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An Interior a Priori Estimate for Parabolic
Difference Operators and an Application

By Magnus Bondesson

Abstract. A general class of finite-difference approximations to a parabolic system of
differential equations in a bounded domain Q is considered. It is shown that if a solution
Uy of the discrete problem converges in a discrete L2 norm to a solution U of the con-
tinuous problem as the mesh size 4 tends to zero, then the difference quotients of U, con-
verge to the corresponding derivatives of U, the convergence being uniform on any com-
pact subset of . In particular, U, converges uniformly on compact subsets to U as 4
tends to zero, provided there is convergence in the discrete L? norm. The main part of
the paper is devoted to the establishment of an a priori estimate for the solutions of the dis-
crete problem. This estimate is then used to derive the stated result.

1. Introduction. Let Q be a bounded domain in R'**. The points in R'** will
be denoted by X = (£, X) = (¢, x1, - - -, x4). In @ we consider the inhomogeneous
system of differential equations
(1.1 LU= D, U~ Y, A, D{U=F,

lalsM
where the N-vector F(t, x) and the N X N matrices 4,(¢, x) are in C*(Q). We also
assume that the differential operator L is parabolic in © in Petrovskii’s sense, which
implies that any solution of (1.1) is in C"().

Let \ be a positive constant and let 4 and k be positive parameters such that
k = \i™. We introduce the mesh

{X € R X = (vok, mh, + -+ ,vsh), v, integers},

and denote by @, the set of meshpoints in Q. Let the difference operator L, be con-
sistent with the differential operator L and be determined by

LU, x) = k™" D [a,(t, x, U, x + vh) — b,(t, x, DU — k, x + vh)],

where a, aud b, are smooth N X N matrix valued functions. Furthermore, we require
that L, is parabolic in @ in the sense of F. John. Then we approximate (1.1) by the
equation

(1.2) L,U, = M,F, xe m,

where M, is an operator consistent with the identity operator and €; is, for instance,
the maximal subset of @, in which L,U and M,U are determined by the values of
Uin Q.
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44 MAGNUS BONDESSON

Let U be a solution of (1.1) and U, be a solution of (1.2). Further, let @, CC
Q CC Qandset Q% = @, N {X:¢ < T}, i = 1, 2. Our result is that if (1.2) ap-
proximates (1.1) with order of accuracy p and the same holds for the difference
operator Q, and the differential operator Q, then

(1.3) |0, Uy, — QUlpa,r £ C(W° 4 || Uy — Ulls,a.7), h=h, TER,
where the constants C and h, are independent of the particular solution U, and
| V|n.o = max | V(X)],

XEM
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From (1.3) we conclude that if U is a solution of a mixed problem for (1.1) and
U, is a solution of a corresponding discrete problem with L, U, = M,F in Q; and
such that ||U, — U||s, o, — 0 as h — 0, then Q,U, converges uniformly in @, to QU.

To derive (1.3), we start by proving, in Section 2, three lemmas, which are con-
sequences of our assumptions about the operator L,. In Section 3, we use these
lemmas to prove an a priori inequality for the difference quotients of functions V
defined in the meshpoints. This inequality essentially states that

197 Vllar = CUILL Vllnaar + || Vlln0.7), h=h, |a|] =M, TER.

In Section 4, we combine the a priori inequality with the discrete Sobolev inequality
to obtain (1.3). Finally, in Section 5, we illustrate our results by two simple examples.

The methods used in Section 3 are to a great extent taken from [11], where results
similar to ours were proved for the elliptic case. Related questions for the pure
initial-value problem for the homogeneous counterparts of (1.1) and (1.2) have
been considered by Thomée [10] and Widlund [12]. In this case, convergence of
the discrete solution U, to the exact solution U is not assumed, but is part of the result.

I wish to thank Professor Vidar Thomée for suggesting the problem and for
his constant encouragement during the writing of this paper.

2. Notation and Preliminaries. Let Q be a bounded domain in R'**, The points
in R'** will be written X = (¢, x) with x €& R®. If , is a domain such that &, C @,
we shall write @, CC Q. Unless otherwise stated, all the functions considered have
their values in the N-dimensional complex vector space. For N-vectors V = (v,

., vy) we use the Euclidean norm |V| = (3 |v;[)* and for N X N matrices
A the induced norm |4| = sup {|4V]|:|V| = 1}. If 4is an N X N matrix, we let

N(A4), j =1, -+, N, denote the eigenvalues and p(4) denote the spectral radius,
ie. max |\;(A4)|.

