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Miniaturized Tables of Bessel Functions*

By Yudell L. Luke

Abstract. Inthis report, we discuss the representation of bivariate functions in double series
of Chebyshev polynomials. For an application, we tabulate coefficients which are accurate
to 20 decimals for the evaluation of (2z/x)Y2e2K,(z) for allz = 5and all»,0 £ v < 1. Since
K,(z) is an even function in » and satisfies a three-term recurrence formula in » which is stable
when used in the forward direction, we can readily evaluate K,(z) for all z = 5 and all
» = 0. Only 205 coefficients are required to achieve an accuracy of about 20 decimals for the
z and » ranges described. Extension of these ideas for the evaluation of all Bessel functions
and other important bivariate functions is under way.

1. Introduction. One of the difficulties associated with the development of
tables of multiparameter functions is the enormously large number of entries needed
to cover the ranges required in these parameters. Even if such values are prepared,
their direct use on high-speed computers is limited because of storage,:the necessity
of table look up and interpolation. From the vantage point of automatic computation,
the need is for efficient algorithms and small sets of coefficients to compute entries
as they are needed. In the case of a two-parameter function, we can expand f(z, »), for
example, in the form Y, C,(»)P,(z) where the P,(z)’s are orthogonal polynomials -
in z and the C,(»)’s depend only on ». This has the advantage that tabulation of a
two-parameter function is made to depend upon the tabulation of two other functions,
each of a single parameter. Evaluation of sums involving orthogonal polynomials
by backward recurrence is easy, provided the three-term recurrence formula for
the orthogonal polynomials is known. This is certainly the case for the classical
orthogonal polynomials. For many functions, computation of the C,(»)’s for a
given » can also be accomplished by use of backward recurrence techniques as is
evidenced by my work on the special functions [1]. We now propose to expand
C.(») in series of orthogonal polynomials. In this manner, f(z, ») is expanded in a
double series, and by giving a rather small set of coefficients, we can compress previous
extensive tabulations of two-parameter functions onto a few pages.

In this report, the above ideas are applied for the evaluation of the modified
Bessel function K,(2) in a double series of Chebyshev polynomials valid for z = 5
and 0 £ » £ 1. Further work along these lines is continuing, so that, eventually,
we will have coefficients for all the Bessel functions over extensive z and » values.
We will also apply these techniques to other important two-parameter functions.
Extension of these concepts to three and more parameter functions is also contem-
plated.
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2. Chebyshev Expansions for K,(z). From the work in [1], we have
1) K@ = @/22"%" 2 Culv, VTEQN/2), A fixed, Mz = 1, |argz| < 37/2,
k=0

where K,(z) is the modified Bessel function of order » and T%(x) is the “shifted”
Chebyshev polynomial of the first kind. The coefficients Ci(», \) satisfy the recurrence
formula
26,0 _ 4 4 1){1 @k + 3k + 3/2 + n)(k + 3/2 — v)
& 20 + )k + 3 + )k + 5 —»)
_ 4\
*k+3+nk+3—0»

+{1_2(k+1)(2k+3—-4)\)
k+3+nE+3—07

G 1)K+ 5/2 + 9k + 5/2 = »)
C+OEk+i+0k+3—9

}Ck+1 @, N
2

}Ck+2(V’ AN

Ck+3("s )\)9

Eo"—"l, €k=2, k>0.

As the expansion formula (1) converges, for A and » fixed,

3) :irix Civ, ) = 0.
Further, since

C)) lim Qz/m)% K, (2) = 1,
we have ‘

(%) i (=D Ci, \) = 1.,

k=0
In the reference cited, it is shown that if |arg A\| < =, the coefficients Ci(», N) are
readily evolved by use of (2) in the backward direction. This is very efficient. Further,
no prior values of K,(z) need be known. To aid in the application of (2), we have
the asymptotic formula [2],

4(_1)k7rl/2k—2/3(2)\)1/6
32 TG + TG —»)

Next, we consider the expansion of the coefficients C,(», N) in series of Chebyshev
polynomials. To this end, it is easier to consider a more general situation. Suppose
that f(x) is continuous in [—1, 1] except for a finite number of bounded jumps.
Then, f(x) can be expanded in a convergent series as

exp (=32 {2\}A[1 + ok~ V™)].

(6) G, \) =

) = 3o+ D eT.x)y, —1=x=1,
(7) r=1

e =@m [ (1= DT d.

