when the domain considered is evident.
(b) If m > 0 and not an integer, set m = [m] + s where [m] is the integral part
of m. Then, W3(Q) = W, is the subspace of W™ of all elements u such that

— P 1/p
il = (Hun':v,m + 3z [[IE “"" DO 4 dy)

lal=m |x — y|

is finite.

() Again, let V = C°(D) if @ is bounded and ¥V = CHRM)if @ = R". Ifp = 2
and m is any real number m < 0, then W75(Q) = W7 is the completion of ¥ under
the norm
()
el = 320 Tl
where

(u,v) = ful’)dx.
a

(ii) The Spaces C™() = W2(Q). If m is a nonnegative integer and © is bounded,
we set W2(Q) = W2 = C"(D), the set of functions having continuous derivatives up
to order m on & with the usual norm

||#]|wam = Z max |u(x)|.
a

=m z€Q

If m > 0 and not an integer, set m = [m] -+ s. Then W2(Q) is the subset of Wi"(Q)
such that the norm

> s |D*u(x) — D%u(y)|

lai=lm] z,y€l lx — y|

Hullwan = [lallwetm -+

is finite.
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(ili) Besov Spaces B}'%(). For any 0 < m < I, [ an integer, | < ¢ < « and
1 £ p = «, B%(Q) is the Besov space defined by interpolation

BJ(Q) = (Wy(Q), Wy (D)0,  Where 6 = m/I.

The definition can be shown to be independent of the choice of / (up to equivalence
of norms).

(iv) The Boundary Spaces W™(0Q) and By °(9%). Suppose that @ is bounded and
eitherm > 0and 1 £ p £ ® or —» < m < » and p = 2. Since 32 is of class
C~, © can be covered by an interior subdomain and a finite number of boundary
patches {0;} with the following property: For each j there is a C* homeomorphism
T, which maps 0; onto the ball |x| < 1 and 0; N 92 into the hyperplane xy = 0.

The set {0; N 92} forms an (N — 1)-dimensional open covering of 9. Let
Y £ = 1 be a partition of unity subordinate to this covering which may be assumed
to be such that £; € C3(0,). Let $* denote the unit ball in R*, then T,(0;) = 8" and
T,0, N 9Q) = 8" . For g € C°(39) set r,8(x) = g(T;'x), x € 8" " and

(4.6) lglw,m = (X (75 & gllim PV,
4.7 |glz,me = (2 (|71 & glloam ™),

where the norms on the right of (4.6) and (4.7) denote the norm in Wj(8Y™") and
Br(8Y"), respectively. The spaces W (9Q) and Bj%(8Q), respectively, are defined
to be the completions of C*(8Q) with respect to the norms defined in (4.6) and (4.7).
It is not difficult to show that all possible choices of the 0; and &; give equivalent
spaces.

We shall now list some known results concerning the above-mentioned spaces
(see [21]) which we shall need in the applications of Theorem 3.1.

LemMMA 4.2. (@) If p = q = 2 then By'*(Q) = W(Q) for all m > 0.

(d) If1 < p £ « andm > 0 is not an integer then B} **(Q) = W7i(Q).

(© If1 = p £ « andm > 0 is any real number then W7(Q) C B;'“(Q).

@ Ifo<my<m,0<0<1,1=¢0,q1,9= ©andl =p = «,then

(B (), B;,m'ql(ﬂ))o,q = B;’""(Q), m= (1 — 0Omy + 0m,,

where if either m, or m, are integers then By *'(Q) may be replaced by W7 (Q); i.e. if
m, and m, are integers (Wip(Q), Wy (2)s,, = B, (D).
@ If—o <my=m; < ©and0 < 6 <1 then

(W (Q), W' (@)e,> = W35(Q), m= (1 — 0)me+ Omy.

(f) In the case that Q is bounded and 9% is as described previously then the results
of (), (b), (¢), (d) and (&) hold with Q replaced by 3Q. In the above, equality is to be
understood with equivalence of norms and containment is to be understood in the sense
of a continuous injection.

B. Some Finite-Dimensional Subspaces of WE(2). One of the purposes of this
paper is to investigate some approximation properties of certain classes of finite-
dimensional subspaces of the spaces defined in 4.A. Many different subspaces which
have been described recently in the literature have certain approximation theoretic
properties in common. We shall consider a class of subspaces defined by a single
property common to most of these specific subspaces. More precisely, we define
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the subspaces Sy, ,(Q) as follows: Let 2, 0 < & < 1, be a parameter. For any two
given nonnegative integers k and r, with k < rand 1 £ p £ =, S}, (Q) is any
one parameter family of subspaces of W(Q) such that: (*) For any u € Wi(Q),
there exists a 4 € S;,,.,(Q) and a constaat C independent of 4 and u such that

(4.8) llu — a&||wr < CH*||ul|w,r.
This is obviously equivalent to the condition that
(4.9) inf |lu — xllw,r = CH M [u]|w,e

XESE,r, o (D)

In the literature, S, (@) (there is no standard notation) sometimes denotes
subspaces satisfying the seemingly stronger condition (**): For any u & Wi(Q),
there exists a constant C independent of 2 and u such that
(4.10) inf  |lu — xllw,: £ CH 7 |u||wpi

XESk,r. oM (D)
for all nonnegative integers jand I with/ < kand [ = j £ r.

The construction of such spaces has attracted much attention recently. For
example, S. Hilbert [22] constructs spaces of splines on uniform meshes in R¥ which
satisfy condition (*) for certain choices of k and r. Schultz [29] has studied many
finite-dimensional subspaces on rectilinear domains in R which satisfy (*). The
papers of Aubin [3], Bramble and Zl4dmal [16] and Di Gugliemo [18] also countain
examples of subspaces satisfying (*). The work of BabuSka [7] and Fix and Strang [19]
are also important in this regard.

C. Some Other Properties of the Subspaces. As the first application of Theorem 3.1,
we shall show that (4.9) implies (4.10) and in the case p = 2, (4.9) implies (4.10)
where / and j also may be taken to be negative. In the case p = 2, this says that a
space of the type Sk, ,(Q) is automatically a space of type S}, ; () where / and j
are any real numbers satisfying / £ kand I = j = r.

THEOREM 4.1. Let S;., () be given satisfying (4.9), then

() If I and j are any two real numbers satisfying 0 = 1 < kandl = j = r, there
exists for all u & Wi(Q) a constant C = C(I, j) which is independent of h and u such that
4.11) inf  |lu = xllw,t £ CH 7 ||ullw,i.

XESk,r,p"(Q)

(i) If p = 2, then (4.11) holds where we may take I and j to be any two real numbers
(positive or negative) satisfying | £ kandl = j = r.

Proof. We first prove (i). In Theorem 3.1 let us take the case where n = 1 and
X(1, 6) = WL0-0*0(Q), 0 £ 6, £ 1,and B, = (k — D)/(r — I) > 0; thatis X(1, 8,) =
WE(Q). Hence (2.1) is satisfied. In order to show that Condition I is satisfied, it remains
to show that (2.3) holds. Take Y to be any Banach space and in Lemma 4.1 ®, =
WXQ), ® = W(Q)and ¢ = . Then, for any T € £(®;; Y), i = 1, 2, satisfying
(4.4), we have

UTully £ My "MV ||ullp,i0, 0< 6 <1,

where & = (1 — 6,) + r6,. Now, since W¥(R) C B:'*(R) with a continuous in-
jection, we find that

Tully £ COIMs™" MM |ullw,s, 0 < 6 < 1.
Therefore, (2.3) is satisfied and hence Condition I is.
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We now take $* = Sh...»(Q) in Theorem 3.1, where S; , () satisfies (4.9) and
therefore ¢, = r — k. We therefore have from (3.2) taking 4, = «; = k — I and
6. = (j — D/(r — I) that

inf BT u = x|lw, £ CU DE [l Ly
zESk,r, M (D)
and (4.11) follows, which completes the proof of (i).