Greek letters o, 8, v, u, v, will denote d-dimensional multi-indices with integral
components. If @ = (ay, + - , ag) is such an index, we shall write |a| = > el

We define the translation operators TiT% by
TiT; Ult, x) = U + Jjk, x + ah)

and the difference operators 9,, 9, and 8,, by

=1 (T, =D, 8,=T18, 9= (T =D,

S =
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where [ is the identity operator and e; is the ith unit vector in R’. If the integer j and
the «;’s are nonnegative, we will use the notation

X it+lel
pips = —9

= g i gm e =dion.onl
t Oz, *°° Ugy

Note that these definitions depend on the positive numbers k and 4. However, we
preferred not to indicate this in the notation. Also, we shall frequently suppress
the subscripts ¢ aund x.

Now, consider a differential operator L defined by
2.1) LU = (D, — P(D)U = DU~ > A4, DU,

lalsM
where the N X N matrices 4,(¢, x) are assumed to be in C”(Q). This operator is

said to be parabolic in @ in Petrovskii’s sense if for any X & Q there is a positive
constant C such that

max‘<Re >\,-<] ;u A«(X)(ii-)“)) S —ClEY, EER, ="

Throughout this paper, we shall assume that the positive parameters k and 4
satisfy a relation k = M, X = constant. Let C5(Q, 4) be the set of N X N matrix
valued functions 4 = A(X, k) such that for any @, CC Q, 4 is infinitely differentiable
in @, X [0, ko] for some positive h,. We then approximate the differential operator
L by a difference operator L, given by

2.2) LUG, %) = 2 14 UG, %) — BuT7 UG, 2

where the operators 4, and B, have the same form, e.g.
A= 2 a, x,DT:, a ECUQ N, K< .

IlvisK

We say that L, is consistent with L in Q if for any U € C”(Q) and any X € Q
L,UX) — LUX) = o(1) as h— 0.

L, is said to be a consistent operator if it is consistent with some differential operator
of the form (2.1). The notion of consistency is introduced analogously for other
types of difference operators.

Our first lemma gives a simple representation of the operator L,.

LeMMA 2.1. Suppose that k = Nh™. Then the difference operator L, given by (2.2)
is consistent with the differential operator L in (2.1) if and only if A, is consistent
with I, the identity operator, and

Lh = Ahgt - P)u
where P, has the form

Ph = Z Cav(t: X, h)T-t‘lT: a;’l, Cay E CT(Qa /7)

lalsM,y

with ¢, # 0 only for a finite set of indices and
Car(t, X, B) = cay(t, x,0), a0,
2 calt, x,0) = Aa(t, ).

2.3)
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Proof. The proof of the sufficiency part is obvious. In order to prove that the
conditions are necessary we write

_ 1 - _ . _
L, = A4,9, — ;\‘;{,’(Bh— Ah)Ttl = 4,9, —Pthl = 4,8, — P,,

where for certain g, €& C¥(Q, h)
Ph = h_M Z ﬁv(t) X, h)T:'

Since L, is assumed to be consistent with L, we find by taking U(z, x) = U(x) €
C"°(R%) that for (1, x) € Q

By, — P(D))U(, x) = o(1) as h — 0.
This means that, for fixed #, Lemma 2.2 in [11] applies, giving

P}, = Z Cay(t’ X, h)T: a:r

lalsM,»

where the coefficients c,, satisfy (2;3). The construction in that lemma shows that
Cay €& C3(Q, h) and hence P, = P,T;' has the stated properties. From (2.3), we
infer that P, is consistent with P(D,). Thus, we have for any U € C"(Q) and any

it x) e Q
A, 6L U(t,x) — D, Ut,x) = o(1) ash—0,

and, by taking U(¢, x) = tU(x), we get E, a(t, x, 0) = I, which implies the con-
sistency of A, with I. This completes the proof of the lemma.

We now introduce the principal parts A4;, By, and L) of the operators 4,, B,
and L,, respectively, namely

A=Y al x0T, L= (48— BT,

where BY is defined in the same way as A;. If L, is a consistent operator, we find
from Lemma 2.1

2.4) L= 40, — X calt,x, OT;'T. 05,

lal=M,y

Further, we introduce the symbols

AE) = A, X) = 2 a(X,0) exp (iwE), EER', vi= D vk,

v i=1

Lr §) = Lir &, X0 = 3 1400 — " BOL,  rER, EE R,

corresponding to the operators 43 and L;. Here, B,(%) is defined in the same way

as A4;(%).
We shall assume that for any @, CC @ there is a positive constant C such that
(2.5) ldet 4:¢, )| =2 C, XE Q.

Consequently, the following notation makes sense:

E®) = ENt, X) = AE, X)'BiE, X).
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Definition. The operator L, in (2.2) is said to be parabolic in © in the sense of
F. John [4] if it is consistent and if for any @, CC Q there is a positive constant C
such that (2.5) is satisfied and

(2.6) p(EXE, X) S 1 — Ck 6], || =7 XE Q.