Here, T,(x) is the ‘“unshifted” Chebyshev polynomial of the first kind. Simple and
easy to evaluate forms for ¢, are not often available. If f(x) = (2z/7)"*¢’K,(2),
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z(x + 1) = 2), the situation is considerably simplified, in view of the recurrence
formula (2) and the normalization relation (5). For the case when f(x) is Ci(», M),
no recurrence formula is known, and if the integral representation in (7) is used, we
must resort to numerical integration. Now, the Chebyshev polynomials satisfy
two orthogonality relations with respect to summation. Use of expansion formulas
based on these conditions is equivalent to the evaluation of (7) by trapezoidal-type
numerical integration formulas. Indeed, we have the following results. If

8 fGx) = fa(x) + Ru(x),
©) 1) = 3do + Z 4,T,(%),
then

10) 4, = 2/m '5: fxa)To(xa), X« = cos 0, 0. = (@/2n)2a + 1),

and

(11) dr = Cy + i (_I)G{CZen—r +Czan+r}s r = 1’ 29 cct s h — 1.

gml

Again, if
(12) 1) = 1,00 + SuC),
13) £.00) = Teo + };e,w) + 1T,
then

e =2 [%{f(l) F=DH=D} + 2 f(xa)T,(xa)] ,
(14) a=1

Xo = COS @q, Pa = a"/nQ

and

er=cr+Z{C20n-r+c23n+r}s r=0919"'9n—1’
(15) 8=1

©
€y = 20” + 2 ZC(Ze+l)n-

8=1

Thus, d, and e, are approximations to c¢,, and from (11) and (15)

(16) Cp = %(dr + er) + Z {c4an—r + C4nn+r}s r = 0’ 1: R (A 1.

a=1
Proof of (8)-(16) is given in [3]. There, we also develop some general information
concerning the asymptotic behavior of ¢, for large ». In most cases of interest, (7)
converges quite rapidly, so that for n sufficiently large, ¢, is well approximated by
d, or e,, and an improved approximation is simply the arithmetic mean of the latter
two quantities.
For application of (8)~(16) to Cy(», \) valid for 0 < » = 1, we write

an CosN) = 3 LTH6), 0 =v < 1.
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Coefficients in the Expansion of
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(18) dop = /) 3 Cullias N) 008 100y e = 3(1 + cos 82),

a=0

er.k = (Z/n)li%{ck(la >\) + (_1)'Ck(0, >\)} + ni Ck(ncu >\) cos r¢a] 9
(19) a=1
7. = 3(1 + cos pa),

where 6, and ¢, are defined by (10) and (14), respectively. Then omitting remainder
terms, we have

(20) L) =3, +en), k=01, ,n—1.
Finally, it is of interest to record a useful asymptotic estimate of L, ,(\) for k
sufficiently large. Since T%(») = T,2» — 1), from (7) and (17),
1
@n L) =77} f (1 — »]72Cr, NTE@) dv.
0

If n is fixed, we can insert (6) in (21), as the O(k™"®) term in (6) is uniform for » such
that 0 = » £ 1. Now,

2 TG 4+ TG — v) = 7secor.
So
L) = B4, + &,
(23) B = 4(—1'@/3) k2N, & = BOKT),

1
A, =71 f (1 — NI’ T*@) cos v dv.
0

It can be readily shown that

©4) A, =0 if » is even,

A, = (—=1)"" Jppa@/2) if r is odd,
where J,(z) is the Bessel function of the first kind. Now,

(25) 7,0 = 72 11 + 06

Thus, we can easily estimate the number of coefficients needed in our double
Chebyshev series expansions to achieve a given level of accuracy.

3. Numerical Results. We have from (1) and (17), with a slight change of
notation,

K@) = @/22)7% 3 GOTIG/), 22 5,
(26) k=0
Cv) = > L, T*0), O0=<»=1.

r=0
In the tables (pp. 326-328), we present the coefficients L,,; which were computed by
the techniques previously enunciated.

In the computations for d, , and e, , we chose n an even integer, actually n = 20,
Then, as a check on the coefficients, we computed C,(») with the aid of the values
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ofd, ,fory =0,1/4,1/3,1/2,2/3,3/4 and 1, and C.(v) with the aid of the values
of e, for » = 1/4, 1/3, 2/3 and 3/4. Note that none of these » values were used
to produce the respective coefficients, in view of (10) and (14). Since

@7 Qz/7) %" Ky 5(z) = 1, allz,

(28) G, N =1, C&E.N=0, k>0,

and as

29 T5HG@) = (=", THaG) =0, m=0,1, -,
we have

©

Z (=1)dy =1, ifk =0,v =
(30) r=0

Bl

=0 ifk>0,v=

[

The computations were designed to make the coefficients accurate to about 23S.
In view of their application in (26), it is convenient to round the coefficients to 20D
for presentation. Then only 205 coefficients are needed to produce values of
Q2z/7)*¢’K,(z) forall z = 5and all »,0 < » < 1,to 20D except possibly for round off.
Actually, we have in effect coefficients for the evaluation of the above transcendental
forall z = 5 and all » = 0, since K,(z) = K_,(z) and use of the recurrence formula
for K,(z), namely,

€2 K, = K@) + (2/2)K, (@)

is stable in the forward direction. The space required for these coefficients to compute
K,(2) for all » (and z = 5) in comparison with that required for existing conventional
tables for only a few values of » manifests the miniaturization described.

4. Concluding Remarks. To the best of our knowledge, except for some
coefficients reported by Clenshaw and Picken [5], use of double Chebyshev series
has not received much attention. These authors give coefficients to 6D for the evalua-
tion of the Bessel functions J,(z) and I,(z), based on their ascending series representa-
tions valid for 0 < z £ 8 and —1 £ » = 1. As previously remarked, we are extending
our work to cover all the Bessel functions.
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