The proof of (ii) is simpler. Here we take X(1, 8,) = Wi*~*"%(Q),0< ¢, = 1,
where [ is any real number satisfying the conditions of (ii) of this theorem. Clearly,
(2.1) is satisfied. To show that (b) of Condition I is satisfied, we take &, = W(Q)
and ®, = WiQ) with ¢ = 2 in Lemma 4.1. Then,

Tully = 242 mé—o’mf'l|u||(‘w,'.W.'>o,..-

But (Wy(Q), Wi(Q)s,. = Wi 9*(Q) with equivalence of norms which proves
(2.3) and hence Condition I is satisfied. The remainder of the proof of (ii) now proceeds
as in the proof of (i) and will not be given.

D. Approximation on 3Q. We shall now consider some questions which arise
naturally. Suppose that Q is bounded and we are given a subspace of type S;., ().
Let us look at the restrictions to dQ of elements of Sy, (Q) (assuming now that
these are well defined in the sense of a trace and belong to some Sobolev space on 9%).

In Theorem 4.2, we shall consider the following question: What properties,
relative to best approximation, do the restrictions to 9@ of elements of S}, (@)
have relative to functions in Sobolev spaces on 9Q2? We shall show that in fact they
have some very nice approximation properties on dQ which are analogous to their
properties on ©. Other questions of a related nature are also treated. Before pro-
ceeding, we shall need some preliminaries.

We shall use B;, j = 0, --. , I, to denote boundary differential operators of
the form
“4.12) Bju = E b;a(x) D%u(x), x € 9Q,
lalsmg

where, for simplicity, we shall assume that the coefficients b;.(x) & C°(9Q) and
0 = m; denotes the order of the highest order derivatives occurring.
Definition. A system of boundary operators {B;}, j = 0, --- , I, of the form
(4.12) is said to be normal if m; ¢ m; for i £ j and if for each j = 0, -+ , ]
X bialxpt # 0
al=mg
at each point x € 9Q. Here, v = »(x) is a unit normal vector to dQ at x and »* =
pE* o+ yy”. The system {B;} is said to be a Dirichlet system of order / 4 1 if it is
normal and m; = jfor j =0, --- , L
We note that given a normal system {B;}, we can always add other boundary
operators to the system so that the resulting system is a Dirichlet system of order
m, + 1. We shall also need the following result concerning traces on 9Q.
LemMA 4.3 (CF. [24]). Let B; be an operator of the form (4.12). The mapping
u — Byu of C°(Q) into C°(3Q), completed by continuity, is continuous from W,(Q) —
By~™i/2:2(3Q) for any m; + 1/p < sand 1 < p < . Furthermore, let {B;} be a
Dirichlet system of order I + 1. Then, there exists a continuous linear extension operator
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E mapping 1} By"~"/**(8Q) — Wy(Q) such that B(Eg) = g;, j = 0, -+ , I, for
all g & J[}.0 B V»2(0Q) with ] + 1/p < sand 1 < p < =,

We are now in a position to prove our first result concerning the approximation-
theoretic properties on 2 of the subspaces of the type S;,,,.(Q).

THEOREM 4.2. Let {B;},j =0, --- 1, be normal withm, < --- < m; and suppose
that Sh,, (@), 1 < p < «, is given satisfying (4.9) withm, + 1/p < k.

(i) Let s; and \; be given real numbers satisfying 0 < s; = k — m; — 1/p and
0O=N=<r—m—1/p—5;,j=0,:--,1 Then, forall g = (g, -+ , @) E

im0 W**M(R)

1 1
(4.13) inf (Z ™YY g — B,-xlw,.;> = C(Z At lgilw,un,)
XE8a,r. oM@ \i=0 i=0

where C is a constant which is independent of h and g.

(ii) If p = 2, then (4.13) holds with \; as above and s; any real number satisfying
s; Sk —m— 1/p.

Before proceeding with the proof, let us note one consequence of Theorem 4.2.
Suppose we denote by S;,, ,(92) any one-parameter family of finite-dimensional
subspaces of WZ(9Q) having the property that for any g & W;(3Q)

4.14) inf g = xlw, = CH'™" |glw,r,

zESk,r, " (30)
where C is a constant which is independent of & and g. Suppose we take / = 0 in
Theorem 4.2 and Bu = u|s. In this case, we have the following:

COROLLARY 4.1. The restrictions to the boundary of the elements of a space of
type St , (), 1 < p < =, is a space of type S;.,.,(8Q) for all real numbers 0 < p <
k— 1/pand p < ¢ < r — 1/p. Furthermore, if p = 2, then this is also true for all
real numbers p < k — l/pand p £ ¢ = r — 1/p.

Proof of Theorem 4.2. Without loss of generality, we may assume that the {B;} is
a Dirichlet system of order / + 1. For if it is not then, as remarked previously, we
can always augment it so that it is one. Let us denote by {Bj}, j = 0, --- , my, the
augmented system where B, = B;. If (4.13) holds for the augmented system
for given g = (g}, * - * , &), it certainly holds for the original system by taking g/,, = g;
forj =0, -,/ and g/ = 0 otherwise. Now taking {B;} to be a Dirichlet system
of order 1 + 1 = m; 4 1, let E be the extension operator discussed in Lemma 4.3.
Since 1 < p < ©, p— j— 1/pis not an integer for any integer p, and hence
Bmimvrr(gQ) = WEiTVP(9) for j+ 1/p < p, j=0,---,1. Set Eg = uforg &

!_o Bri7Y77(3Q). Then, from Lemma 4.3, we have that for any x € S, (@)

13
(4.15) > lgi — Bix|w,r-i-s S Cllu — x|lw,t.
i=0

In (4.15), let x be the best approximation in S, , (@) to u in the norm of W)’
Then from (4.15), (4.9) and Lemma 4.3, it follows that

l
inf D |g; — BiY|wr-i-is < Ch 7 F||ul|w,r
(4.16) VESk,r, M (D) =0

1
__<__ Ch'-—k Z ‘gi‘w,r—-i—xlv.

i=0
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In order to prove part (i) of Theorem 4.2, we shall apply Theorem 3.1 in the
following manner: Let us take X(j, 6,) = W%/(9Q) where p; = 6,(r — j+ 1 — 1/p) +
(1 —6)s;for0 <6, <landj=1,---,1+ 1. Obviously Condition I(a) is satis-
fied and it is easily seen that Condition I(b) is satisfied using the fact that W2/(9Q) C
(W20, W, 12(8Q))p;, = BE=(89) for 0 < 6, < 1, and s; satisfying, 0 < 5; <
r—j+1-1/p,j=1,-.-,14 1. Now, taking

1+1 1+1

II XG, By) = II WE itV aQ),

it followsthatg;, = (k— j+1—1/p—s)/r—j+1—=1/p — s, for j=1, .-,
I+ 1. We now identify S* with the finite-dimensional subspace of [ [}£} W*-i+1-1/2(5Q)
of elements of the form (B,x, --- , Bix) for x € S;., (Q). Hence we have from
(4.16) that Condition II is satisfied with o; = r — k,j=1, .-+ ,I+ 1. Now o; =
Bio;/l —B)=k—j+1—1/p—s;,j=1,---,1+ 1, and we obtain from
(3.2) that

1
inf (Z pokini/eme lg; — BiXIW,':‘>
4.17) XESk,r, p* (M) \i=0
1
S ¢ Y piTiemanN [&ilw,ei+ri
i=0
for any 1 < p < o and s; and A; satisfying the conditions of the theorem. The
inequality (4.13) now follows from (4.17) by multiplying both sides of (4.17) by
k — 1/p and hence part (i) is proved. The proof of part (ii) is simpler and will be
left to the reader.