The next lemma will be fundamental for the a priori estimate in Section 3.
LemMA 2.2. If L, is a parabolic difference operator in Q, there exists for any @, CC @
a constant C, such that

ILy(r &, X7 S Co ™, £ 0, || ST, XE Q.

Proof. We have Li(r, &) = (1/k)ANEU — e " Ej(¥)) and so it is enough to prove
that |(I — e E(#))| £ C/(k |£|™). But we know (Lemma 3.4 in [10]) that

(EX®)'| £ Cy exp (—Conk [E]™),  |KE| S
uniformly for X & ©, and hence we get for ¢ = 0
(1 — e M EE) | S ;) [(B®)| S C/(1 — exp (—Cuk EM)) = C/(k ™),

as required.

We will need some facts about Fourier series. The set of N-vector valued functions
defined on the mesh {X € R'** : X = (jk, vh) = (jk, vih, -+ , vih), j, v, integers,
k = MM} is denoted by 91, In the subset 2 , = (U € 9, : >, |UGk, vh)]* < =}
we use the norm

1/2
Ul = (khd 2= | UGk, m);”) .
For U &€ [}, we introduce the Fourier transform

O(r, &) = kh* Y, UGk, vh) exp [—iGkr + v-hE)], rER, £tE R,

with the sum defined as a limit in L’(Q), where O = {(r, & : |kr| = =, |ht;| S m,
j=1,---,d}. Conversely, if U € L*(Q) the function U defined by

UGk, vh) = (2m)" " fc U(r, £) exp LiGkr + v- hE)) dr dE

belongs to /2 , and is the unique function in this space having the Fourier transform 0.
The Parseval relation holds, that is

10l = @0 [ 106, oF ar @
We unote that
@) (.9 =w'" i[(e'h*f = D0, 9 = 3OV, b,
We shall consider also the space [} of functions U defined on the mesh

{(x € R* : x = vh} and such that ), |[U(wh)" < . In this space the counterparts
of the facts above are obvious.
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Now let the principal part operator L; be parabolic and have coefficients which
are independent of X. It then follows from above that (L2U) (r, E) LYz, )0, §),
and hence for ¢ 0 we have (32U) (r, §) = 9%(OL(r, £)(LU) (r, £). This is the
key to the following lemma, which gives a representation for 3U(¢, x), |a| = M.

Lemma 2.3. Let L} be the principal part of a parabolic difference operator with
coefficients independent of (t, x) and let T and T, be real numbers. Suppose that U
is a mesh-function such that U(jk, -) E I; for any integer j and U(jk, -) = 0 for jk < T,.
If F = LU for t < T and F = 0 otherwise, then for |a| = M and t £ T,

.7 U@, x) = (r)? fo I®Li(r, ) F(r, §) exp Litr + x-£)] dr dt.

Proof. 1t suffices to consider T, = 0. The condition (2.5) shows that (43)~ is a
bounded operator on /;. Hence the problem
2.8) LYV = 8;F, t=jk>0,

V=0, t=jk =0,

has a unique solution ¥ in 91, such that V(jk, -) E IZ. Since L{ commutes with
4%, we have V(t, x) = 9%U(t, x) for t < T.

Let |a| = M. For meshpoints (¢, x) we denote the right member in (2.7) by H(¢, x).
By Lemma 2.2, |9%(£)Ly(r, £)~'| < constant, ¢ 5 0, and so H € I?,, and consequently
also H(t, -) € I;. We claim that H satisfies (2.8). This would imply the lemma. Taking
Fourier transforms we see that L) H = 9%F and hence it only remains to prove that
H(jk, x) = 0 for j £ 0. But

H(t, x) = G * F(t, x) = kh® 2, G(t — nk, x — vh)F(nk, vh),

where the mesh-function G has the Fourier transform @ = 9%(&)L(r, £)7, and so
it suffices to prove that G(jk, x) = 0 for j < 0. We have, for j < 0,

oot =k [ [ emu— e vmer ar| e dere o

_l -1-7 — 0 —1 a 0 —1 ix+f
S e | oz e a

=0,

since the condition (2.6) shows that the function (I — zEg(£)™", £ 5 0, is analytic
in z for |z| £ 1 and the inner integral thus is equal to zero. The proof is complete.
We also state the Leibniz rule which will be used frequently in the technical

calculations later on.
The Leibniz Rule. If A is an N X N matrix valued function with rows in 917, and

if U & I, we have

9%(AU) = Z()(r’a‘”A)(a’U) _E(‘E‘-)(aﬁAxrﬁaa"’U),

)= 11()

where

ao

a= (w,a), T°=T;T;, 9% =99;,

™o RA
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3. An Interior a Priori Estimate. For any sét Q in R*** and any real number 7,
weput @7 = (L, ) EQ:r £ Tand @, = {(¢t, X) € Q: (1, x) = (Gk, vh), j, v,
integers, k = M:™}. Further, for U & 91, we introduce the notation

1/2
1Ulla.0 = <kh“’ 2 |U<X>|2) ,
XEQ
HUlrwo = 25 110 95 Ullaa
isr,lalss
HUlr = [|Ulls, gr+ay7s HUlnror = [ Ullhr.s,rrrayr.

We now state the main theorem of this section.

THEOREM 3.1. Let Q be a bounded domain in R*** and let L,, given by (2.2), be a
parabolic (in the sense of F. John) difference operator in Q. Then, for any Q, CC
Q; CC Q and any nonnegative integers r, s, there exist positive constants C, and h,
such that for T & R

” U”h,r+l.s.ﬁxr + ” U”h,r,M+s.9;T é CO(“Lh U”h,r.a.ﬂ,T + ” U”h.ﬂ,T)9
h=hy, UEM,.
Remark 3.1. Tt might seem more natural to use the norm

HUIE, 0 = M,Z 1167 82 Ulln.o-

+lalsr

3.1

This norm is, however, unsuitable for the application in Section 4.
In order to be abl~e to handle the implicit case, 4, > I, we define the fractional
difference operators ! by

=1 j=0,
=79, 1=2j= M.

Note that 3% = 9,. We often omit the subscript 7.

The proof of Theorem 3.1 will be carried out in several steps. We first treat a
principal part operator with constant coefficients and derive an estimate valid for
U € D(Q), where D(Q) = {U € 9, : UX) = 0 for X ¢ Q.

LemMA 3.1. Let @ C R be a bounded domain. Also, let L} be the principal part
of a parabolic difference operator with coefficients independent of X. Then, there is
a constant C, (which depends only on the constants in the definition of parabolicity,
on the bound of the coefficients in L, and on the spatial diameter of Q) such that

3.2)

> 18I0 Ulhe < Co ||LYUle,, h=1, UE DR, TER.

i+lalsM

Proof. Let |a| = M. Set T, = inf {t: (1, x) € Q} and let F and H be the cor-
responding functions in Lemma 2.3. Then, using this lemma, the Parseval relation
and Lemma 2.2, we get for U € D, (Q),

1102 Ulln.r = 1HI = @) [02()LC )T EC ) @) £ C LU,z
The discrete Poincaré inequality (cf. Lemma 2.4 in [11]) shows that

HUllho.nr,0 S C ]maX 110z Ulls,z» h=1, U&E Du(Q),

al=M -
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where the constant C depends only on the diameter of © in the x-space. Hence, we get

(3.3) NU|hoostr S C LUl hS 1, UE DUN).

Since 4? has a bounded inverse on /;, we conclude from (2.4) and (3.3) that

Betlhr 5 (IOl + 3 11050ls) S € 501 r

If j % 0and j + |a] £ M, we thus have, using (3.2),
(3.4 |13 9 Ullar = |IK*7 8, 95 Ullor < C |10, Ulluz < C [|LYUls. -

Together, (3.3) and (3.4) prove the lemma.
Our first step towards an inequality for an operator with variable coefficients

is the following:

LeMMA 3.2. Let L be the principal part of a difference operator which is parabolic
in a bounded domain @ C R'**. Then, for any @, CC Q, there are positive constants
Co, ho and e, such that, if h < ho and T & R, we have

> 116! 0 Ullsr £ Co [ILYUllh.r
itlalsM
for every function U & Dy(Q,) whose support has diameter less than e,.
Proof. Let X, &€ supp U. Defining the operator L}(X,) by
LAX) = 2 afXo, OT" 9 — 2, ca(Xo, 0T 'T" 3%,

v lal=M,y

we have according to the preceding lemma with some constant C, independent of X,
2 1187 0%Ulhr S G LX) Ullz, RS 1, UE D).
i+lalsM

On the other hand, it is readily shown, using (2.4) and the regularity assumptions
on a, and c,,, that for sufficiently small 4, and e,

HLAX)U — LUl r = X [[(@(Xo, 0) — ay(X, ONT" dU||s,r

+ 2 car(Xoy 0) = conl X, ONT'T" 9% U |4+

lal=3M,»
< =L (U v0 + [ Ullsoo.se. ),
3C,

which evidently completes the proof.

We next extend this result to arbitrary functions in D,(2,).

LemMa 3.3. Let L, be a difference operator which is parabolic in a bounded domain
Q C R'™*°. Then, for any @, CC R, there are positive constants C, and h, such that

ST 1188 0LUl e S ColllLuUllh.z + | Ullk.o.se-1, 78,

i+lalsM

h=h, U&ED(R), TER.