Remark 4.1. 1t can be easily seen from the proof of Theorem 4.2 that (i) of
Theorem 4.2 also holds if the norms |:|w,.;+r, are replaced by |:|z,:,+,.» on the
right-hand side of (4.13) provided we take 0 < A\; < r — m; — 1/p — s; whenever
s; is an integer.

THEOREM 4.3. Let us assume that

@ {Bi},j=0,---,1 is a normal system withm, < --- < my.

@) Sp.. (@, 1 < p < o, is given with my.,,, < k < r.

- (i) B,ands;, j =0, ---, 1, are real numbers satisfying m, + 1/p < 8 < r and
Oésiék_mi—l/p’j:-‘o,”"l' ‘

) s; B —m — 1/pif8 —m; — 1/p 5 integer, j = 0, -+ , L, ors; <
B—m; — 1/pifB — m; — 1/p = integer, j =0, --- , L
" Then, for all u & WiR),

1
(4.18) inf Z hmﬁ'” !B,-u b B,'Xlwpa,‘ = Chﬂ—-l/pllullwpﬂ,
XE€8k,r 2P =0
where C is a constant which is independent of h and u.

Proof. Let us first consider the case where 8 — m; — 1/p is not an
integer j = 0, --- , [. Then, a straightforward application of Theorem 4.2, with
x1' = ﬁ - m; — l/p - sisj = 03 tee ’l’yields

1

1
(4.19) inf D0 A" Bju — Bixlw,er £ CHTY7 D | Bit|yypmieise.

XESk,r, " (@) j=0 i=0
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But since 8 — m; — 1/p is not an integer

7 4
Z IB,‘”IW,B—M]—I/P = Z IB;ulgpﬁ—M;—x/pw é C”u”W‘,ﬂ,
i=0 i=0
which together with (4.19) completes the proof for this case.
If the 8 — m; — 1/p are integers, for j = 0, --- , [, then we have, in view of
Remark 4.1 and the assumption thats; < 8 — m; — 1/pfor j =1, --- , [, that

l !
inf Z hm“‘” IB,-u - BiXIW,‘i § Chﬂ_l/p Z lBiulB,ﬁ—mf—X/mn,
XESk,r oMW i=0 i=0

from which the desired result easily follows.

For our next result, we shall prove an analog of Theorem 4.3, except in this
case we shall not require that the system of operators {B;} be normal.

THEOREM 4.4. Suppose that

G) {B;},j=0,.--,1 is a system of boundary operators of the form (4.12) of
orders my £ .-- = m, ({B;} need not be normal).

) Sp, (@, 1 <p< o, isgivenwithm + 1/p <k <r.

(iii) s and B are real numbers satisfyingm, + 1/p < 8 = r,

0<s=mintk—m — 1/p,8 — m — 1/p),

if B — m; — 1/pisnot aninteger and0 < s < min(k — m; — 1/p, 8 — m; — 1/p),
if B — my — 1/p is an integer.
Then, for all u & WQ)

1
(4.20) inf D |Bi(u — )|w,ermim-mp S CHTVP7T™ ullw,e
XESk.r. ph () =0
where C is a constant which is independent of h and u.
Proof. Using the smoothness properties of the coefficients b;, and of 9Q it is
not hard to see that for any x € S;., ()

my

1
Z [Biu — x|w,o+mi-n; = C Z

i=0 i=0

' —x)
'

Wattmi=i

where 8'/ v’ denotes the jth order inward normal derivative to 2 and C is a constant
which is independent of u, x and A. Hence, it follows that

my

U CR))
'

1
4.21) inf > |Bij(u — X)|w,etm-ny < inf

XESk,r, " (Q) i=0 VESE,r oMQ) =0 Wpttmi=i.

We can now apply Theorem 4.3 in the case that B; = 9'/3»" ands; = s +m, — j
for j = 0, --- , m,. We obtain from (4.18) that

ml

(4.22) inf > at™

VESE,r, M (@) =0

d'(u - ¥)

= < CHV ullw,e

W,l+mx'—i

for s and g satisfying the conditions of the theorem. The inequality (4.20) now follows
from (4.21) and (4.22) which completes the proof.



ELLIPTIC BOUNDARY-VALUE PROBLEMS 15

Part 111

In this part, we consider some general classes of boundary-value problems for
2mth order elliptic operators. We shall present here a general theory on the approxi-
mation of solutions of such problems.

5. Preliminaries.

A. Boundary-Value Problems. Let Q@ be a bounded domain in R" with
boundary Q. We shall assume (for convenience) that dQ is of class C” and shall
consider in Q the operator 4 of order 2m with infinitely differentiable real coefficients:

(5.1) Au= Ak, D= 2 (=1 D*(ausx)D'w),
lel,|Blsm
where, as usual, @ = (@, --- , ay) and 8 = (By, - -- , By) are multi-indices, D* =

(8/0x,)%* -+ (8/3xn)*". Set
Ao(x, 8) = D, (—Drame*?

lal,|Bl=m
‘where £°*% = gf*P ... gR¥*E¥ Note that 4 is not necessarily formally selfadjoint.
Its formal adjoint 4* is given by
A*u= Y (—1)'"'D%(ag.(x) D).
lal,|1B8lsm

It is assumed that A4 is uniformly elliptic; i.e., there exists a constant a > 0 inde-
pendent of x such that

a’l | S | 4o(x, B)] £ a g
for all x & @ and all ¢ € R”.

We shall consider the boundary problem
(5.2) Auw =1 in@,
Bju = g;, j=20,++,m—1, onadQ,

where the B,’s are given boundary differential operators of order m;, 0 £ m; <
2m — 1 and f and g; are given. The operators B; are defined by (4.12).

All functions considered in remaining sections will be real valued. The conditions
we shall place on our problem are as follows:

Condition II1. (i) A4 is uniformly elliptic with coefficients in C*().

(i) The boundary system { B,} is normal, covers the operator A4 (see e.g. [23]) and
has coefficients in C°(9%). The order of B; is m; where we assume them ordered so
that 0 S my < +++ < Mpy £ 2m — 1.

(iii) The only solution of (5.2) in C°(&) with zero data is the zero solution.

Remark 5.1. The smoothness requirements on the coefficients of the differential
operators and the domain can be weakened considerably (cf. [12]).

B. Sobolev Spaces. In the remaining sections, we shall be concerned primarily
with an L, theory for least squares methods. For simplicity, the inner products on
the spaces W3(Q) and W3(99), introduced in Part II, will be denoted by (- , -), and
{-, +),, respectively, and ||-||, and |-|, will be used for their corresponding norms.
We shall occasionally be interested in the Sobolev spaces W3(G) where G is an open
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set in RY, G # Q. In this case, the inner product and norm on Wj3(G) will be denoted
by (-, )¢ and ||-]|, respectively. For precise definitions, the reader is referred to
Part II, Section 4A.

Remark 5.2. The spaces W;(G) have the following property (cf. [23]) which shall
be useful later on. Let s; < s, be any two real numbers, then for any 0 < 6 < 1
and all v € W;*(G)

(5.3) [u]l$ £ €8, 51, s)(|ul]5) 7" |u]]5)°

where s = (1 — 6)s; + 0s,.

C. Definition of a Solution and Some Further Preliminaries. For any set of real
numbers /and s;, j = 0, - -+ , m — 1, W*? will denote the product space W*9 =
Wiy X []7zs W3/(0Q) with the inner product

m—1
(5-4) (' s ')(l.s,‘) = (' s ')l + z(:)(' s '>s,~-

It will be essential for later purposes to consider different inner-product structures
on Wi Jet0 < h < o andy;, j=0, -+ ,m — 1, be given real numbers. Then
W&t will denote the Hilbert space whose elements are those of W **?’ but equipped
with the inner product

(5'5) (' s ')(l,a,‘.h.'/i) = (' s ')l + 20 h—2‘”<' s ’)af-

We note that the norm induced by (5.5) is equivalent to the norm induced by (5.4).
We shall next give definitions of weak solutions of (5.2) under various assumptions
on the regularity of the data. We shall use the following result which is basic in
what follows. In this theorem and throughout the paper we shall use C to denote
a generic constant not necessarily the same in any two places.
THEOREM 5.1 (CF. [12], [28]). Under Condition 111, we have that for any real
number p

m—1
(5.6) [ull, = C(”““‘”p—m + 'Eo lBiulp—mf—llz)

for all u & C°(8). The constant C is independent of u but in general depends on p.

Deﬁnition° Let F = (f’ 8o " sgm-l) S W;o-—Zm.n—mi—llz) and F, = (f"’ 80" s g:.n—l)
€ C°(®) X [z} C(89) converge to F in WP 2™» ™~/ a5 n — . Let u, &
C°() be the solution of (5.2) with data F, (it is well known that such u, exists and
is unique). Then in view of (5.6), we define the weak solution of (5.2) with data F
to be the unique limit in W2(Q) of the sequence {u,}.

In the case that p = 2m, we have the following:

THEOREM 5.2 (CF. [23]). Under Condition 111, we have that if p is a real number
p = 2m, the mapping ®u = (Au, Bou, - -+ , B,_1u) is a homeomorphism of W3(Q)
onto W;n—%n.p—mi—l/z).

It will be convenient for later purposes to give an alternative form for (5.6) in
the case that p < m, + 3.

LeMMA 5.1. Suppose that Condition 111 is satisfied and let h > 0, v; 2 0, j =
0, ---,m— l,and p < m, + } be given real numbers. Then, for all u & W3(Q) such
that Au & W2*™(Q) and B;u & W3~ ™"%(9Q) (in the sense defined above), we have
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Au, Av), + ™y B B,u, By
6.7 llull, £ € sup {( bt 2bs 7Bk, B
see=@® \|| Av||zm-p T Zi-o h [BiU|m; +1/2-0
where C is a constant which is independent of u, hand v;, j = 0, --- , m — 1.

Proof. In view of (5.6) and the definitions of Sobolev norms of negative order,
we have

6o duhsc{ wp GBS, (Buek)
vecem ”‘p”""" i=0 ¢p{EC®(IM [@ilmj+172-»

where we may restrict ourselves to those functions ¥ and ¢; for which ||¢||sm-p =
1 and |¢;lmje1/2-» = 1, j =0, --- ,m — 1. Now, let {¢"} and {¢}},j =0, -,
m — 1, be maximizing sequences (subject to the above conditions) for each of the
respective terms on the right-haad side of (5.8). For each n let v, € C7(0) be the
unique solution of Av, = ¢"in Q, Bjv, = K*"'¢iondQ, j=0,---,m — 1. Then

. (Au, Ave + D7 BVH(Biu, Bivw)o
[lull, £ C {lim ey
noe HAvn”2m—p + Zi-o h lBivn]m{+l/2“D

for which the lemma easily follows.

6. Finite Dimensional Subspaces of W3(Q). In this section, we shall discuss some
approximation-theoretic properties of subspaces of the type S, (2 = Sp.,, dis-
cussed previously in Part II, Section 4. Our aim is to show that they have certain
approximation-theoretic properties relative to the “data spaces” of the differential
operators considered here. We refer the reader to Part 11, Section 4B for a discussion
of their basic properties.

THEOREM 6.1. Let Sy, (Q) = Si., satisfy (4.9) with 2m = k < r. Then, for all
F=(80 " >8n1)E W™ where0<AN<r—-2mO0= N\ sr—m — 4%
j=0,---,m— 1, there exists a constant C independent of F and h such that for

=2m—m; — % (where0 < m; < 2m— 1is theorder of B;), j=0, --- ,m—1,

m—1
inf \ (”f — Ax|lo + Zo R gy — Bino)

(6.1) XESk,r
m—1
= C(h* I+ 2 a7 lgle)'
i=0

Proof. The proof of Theorem 6.1 will follow from Theorem 5.1 and Theorem 3.1.
In Theorem 3.1, let us identify the spaces X(j, 6,), j =1, - ,m+ 1,0 =< 6; = 1,
fallewas: ¥<" 9\ = ]l[h(f—zm)/n\ and. r{[{. 9"\ — WB;(r-m; .—1/2){5,@ 12’ -

m + 1. Certainly, Condition I is satisfied. We now take

B, =0, Bi=Qm — mj_; — /¢ — mi_, — 3), =2, ,m++1.
Then

m+1

m—1
II xG. ) = Ly@) X II wim™™72@Q) = wommm=e.
i=0 =0

Now, consider ®(S; ,) the image of S; , under the mapping ®(x) = (4x, Box, - ,
B.._1x). Since k = 2mand m, £ 2m — 1, it follows that ®(S; ,) is a finite-dimensional
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subspace of []"} X(j, 8;) and hence of

H XU, 0) = Ly(Q) X fI L,@Q) = W,
1=1

i=0

We shall now show that the space ®(S; ,) satisfies Condition II of Theorem 3.1
with o; = r — 2m. In fact, let F = (f, go, =+ , Guy) € W27 ™i71/2 By Theorem
5.2, there exists a unique solution # & Wi(R) of (5.2) with data F, and from (4.9)

(6.2) inf lu = xllon S A7 [full,.

XESk,r

But by Theorem 5.2, the norms |[u — x||.. and ||u||, are equivalent to the norms

m—1

4@ = )|lo + Z;) |Bi( = X)|omemy—1/2

and

m—1
[ Aul|i-2m + E |Bi”lr—mi—1/2;
i=0

respectively. It then easily follows from (6.2) that

m—1
inf (III — Axllo + 2 loi — folzm-m,_l/z)
6.3) XESk, ok i=0

m—1
é Chr_zm(”f”r—hl + Zo |gilr—m{—1/2)
G-

which was to be shown.
Now, in Theorem 3.1, we take

S' = @(Szm, ) B =0, Bi=Qm— mi_2— /¢~ m_; ~ 3,
=2, m+ 1,

ando; =r—2m,j=1,--- ,m+ 1. Wehavethat o, = 0Oand a; = 2m — m,_, — }
=v,.9,j = 2, -+ ,m+ 1. Hence, from (3.2) we obtain

m-—1
inf |If — Axllo + 2 &' |2 — Bixlo
i=0

X=Sk.r

(6.4) <C,, -, em+1){h""‘2’"’ Loy cr=2m)

m—1
+ ZO h—w+0i+z<r—mi—1/2) |g5l01+a(f"mi“l/2)}
where 0 < 6, £ 1forl =1, --- , m 4+ 1. Now, setting 8;,.(r — m; — %) = \,,
j=0,---,m— 1,in (6.4), we obtain the desired inequality (6.1).