Proof. Let ¢, be the constant in Lemma 3.2. There exists a finite sequence |¢,}., of
scalar valued functions in C%(Q) such that diam (supp ¢;) < ¢ and D ¢(X) = 1
in Q,. Now, let U € D(Q,). Then we have U = Y, ,U and, using Lemma 3.2 on
¢;U, we get for j + la] = M
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113 0" Ullhr < 3 113 96 llhr < € 3 1L2@: Wl ln. -

Since the ¢, are uniformly bounded, we have therefore

> 1187 0% Ullu.r
(3'5) ivlalsM

= Cl(”LhUHh.T + ”L:U - LhU”h,T + m_ax ||L:¢"’U - ¢:’L:U”h.7’)'

The last two terms inside the parentheses are estimated for sufficiently small # by
use of Lemma 2.1, (2.4), and the Leibniz rule:

1
(3-6) IngU — L, U”h,r = _4C. H U”h.l,O.T +C H U”h.O.M—l.T-—In
1

[|Lig: U — ¢: Ly U||n. 7

3.7 1
( ) §. ZZT [HU”h.l.O.T + ||UHh.o.M.T] + o ”Ullh.o.u—1.7‘—k-
1

The estimates (3.5)-(3.7) prove the lemma.

To prove Theorem 3.1, we have to reduce the subscript M — 1 in Lemma 3.3
to zero. This can be done using a discrete analogue of a norm used by Friedrichs
in his investigations on elliptic differential equations (cf. [2] and [11]). Let @ be a
bounded domain and let @, CC @, CC Q. Take a scalar valued and nonnegative
function ¢ & CY(Q,) with ¢ = 1 in Q,. We iintroduce the norms

NUI. 2 = 2 (o' P 02 U|lnaurs, 0= s < M.

m+lalss

We now give a sequence of three lemmas concerning these norms. For simplicity,
we shall write 7°* = TiT* and 8''* = 9:9%

LeMMA 3.4. Given i, u, j, B, g, m, o, swithq = 1,s 2 Oand j + |B| + m +
le] £ g, m + |a| £ s £ M, there are positive constants C, and ho such that

B.8) (T PN 0L U|lnr £ Co ||UIKD 7y B S hy, UE M, TER.

Proof. If m 4+ |a| = 0, (3.8) holds trivially. In particular, the statement is true

fors = 0. Lety = T"*9"%° If j + |8| + m + |a| < g, we have, by a Taylor ex-
pansion,

m+|al

|¢/| é c Z hr¢m+la|-r.
r=0
For small 4, ¢ = 0 outside some @, CC Q, and we obtain for0 < m + |a| < s
[ly 8™ 0" Ulln.r
m+ | al -
= || 8" 9" Ullrar £ C 2 |lo™" "' 7"h" 8™ 8Vl 1.0,
3.9) r=0
m+|al -
< c|:||U||;?:.T + 2 " Z; . [|(T" "™ =17 6" & uum,r]-
r= Yl+n=m+|al—~rii,v

Now, the statement follows from (3.9) successively for s = 1, --- , M.
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LEMMA 3.5. Given m, a, g, and s with 1 < s < qandm + |a| = s £ M, there are
positive constants C, and h, such that for h = h,, U € 9, and T € R,

(3.10) 1187 85@°U) — ¢° 87 85 Ulln.r < Co || U1, 1,

(3.11) 137 826" Wllhr S Co LU, 2.
Proof. The inequality (3.11) clearly follows from (3.10), which we prove separately
for the cases m > 0 and m = 0. In the first case we get, using the Leibniz rule,

O™ 3% U) — ¢° 9™ 3°U

= 2 (g)(a%“)(r" Uy + 2. (“)(5'" )T 977" L),
0<Bsa 0sfsea /3
and so (3.10) follows from (3.8). If m = 0 the second sum does not appear and (3.10)
follows for this case too.
The last lemma is of interpolation type.
LEMMA 3.6. Given s, 1 < s = M, and ¢ > 0 there are positive constants C, and
ho such that

(3.12) ||U|[oi 7 S € [|UIS . 4+ Co |l U0 7s  H S hoy, UE M, TER.

Proof. We prove the lemma by induction on s < M. If s = 1 the inequality (3.12)
is obvious. Now suppose that (3.12) holds for s = 1, .. , § — 1. To establish it
for s = § = 2, we have to estimate only those terms ||¢™*'*'3"8 “U]||,.r for which
m + |a| = § — 1. This will be done first for m # 0 and then for m = 0. We use
the notation (U, Mh.r = Jisr dorer u(X)0,(X). If m 5 0, we get

67" 8™ 8 Ullh.r = @° 0" 9" U, 6" 7" 0" 9" U,
= (° 9" 9°U, ¢° 23" 9" U1, m
=©@° 80U, ¢" (U = T, Uy m=1,
and then, using the Schwarz inequality and (3.8), we find that
(3.13) le** 8™ 8" Ulli.» £ C I[UILWs. 2 [| Ull¥5-2. -

%
N

If m = 0, it follows from the argument in the corresponding proof in [11] that (3.13)
holds. From (3.13) and the induction assumption, we may conclude

HUIS 1 e < S U, 2 + C | Uiz, r

N

lIA

S WUl 2 + 3 [1UIs-1,2 + 3Co || UII%, -

This proves the lemma.