7. Least Squares Methods for 2mth order Boundary-Value Problems. In this.
section, we shall consider a least squares method for the approximation of the solu-
tion of (5.2) using the subspaces S}, as approximating functions. The scheme we:
shall consider is a generalization of the scheme considered in [14].
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Let u be the solution of (5.2), where for the present we shall assume that F =
(> 80+ 5 Gm-1) €& W®, The first approximation scheme we shall consider is as
follows:

Let S}, be given with 2m = k < r. Find w € S}, such that

m-—1
.1 (4 — Aw, Ap)y + X KTV — Biw, Big) = 0,

i=0

that is

m-—1

f (f — Aw)Ap dx + Y, p2EmmiTVD fﬂ (8; — B;w)B;pdoc = 0
Q i=0 <]

forall o € S},

Since ®(S},,) (the image of S} , under the mapping ®p = (4o, Bop, * -+ , B,_19))
is a finite-dimensional subspace of Wy sh-m,—1/2), by (iii) of Condition III (unique-
ness), w exists and is unique. It is determined by solving a linear system of algebraic
equations whose coefficients depend only on f, g; and A. An alternative way of stating
(7.1) is the following: Among all x € S;.,, find the one which minimizes the func-
tional

m—1
(7.2) P00 = IIf — Ax|ls + 2, #" T |g — Bixla.

In the scheme given in (7.1) and (7.2) above we could have chosen k;z~ %™~ ™~V
instead of the coefficients A~2*™™1~¥® where the k,’s are any fixed constants which
are independent of A. All the results which follow remain valid for that case.

Let us note some features of this scheme: (i) For each given S;,,, the weighting
factors p2*™"™"V? j =0, ..., m — 1, are constants. (ii) The trial functions are
not required to satisfy the boundary conditions. (iii) Only L, inner-products are
used in the computation of the solution. (iv) The operator A need not be selfadjoint.

Let e = u — w. The following theorems give error estimates for the approxima-
tion scheme discussed above.

THEOREM 7.1. Suppose that Condition 111 is satisfied and u is the solution of (5.2)
with F = (f, 8o, *** » 8m-1) & W™, For given S}, with 2m < k < r, let w be the
solution of the approximate problem (7.1) and set e = u — w.

Case 1. Suppose that 4m < r and | satisfies 4m — r < 1 < my, + . Then

m—1 1/2
llell: = Ch"""(llAellﬁ + 20 pEemTmmYE leelﬁ>
=0

(1.3) '
2m—l{ "lv-{ —(2m—-mj—1/2) \
< ST X il

i=0

Case2. () If2m <r < 4manddm —r = my+ %}, thenfordm — r = 1 < m, + }

m—1 1/2
ML§WW@MM+ZF“”“mww)
(7.4) =

IIA

e (11l + w0 1)
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) If2m<r < dmandm, + 3 < 4m — r, then

m—1 1/2
lellawers < O (11 el + 55 a7omom9 o)
(7.5) =0
m—1
< a1l + 55 a0 ).
2

In (7.3), (7.4) and (1.5), C is a constant which is independent of h and F.

If the data are smoother, we have:

CoROLLARY 7.1. Suppose that the conditions of Theorem 1.1 are satisfied and in
addition F = (f, go, *** » 8u-1) € W™, where 0 S N £ r — 2mand 0 £ \; <
r—m; — %,j=20,---,m— 1. Then,

(@) Case 1. Ifdm < rand4m — r £ 1 £ m, + 3,

m—1
(7.6) lelly 5 €= 1+ 5w g ).
i=0
Case2.()If2m < r < 4mand4m — r < m, + %, then,fordm — r £ 1 £ my -+ 1,

m—1
(7.7 llell: = C'hz'""l<hx Al + ZO N lgilXi)'

@) If2m < r < 4mand 4m — r > m, + 3,
m—1
A8 lellevn 5 08 {1 11l + T w0 g ).
(b)) If 2m < r, then, for eacht = 0, -+ , m — 1,

m-—1 A
(7.9) lg: _ walo § Chzm—m¢—1/2<hx ”f”)‘ + Z h—(2m-m,'—1/2)+)\1 Igil).i)°

In (7.6), (1.7), (7.8) and (7.9), C is a constant which is independent of h and F.
Proof of Corollary 7.1. Since

- 1/2
@mm+;»WW”Nm®
(7.10) =

<o ot (15— el + 5 a0 gy, p,),

XESk,r

the inequalities (7.6), (7.7) and (7.8) follow immediately from (7.3), (7.4) and (7.5),
respectively, after applying Theorem 6.1. The inequality (7.9) is a special case of
(7.10).

Proof of Theorem 7.1. From Lemma 5. 1, we have

(de, AY)o + D750 W72 ™7V (B, By,
Sup m-— - m-—m;—
veo=@d “Awllz'n-l + 21-0 h 2 b IB wlmﬁ-l/z 1

lle]; = C
(7.11)

=C sup_ {0, ¥)}.

YEC®(D)

Since e satisfies (7.1), we have that for each y & C°(f) and all x € S} ,,
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m—1

(de, A¥) + Zo K2V (B, By
4
m—1
= (de, AY — Ax)o + X W™ ™"V(Bie, By — Bix)o
(7.12) i=0
m—1 1/2
= c(n def + X pTrCmTmITMD lBielz)
i=0

m—1
°(I|Allf — Ax|lo + Zo BTV | By — B;xlo) .
=

where we have used Schwarz’s inequality. Now, for each ¢ € C”(Q), we choose x
so that it minimizes the last term in parentheses. Hence, for fixed ¥, we obtain

m—1 1/2
(7.13) Q, ¥) = (||Ae||g + Z% p2em=mi=1/2) |B,-e|§) o*(¥),
where

inf (||4¢ — dello + 2272 5~V By — Biglo)

(1.14)  Q*(y) = L2 — .
| AYllam-s + 22720 B2 772 B lngarsa

We now appeal to Theorem 6.1 for the approximation-theoretic properties of
the subspaces S}, in order to estimate Q*(y). We obtain from (6.1) that

m—1
inf, (||A¢ — Ap||o + Z% pmEmmmmYR By — Bi¢|o)
b, r 1=
m—1
< c(h* [ldy|l + X a-Enmmimi/msl IBMIM)
(7.15) =
m—1
< ch*(u,u/nx + 2 TN lBi\“m)

m—1
= Ch)(HAnl/H:,,,,_, + Zo TN l3i¢|m;+1/2—:)
=

where A = min (r — 2m, 2m — ) and
)\,=min(r—m,~—%,m,.+%—l1), j=0,+,m—1.

First, suppose that the conditions of either Case 1 or Case 2(i) of Theorem 7.1
are satisfied, i.e.4m — r £ I < my+ t and 2m < r. Then,2m — | £ r — 2m and
hence N = 2m — [. Therefore,

=N+ AN=max(—=l—r+2m+m+ 3 2m—m —3) S 2m—m; — }.
Hence,
2m — m; — 3 — N\, — NS 22m — m; — 3)
and from (7.14) and (7.15), we obtain
(7.16) o*(¥) = e
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where C is a constant which is independent of ¢ and A. Therefore, we immediately
obtain the inequalities (7.3) and (7.4) from (7.16), (7.13) and (7.11).

For Case 2(ii) of Theorem 7.1, i.e. whenl = my + 3 < dm — rand 2m < r <
4m, we have that the inequality (7.15) holds with A = r — 2m. Here, we also have
that 2m — m; — ¥ — \; — A = 22m — m; — %). Therefore, in this case, (7.14)
yields

7.17) o*(y) = CHT"

where C is a constant which is independent of ¢ and A. The inequality (7.5) now
follows easily from (7.17), (7.13) and (7.11), which completes the proof of the theorem.

A discussion of the results of Theorem 7.1 and Corollary 7.1 is in order. In the
derivation of the error estimates, the only property of the subspaces S; ,, which
we assumed, was (4.9) (see Section 4B). One can show (cf. Theorem 5.1) that this
implies that S, , only has the following property regarding best approximation:
For each u € W¥Q)

(7.18) inf ||lu— x|l £ A" ||ulls

XESE, r*
for each pair of real numbers / and § satisfying I £ k,1 < 8 < r. C, is a constant
which is independeat of # and w.

The approximate solution w of (7.1) has, in many circumstances, the same prop-
erties as those of the best approximation. In order to show this, let us assume that
F=( 80 » &u) € WEIE=UD for B8 > 2m, hence u & WH(Q) and the
norms ||u||s and ||f||p-2m + 2725 |8;ils-m;-1,2 are equivalent.

Now, suppose that w is the solution of (7.1) for a given S, with » = 4m. Then,
the inequality (7.6) yields

(7.19) lla — wl||: £ Ch*™" ||ulls

fordm — r £ 1= mo+ % and 2m £ 8 £ r, which essentially reproduces the property
(7.18) in this range. We note that since in this case 0 =< m, and 4m — r = 0, the
estimate (7.19) always includes the case [ = 0 (i.e. an estimate in L,(?) where, we
remind the reader, that m, is the order of lowest order boundary operator which
was assumed to be operator B,). We note that when / = 0 and 8 = r, we obtain

[lu = wllo = CH" ||ull.

However, in this case, 4m — r > 0 which says that the approximate solution re-
produces the property (4.16) when measured in an appropriately high norm (which in
this case does not include the Wy(Q) = L,(Q) norm).

In the case that 2m < r < 4m and m, + % < r — 4m, (4.8) yields

If 2m < r < 4m and 4m — r £ m, + %, then the estimate (7.19) also holds.

it = Wllnesrsa < CHP7* |ulls

for 2m < B = r. In this case, our results do not indicate that w has properties com-
parable to the best approximation measured in any norm up to order m, + %. This
will be illustrated by specific examples in Section 9.

B. Interior Estimates.

THEOREM 7.2. Suppose that Condition Y11 is satisfied and u is the solution of (5.2)
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Sfor given F = ([, 8oy *** » guet) € WO where 0 S N S r —2mand 0 £ \; £
r—m, —3%j=0,---,m— 1. Let w be the solution of the approximate problem
(7.1) and suppose that Q, is any compact subdomain of Q. Then, for each dm — r =

1 £ 2m
m—1

(7.20) He”flh é Ch?m-—l(h)‘ ||f||)\ + Zo h—(?m-—mi——l/2)+)\,' Igil)q> ,
i=

where C is a constant which is independent of h and F but may depend on Q.
Remark 7.1. When A =8 —2mand\; =8—m, —%,j=0,1,--- ,m — 1,
for 2m < B = r, the inequality (4.18) may be written as

(7.21) llel® < CH*™" lulls

fordm — r £ 1 = 2mand 2m £ 8 £ r. Thus, for example, if r = 4m, this says that
the error can be estimated in all norms from Ly(Q,) to W;™(Q,) with the best possible
power of k. If 2m < r < 4m, then this can also be done provided the error is measured
in a sufficiently high norm Wj(Q,) with 4m — » £ 1 < 2m.

Remark 7.2. For some values of » and /, Theorem 7.2 may be improved by
replacing ||e]|T* with ||e||, on the left-hand side of (7.20). These cases are covered
by the inequalities (7.6) and (7.7) of Corollary 7.1. In Theorem 7.2, we are mainly
interested in obtaining estimates in norms Wy(Q,) for I > m, + 3.

Proof. As remarked above, we shall only need a proof of (7.20) in the case that
m, + 3 < 1 £ 2m. However, it is just as easy to provide a proof for the case in which
0 < I £ 2m. We start with the well-known interior estimate (cf. [1])

(7.22) lloll3m = C(|| 4ollo + [lollo)

and the estimate
m—1

(7.23) ol < c(nAun_m + 2 lBivl-mi-l,z)-
<

Hence, from (7.22) and (7.23), we have

m—1
(7.24) ”v”g:n = C(HAUHO -+ 'Eo lBiUI-m;~1/2>'
i=

Interpolating the two inequalities (7.23) and (7.24) (with |[v||, replaced with |[v|[5* in
(7.23)), we easily obtain, taking v = e,

m—1
(7.25) lle]T* < c(||Ae||,_,,,, + X |Bje1~,,,,_l/2> , 0<1Z2m.
i=0

Using the procedure given in Lemma 5.1, (7.25) may be rewritten in the form

(de, AY)o + D70 K2 ™"V (Be, By
vee>® || AY|lamer + Dorog BTNV Biglnirse

for 0 = I £ 2m. The proof of Theorem 7.2 now proceeds in the same manner as
the proof of Theorem 7.1 and Corollary 7.1 and will be left to the reader.

C. Interior Estimates for Higher Derivatives In Theorem 7.2, we were able to
obtain estimates for the 2mth order derivatives of the error on compact subsets of Q,
using only the property (4.9) of the subspaces S} ,. The question naturally arises

(7.26) |l =cC
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as to whether derivatives of order higher than 2m can be estimated, in the case that
k > 2m, with the “correct” rate of convergence. This can be done provided we make
some additional reasonable assumptions as to the properties of the subspaces Sp.,.
Our first assumption is commonly called an “inverse” assumption and is shared
by many of the spaces S;,, which are used in practice. More precisely, we shall
assume that the subspaces S, have the following property:

(***) Let Q, be any open subset of Q, @, C Q. Corresponding to 2,, there exists a
Lipschitz domain Q, with @, C Q, and §, C @ such that

(7.27) Ixlle < ch™ |Ix] e,

for all x € S;,,, where C is a constant which is independent of x and A.

Remark 1.3. These assumptions can be verified if for example we take S}, to
be the restrictions to @ of splines defined on a uniform mesh of width 4, provided
h is taken sufficiently small (cf. for example Babugka [9]). Some further remarks
concerning the assumption (***) will be made immediately after Theorem 7.4.

Before proceeding with the interior estimates for the derivatives of the error
of up to order k, we shall show that the assumption (7.27) implies that the sub-
spaces Sk, have some further properties.

THEOREM 7.3. Suppose that Sy, satisfies (1.27). Then, for each pair of real numbers
a and B satisfying B £ o < kand B £ k — 1,

(7.28) xIl% < cr®= ||x||5"

Sor all x € S;.,, where C is a constant which is independent of x and h.