It is now possible for us to prove Theorem 3.1.

Proof of Theorem 3.1. We first prove the theorem for the case r = 5 = 0. We
assume that & is small so that the lemmas apply. We have

(3~14) HU“h.l,o,n,T + ”UHI.,O,M.Q,T § ”U”}E‘?)M,Ta
(3.15) HUIw.r = 25 116" 8™ 0" Ullar + (UL,

m+ | al=23
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Application of (3.10) in (3.15) gives
HUISr = 20 (187 9°@" Olla.r + C [[UI8-1.r.

m+|oa|l=M

Using Lemma 3.3 on the terms in the sum, we see that

(3.16)  1Ul%.r £ CHL@G™ D n.r + 116" Ullno.sror,r + U121
By (3.11), the following holds:
(3.17) 6™ Ulln.o.a-1.7 < C || U581, 1.

To permit the switching of L, and ¢ in (3.16), we show that
(3.18) HL@" U) — 6™ LaUllr S C |1 U[1*%-1 1.
To do this, we first notice from L.emma 2.1 that

Li@"U) — ¢ LU = 3 a,[T" 9™ U) — ¢™T° 4 U]

p— Z cay[T_lTv aa(¢MU) — ¢MT_1T" aa U] = p + Q.
lalsM,»

We infer from the Leibniz rule and Lemma 3.4 that

Pl r

’Z a(T'$" — ¢™T" AU + a,T’[(@™)T™" U]“h .

C X T ™R aU|h.r + C U+ £ C Uy .

181=1,» -

IIA

The second term, Q, is estimated in a similar way and therefore (3.18) follows. Indeed,
our use of the operators 3™ was necessary for the estimation of ||(7°8°¢™)hoU]|,.» =
[|(T"8%°¢™)3™ ' U||,.r in the inequality for P. In the explicit case, 4, = I, the first
part of P would disappear and we could do without the operators 7. Using (3.17),
(3.18), and Lemma 3.6, we transform (3.16) into

NUI .z S CUILaUllbgur + 1] Ulln.0ur)-

Thus, by (3.14), we have proved (3.1) for r = s = 0. By induction on s, we deduce
after some computation

(3-19) ”U”h,l,a.mf + ||U”h.o.M+s,9,T s C(“LhUHh,o,a,Q,T + HUIlh.n,T),

which is the statement for » = 0. Finally, (3.1) follows for arbitrary r, s from (3.19)
by induction on r.

4. Convergence of Difference Quotients. Now, cousider in a bounded domain
Q C R the equation

4.1) LU = F,

where L is a parabolic differential operator and F & C°(Q) is a given N-vector valued
function. It is then known that any solution beloags to C°(Q) (see e.g. [1]). For each
value of the positive parameter h, we introduce a mesh {X & R'*® : X = (jk, vh),
J, v; integers, k = \hM}, where M is the order of the operator L, and denote by



54 MAGNUS BONDESSON

O, as before, the set of meshpoints in Q. Let L, be a parabolic difference operator
consistent with L in Q. Further, let M, be an operator of the form
J

M UG, x) = 2, 2, my,(t,x, UG — 0k, x + vh),

=1 1575k
06,21, m, € Cx(Q,h).

This operator is required to be-consistent with the identity operator. We then ap-
proximate (4.1) by the difference equation

(4.2) Lh Uh = M},F in Q;:,

where Qf is a subset of , such that for any @, CC @, we have Q,,, C @ for 4 small
enough, and such that L,U and M, U are determined in Q; by the values of U in Q.
Any function U, defined in Q, and satisfying (4.2) is called a solution of (4.2). We say
that (4.2) approximates (4.1) with order of accuracy p if for any U &€ C°(Q) and
any X € Q,

LUX) — M,LU(X) = O(/h") as h— 0.

We observe from (4.2) that the operator M, has no effect on our problem if
F = 0. In fact, operators of this type were introduced to get the same rate of con-
vergence for the Cauchy problem for certain inhomogeneous differential equations
as for the corresponding homogeneous ones (cf. [3]).