For simplicity we shall prove (7.28) in the case that « and B are integers. The
proof in the general case follows using similar arguments. Using (5.3) (which is also
valid if G is a Lipschitz domain), we have that if s is any integer then for any x € S; ,,

(7.29) Ulxlle20® = € [l 1IxI13s
where C is independent of x. Now suppose that (7.28) holds for k = s, then

(lxIl3=) S cn™ |Ixlleze x5z,

or
(7.30) x|z £ Ch7" [Ixl 132

A simple induction argument using (7.29) now gives us that (7.30) holds for all
integers s < k — 1.

Now, let « and B8 be any two integers satisfying the conditions of this theorem.
We obtain, after a finite number of steps,

IIxlle = cht [Ixlle = -+ = ChP7" IxI 5",

which was to be shown.
Let us denote by S} (RY), for 0 < & < 1, any one-parameter family of finite-
dimensional subspaces of W(R") having the following property : For all u € WXR™)

(7.31) inf  ||u— ¢|R" = cn"7F ||ul R

Sk, rH(RY)

where C is a constant which is independent of 4 and w.
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As discussed previously (see Section 4), such subspaces have been constructed
by several authors.

Remark 7.4. It follows from an easy application of the Calder6n extension
theorem that the restrictions to @ of elements of a subspace Sk (R") form a subspace
satisfying (4.9).

In view of Remark 7.4, we shall make the following assumption:

(***%) St is the restriction to @ of elements of a space of type S;, (R").

We shall now prove

THEOREM 7.4. Assume that the conditions of Theorem 1.2 hold with F = (f,go, + + -
Gmy) & WEEmEmITYD L yhhere now St satisfies (1.27), (***) and (****) with 2m +
1 = k < r. Then,

(7.32) llell?* = €r®~" [|ulls

for each | and B satisfying 4m — r < 1 < k and 1 £ B £ r. The constant C is inde-
pendent of h and F, but, in general, depends on Q,.

Remark 7.5. In (***), we have assumed that &, C Q. If we had assumed that
the inequality (7.27) held on Q, then we can also obtain estimates for the derivatives
of the error up to order k on Q which are analogous to those obtained in Theorem 7.4.
However, subspaces whose elements satisfy inequalities of the type (7.27) for domains
Q of general shape are not easy to construct.

Proof. The inequality (7.32), in the case that 4m — r < I < 2m, is just the in-
equality (7.20), where then our assumption on F implies that u & W35(Q). Hence,
we need only consider the case in which 2m + 1 = I £ k. Obviously,

la — wili* = [l — wl]i"
and hence it is sufficient to prove the inequality (7.32) with Q, replaced by Q,.

Let 2m 4+ 1 £ I £ k and suppose that / < 8 < r. By a theorem of Calderén [1],
we can extend u to all of RY so that

(1.33) Nal 2" = € |lulls,

where we have again denoted the extended u by u. Now, let »; denote the best approx-
imation in S? ,(RY) to u in the norm of W)(R"). Then,

N
llu = wlle* S [lu — w|F" + lw — wlli®
(7.34) < lu— w4 27 | — wlli
S llu = wllF + 07 e — w] [P+ a7 Ju— wlli,

where, since , € St (RY), the restriction of u, to @ is in S, and hence u; — w
satisfies (7.27).
Now, it follows from (7.31) that

135 u— w|f" = e ullF" S P (lulle, 1S B S
We claim that for any integer /
(7.36) B lu— w| R 2 cr 7 ||u]|fY for 1S BZ=r

Now for any integer / we have

(= uy, Y

N
[lu — w7y = sup v
vewitan ||yl
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where (-, -)R" denotes the inner product on Wi(R"). From the definition of u, it
follows that

= w, ¥ — ‘pl)?N
vewaran |l

N
[lu — ulllf_l =

where for each y, ¥, denotes the best approximation in S} ,(R") to ¢ in the norm
of WiR"). Then, using Schwarz’s inequality and the property (7.31), we have
RN
|lu — u,Ilf_Nl < lu — wl|? ( sup l—l-'é“—‘p—'l—l—'—>

- VEW, I+ (RY) [[a,b[[f{fl

S Chllu—w|f s " W, 1sB=

from which (7.36) easily follows.
From (7.34), (7.35) and (7.36), we then have

(7.37) [lu — w]|i* = C* 7 |lulls + 71 [l — wl|ie
for any integer 2m < I £ k and I £ B = r. Hence, the inequality
(7.38) llu — wl[i* < CH*7" ||ulls

would follow immediately from (7.37) if we could show that
(7.39) lu — w2, £ CH7 | ulls.

In view of Theorem 7.2 or in this case (7.21), the inequality (7.39) holds when
I =2m 4 1 and 2m < B = r. But then, by induction, it follows that (7.39) holds
for all integers 2im < I < k and real numbers 3, I £ 8 < r. The proof of (7.32) now
follows by interpolation.

D. An Example. We shall now consider a specific example of the theory presented
in this section. In [14], several examples were given which illustrated the theory for
Dirichlet’s problem for second-order elliptic operators. Since the purpose of this
paper was to extend the theory to higher-order operators and general boundary
conditions, our example will illustrate this. In particular, we shall consider a bi-
harmonic problem whose associated boundary conditions are neither Dirichlet nor
natural boundary conditions. In our example, the operator is selfadjoint and the
usual associated bilinear form is positive definite, however, we should note that
our method works equally well if these properties of the problem are not present,
provided Condition III is satisfied.

Let us consider the problem of finding approximate solutions of the second
boundary-value problem for elastic plates. Here we take Q to be a two-dimensional
region (with smooth boundary) and u to be the deflection (i.e. displacement) of the
plate &. The symbol ¢ is used to denote Poisson’s ratio and D will signify the plate
rigidity. The boundary-value problem to be considered can be stated as

(7.40) Au=1{f inQ
and
(7.41) u = g, M) = g, onadQ.

Here, f, go, and g, are prescribed data and M(w) is the bending moment; i.e.
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2
(7.42) M) = —D[Au - - a)(a—’; + 1 @XI.
as p O
In (7.42), 8*u/ds* denotes the second tangential derivative of u, du/dv is the exterior
normal derivative and p is the radius of curvature on 99Q.

In. this. sxample,. the approximate prohlem. (7.1). takes the following form: For
given S;, with 4 < k < r, find w € S}, such that

[6=twaoat 17 [ = woas
(7.43) g 8
+ 57 [ (¢ = MONME) ds = 0
an
for all p € S},
If we take w to be the solution of (7.43), then (7.6), (7.8) and (7.9) of Corollary 7.1

yield the following error estimates over @ and on 4.
If 8 £ r, then

(149 lu— wllo £ CH'E |Iflh + 27 |goh, + 2™ &b

If 4 < r < 8, then

(7.45)  lu = wlls S CHTE I+ AT (goh + BTV Lgih).

For any 4 < r

(7.46) lu— wlo = |g — wlo < CE*™ [Ifllx + K |goh + 2™ l2hh)

and

(71.47) |M(@) — M(Wo = |8, — M(W)|o < CE>™ |If|h 4 57 |goh, + A Ifh)-

In (7.44), (7.45), (7.46) and (7.47), A, Ao and A, are restricted to0 S A = r — 4,0 =
N=r—3and0 =) =r- %

If we take for example k = 5, r = 6 and S} , to be quintic splines on a uniform
mesh of width 4, then we obtain from (7.45), (7.46) and (7.47)

llu = wllyz £ CH(Ifll: + |golne + l&ilee) £ Ch* ||ulles
lgo = wlo = CR"2(|Ifllz + lgoliyz + l&1lo2) S CH |ulls
and

Igl - M(W)lo = Ch7/2(||f||2 + Igolu/z + |31|7/2) = C'h’/.2 ||u||o~

If we take k = 7, r = 8 and S, to be splines of order eight, then the two extreme
cases of (7.44) yield

llu = wilo £ Ch* (lIfllo + 2% |golo + 2** |210)
and

||u b W“o = Ch8(||f|i4 + lgolls/z + |gl|ll/2) = CH’ ““”8'
From (7.46) and (7.47) we obtain

lgo - Wlo = Chw/z(”flld + lgolxs/z + Igllu/z = Chmlz ”“”s

IA
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and

|8’1 - M(W)lo = Chn/z(llﬂh + lgolm/z + |gllll/2) = Ch“/z H“Hs'

Interior estimates are easily obtained from Theorems 7.3 and 7.4. If we take
k =5,r =6, S, to be say quintic splines and @, to be an open subset of @ with
0, C Q, we obtain from (7.32) that

llu — wlli* = CE*" [lulls
for any 2 < I £ 5. In particular, in the two extreme cases we have
llu — wllz* = Ch* ||ulls
and
llu — wils* < Ch ||ulle.
If we take k = 7, r = 8 and S}, to be splines of order eight, then
(7.48) llu — wil* = CB*" [lulls

forany0 =1 =2 7
We note that for 0 < [ < %, Corollary 7.1 says that the inequality (7.48) also
holds with |ju — w||;, replacing |lu — w||* on the left-hand side.

8. Other Approximation Schemes for Dirichlet’s Problem.

A. We shall first briefly consider some approximation schemes which are closely
related to schemes previously discussed. For simplicity, we shall restrict the discussion
to Dirichlet’s problem
8.1) Au={ 1in Q,

u=g onadf.

In the scheme (7.1), the approximate solution in this case is determined as the
minimum of the functional

(8.2) ) = |lf — Aplls + 2% g —olss ¢ E Si...

We could, if we wished, determine an approximate solution as the minimum of the
functional

(8.3) ®1(p) = |If — Ap|li + A7) g — ol

for a given pair of real numbers s and s,. Estimates for the error in these schemes
could be obtained using the methods presented previously in this paper.

Let us discuss the results one can obtain for the particular choice of s = 0 and
s, = 1. This scheme has certain advantages over the scheme (7.1). This will be dis-
cussed immediately after Theorem 8.1. An equivalent formulation of this scheme
is as follows: For given Sk  with 2 < k < r, find v € S},, such that

(8.4) (f — Av, Ap)o + g — v, o) = 0 foralle € Si,,.

It is easy to see that there exists a unique solution of this equation and that it can
be determined by solving a linear system of algebraic equations.
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If we assume for simplicity that g is defined in a neighborhood 9 of 9Q and
g € W¥¥ ), then we may take as a definition

N
_ 9g 0w _ chQz)
(g, wh = /;n gw do + s (; dx; 9x; dy dv do,

where ov/dv denotes the interior normal derivative of v to 9%Q.

We shall not give any details of the proof of the error estimates, except to say
that we use a generalization of Theorem 3.1 which also follows easily from
Theorem 3.1.

THEOREM 8.1. Suppose S}, is given satisfying (*) with 2 < k = r and let u be
the solution of (2.2) for given data F = (f,g) € W where 0 S A< r—2and1 £
Mo = r — 3. Let v be the solution of the approximate problem (8.4). Then, for any
4—r=s154%

(8.5) e —oll, £ CH'@E |Iflh + B~ |2l

where C is a constant which is independent of h and F.

Let us compare the estimates that have been obtained for the schemes (7.1)
and (8.4). Suppose that F = (f, g) € W*#/» for 2 < 8 £ r. Then, as previously
discussed if w is the approximate solution of (8.1) obtained from (8.2), the following
error estimates hold: If 4 < rand 4 — r £ 1 £ 1, then

(8.6) Nu — wlle = CH*7 ||ul].
If » = 3, then
(8.7) lu = wlliye S CHF7 ||ulls.

On the other hand, if we take v to be the approximate solution obtained from (8.4),
then (8.5) yields the error estimate

(8.8) lu — ol £ CA*" [julls

forany 4 — r =1 £ 4.

The advantages of the scheme (8.4) are now easy to see. Namely, one can obtain
estimates for the error in the Wj(Q) norm with the correct order of convergence.
This is an improvement over the previous schemes for any 3 < r. In the case that
k = 2 and r = 3, one obtains from (8.8), using for example quadratic splines on a
uniform mesh of size A, the estimate '

lu = vlls = CA* |[ulls.

In this case, the scheme (7.1) yields

u — wlli = ch [|u]ls.

B. Let us again consider the problem of approximating the solution of Dirichlet’s
problem (8.1). Besides the approximation scheme analyzed in [6], Babuska (private
communication) has proposed the following scheme for the approximation of the
solution of (8.1): Find v &€ S},, which minimizes the functional

- ] z
(8.9 ®(¥) = |lu — Ap|ls + p7'(h) [p(h) a—: - <P§

fo

l
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among all ¢ € S;,,. Here, p(h) is a given function of 4 which is to be chosen ap-
propriately. It is easily seen that if v & S}, is the function which minimizes (8.9), then

fAvA<p(1x+p(/z)*'f uwda—ffgadx/ ga—sedo=0
R aR R or O

for all ¢ & S}, ,(Q). Hence, v can be determined from a system of linear algebraic
equations in terms of the data f and g.

We shall prove some error estimates for this scheme with p(h) chosen as p(h) = h2.
We believe this to be the best possible choice. We shall make use of a result which
was proved in [14]. It is also a special case of Theorem 6.1. For convenience we
shall restate that result in this special case.

LemMA 8.1. Let S}, be given satisfying (4.9) with 2 £ k < r. Then, for any
F={g&E W™ where0 S \N=<r—2and0 =\, =r—

=

nf i = ells + 17 g = ol = CO Ik + A7 Jgh)
(4 E,r

where C is a constant which is independent of F and h.
The following error estimates for the scheme (8.9) easily follow from Lemma 8.1.
THEOREM 8.2. Let u & W2i*NQ) be the solution of (8.1) for given data F = (f, g) €
WM phore 3 < N £ r — 2. Suppose that S, is given, 2 S k < r,r = 4 and
let v be the solution of the approximate problem (8.9). Then

(8.10) llu — Avllo £ CK ||ulx

where C is a constant which is independent of h and u.

Remark 8.1. If we denote by w the solution of the approximation scheme (8.2)
(or equivalently (7.1)), then in the case that 2 < k < r, r = 4, we can obtain from
Corollary 7.1 that

(8.11) lu — wllo < CH" [|u|x

for any 2 < A £ r. A comparison between (8.10) and (8.11) shows that the maximum
rate of convergence in (8.10) is of the order A"~ while (8.11) gives us the higher
maximum rate of order 4". Note also that the matrices in the two schemes (8.2)
and (8.9) are identical.

2)1/2

J o

Proof. We certainly have (with p(h) = A°) that
Applying Lemma 8.1, it follows that for 0 = A = r — 2,and 0 = N\, = 7 — 3,

@»,
aV Ao

s ou
h v

W v

o= doll s inf (11— gl + 7
YESk, b

(8.12) H" _ AUH?) < C(h)‘ ”u”)\ + JRZEERY

Now, from Lemma 4.3, we have that if § < X then

o |

du
61’))«—3/2

(8.13) < ¢ |yl
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where C is independent of u. Choosing A, = A — 2 in (8.13) and using (8.12), we
easily obtain the desired inequality (8.11) which completes the proof.
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