We shall consider scalar differential operators Q and difference operators @,
which for simplicity are assumed to be of the form

4.3) 0= I}l: 0.(t, x) DI, Q. E C°(),
alsa

and

(4.4) 0 = ;: Qar(t, X, TL O, Gy € CL(Q, h),

respectively. We say that Q, approximates Q with order of accuracy p if for any
U& C°(Q) and any X € Q,

O U(X) — QU(X) = O(F") ash— 0.
We also introduce the maximum norm

| Uli.a = max |U(X)|.
xem

In this section, we shall prove the following convergence theorem as an applica-
tion of the a priori estimate derived in Section 3.

THEOREM 4.1. Let Q be a bounded domain in R'*°. Further, let the difference oper-
ator L, in (2.2) and the differential operator L in (2.1) be parabolic in Q in the sense
of F. John and Petrovskii, respectively. Assume that (4.2) approximates (4.1) with
order of accuracy p and that Q,, given by (4.4), approximates Q, given by (4.3), with
the same order of accuracy. Then, if U is a solution of (4.1) and &, CC @, CC Q,
there exist positive constants C, and h, such that

lQhUh - QU|h.n,T § Co(hp + ”Uh - U”h,nﬂ), h § ho, TE R,
for any solution U, of (4.2).

From this theorem, we conclude that if for any Q, CC Q@ we have ||U, — Ulls.0, =
O(h™) as h — 0, then for any @, CC Q,
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0w Uy — QUlp.0, = OH™™®7) as h — 0.

In particular, choosing Q, = Q = I, we see that convergence in the norm |- || q,
implies uniform convergence in Q.

In order to prove the theorem, we need a result due to Sobolev [9]. To state
this we introduce additional notation. Let w be a bounded set in R’. For functions
V defined on the cubic mesh {x & R* : x = vh}, we set

1/2
(hd 2 |vxvh)P) ,

||V||h.m =
vhE€Ew
UV hew = 25 1105V,
lalss
| V]s,o = max | V(h)|.

vhE€Ew

The Sobolev Inequality. For any two domains w, CC w, CC R there exists

a constant C such that
| Vlh.u; § C Il Vl lh.[d/2]+l.u,a

where [d/2] denotes the largest integer < d/2.

The following lemma contains an inequality related to the Sobolev inequality.

LemMA 4.1. Let Q, and Q3 be open cylinders, Q; = (T1, Ty) X w;, i = 1, 3, where
w, and w; are bounded domains in R’ such that o, CC ws. Then, if T — T, is bounded
below by some positive number, there is a constant C, such that
4.5) [Ulna,r £ Co || Ulln11as2141.0.7s U & M.

Proof. The proof will consist of two parts, each of which is an application of
the Sobolev inequality. First, we note that, according to that inequality, there is a
constant C such that for any ¢ = jk,

max IU(’s Vh)| =C Il'U(ta')”h.[d/Z]-fl.w,a U & m,.

vh€w,

Hence, (4.5) would follow in the case T < T, if we could prove that
g(t) = ”U(ta')”h.[d/2]+l.w, =C HUllh.l.[d/zln.n.T,

ven, T, <t=jk=T<T,.

(4.6)

In the case T = T, which is treated similarly, we must prove this inequality instead
for T\ < t = jk < T,. The Sobolev inequality for d = 1 shows that

4.7 gGk) = Clelle. crerr + 110:8llk. 20, m), T, < jk =T,
where the constant C depends only on the difference T — T;. It now remains to

substitute the expression for g into the right member of (4.7). Let the integers R and
S be such that (R — 1)k = T, < Rk and Sk £ T < (S + 1)k. We then have

s
(4'8) ”g”:.(ru.ﬂ = Zz;k |g(ik)|2 é C ||U”:,O,[d/21+l.ﬂa7'a
“‘T’rg”g.(r.,r)
s 2
(4.9) =EK{ 2 uxwmmm—nxmwﬁwmmJ
1=R lalslds2]+1

=cC ” Ull:.l.[d/2l+l,ﬂ.7'»
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where the constants are independent of 7. Together (4.7)-(4.9) prove (4.6). This
completes the proof.

Remark 4.1. Direct application of the (4 + 1)-dimensional Sobolev inequality
on the pair (Q;, ;) in Lemma 4.1 would give an estimate similar to (4.5). The right-
hand side of this, however, would depend on difference quotients in the z-direction
of order greater than 1.

Now we can prove Theorem 4.1.

Proof of Theorem 4.1. 1t is evidently enough to prove the theorem for the case
Q = (T, T;) X w; With o, a domain in R* and @, CC Q. Also, we may assume that
T — T, is bounded below by some positive number. We choose the domain
Q, such that @, CC @, CC Q and let 4 be small so that Q, , C Q;. We then extend
U, in an arbitrary way to be a function in 9,. The triangle inequality gives

(4-10) IQ}. Uh - QUlh,ﬂ;T é lQ}.( Uh - U)Ih,Q,T + l(Qh - Q) Ulh.n.T~

Since Q, approximates Q with order of accuracy p and U & C°(Q), we have for
the second term

(4.11) @ — Q) Ul r = CI°

if & is sufficiently small. To estimate the first term, we let Q3 = (T3, T5) X ws be a
cylinder with w, CC w, and Q3 CC Q,. By Lemma 4.1 and Theorem 3.1, we obtain

(4 12) lQh(Uh - U)Ih.QlT é C ||Uh - U”h.l.[d/2]+l+a.9;"

< CUILW(Us — Dlhoswrzreree.0.7 + 11Uy — Ullyia,rl

In Q,, we have LU, — U) = M,F — L,U = (M,L — L,)U. Making a Taylor
expansion and using the assumption about the order of accuracy, we find for X &
Q, and small A,
p+r—1
(MyL — LYU(X) = 2 WU(X) + 1" U, (X, B),
(4.13) v

r=1[d/2]+ 1+ g,

where U,(X) is a linear combination of certain derivatives of U at the point X for
i<p+r—1and U, X, k) is a linear combination of certain derivatives of U
at the points (1 — 8(X, h)k, x + »(X, h)h), where (¢, x) = Xand 0 < 6 < 1. Since
U & C*(Q), we thus get, for small 7,

(4'14) HLh( Uh - U)“h.O,[d/2]+l+q.Q,T =-<_ Chp’ T E R.

(4.10)~(4.12) and (4.14) prove the theorem.

Remark 4.2. 1t is seen from the proofs of Theorem 3.1 and Theorem 4.1 that
the regularity assumptions in Section 2 can be considerably relaxed. For the proof
of Theorem 4.1 it suffices to know about the solution U that U € C*>*"*¥(Q),
r = [d/2] + 1 4 q. If, however, we had used the norm proposed in Remark 3.1
or the idea in Remark 4.1, we would have to require more than this since & = M™
(cf. (4.13)).

5. Examples. We now give two examples with d = 1 and N = 1 to illustrate
our results. In these examples L is the heat operator,
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2

L-2o 2
and L, is the parabolic difference operator,
Li=d, — T/'T;' 82, k =\, A <%
Example 5.1. We consider the problem
LU=F inQ2={(t,x):0<t=T,0<x <1},
=f onT = NG,

where we assume that F &€ C°(Q) and f are such that the problem admits a unique
solution U with D{DiU & C(®) for 2i + j < 6. For the numerical solution of this
problem, we use the scheme

L;. U}. = MhF in 9;.,
h=1/n, A=1,
Uh = f on T;,,
where
M,F(t, x) = §F(t, x) + 25[F(t, x + h) + F(t, x — b)) + §F(t — k, x).

The use of an operator M, # I is justified by the fact that for any smooth function
V', we iave (£, — ML = O(h')yas b — 0 while only (L, — L)V = Q(p?) as h—
0. Let U, be the solution of the scheme. From the definition of L, we derive easily
that

[VIhag S | Visr + C|LiV]sa
for any mesh-function V. Replacing ¥ by U, — U, we thus have
Uy — Ul £ C LUy = Daa = C (ML — L) Ul o = O(h*) as h — 0,

and consequently also ||U, — Ul|,.. = O(h*) as h — 0. Hence, if Q, approximates
Q with order of accuracy 4 and @, CC {(1,x): 0 <t < T,0 < x < 1}, Theorem
4.1 gives

0w Uy — QUl|s0, = O(h*) as h— 0.
Example 5.2. We consider the problem
LU=0 inQ={(t,x):0<¢0<x<1},
5.1 U@, x) = f(x), 0=x=1,
U@, 0)= U@, 1) =0, 0<y,

where we assume that the function f is continuous and f(0) = f(1) = 0. The corre-
sponding discrete problem will be

Lh Uh =0 in Qh,
(5.2) U0, x) = f(x), 0=sx=jh=1,
U,(t,0) = U@, 1) =0, t =ik > 0,
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where £ is the reciprocal of some positive integer. Let U be the solution of (5.1)
and U, be the solution of (5.2). By extending our mixed problems to pure initial-
value problems, we see from [12] (cf. [5], [7], and [8]) that

|Uy — Ulho = O() as h— 0,
where
r=a if f € Lip, [0, 1],
1 +a iff € Lip. [0, 1],

Hence, if Q, approximates Q sufficiently well and @, is a bounded domain such
that &, C @, we get from Theorem 4.1,

0<a=1.

1

[OsUs — QUlh,0, = OH) ash— 0.

In case f is only continuous, O(k") should be replaced by o(1) above. These results
could be obtained directly from [12]. Replacing L, in (5.2) by the implicit Crank-
Nicolson operator L,

Ly=0d, — 31+ T/IT;' 92, k = \A,

which is parabolic for any fixed \, 0 < A < «, we deduce easily analogous results
(cf. also [6]).
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