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Optimal Quadrature FormulasUsing Generalized Inverses.
Part I: General Theory and Minimum
Variance Formulas*

By C. S. Duris

Abstract. This paper is the first of two papers concerning the derivation of optimal
quadrature formulas. In Part I, we develop results concerning generalized inverses and
use these results to derive some minimum variance quadrature formulas. The formulas
are obtained by inverting appropriate systems of numerical differentiation formulas.
The second paper, Part II, will use the same results concerning generalized inverses to
derive Sard “best” quadrature formulas.

1. Introduction. In an earlier paper [1], a method was described and used to
study the truncation error for interpolatory quadrature formulas by inverting systems
of differentiation formulas. With the help of generalized inverses (see [6]{8]), the
same idea can be used to derive quadrature formulas without the restriction that
the formulas be interpolatory. In this paper, Part I, we will develop some results
concerning generalized inverses and use these results to derive some minimum variance
formulas as described by Sard in [5]. In a following paper, Part II, the results de-
veloped here will be used to formulate a procedure to derive Sard “best” quadrature
formulas (see [4]).

We assume that the formulas under consideration have the form

N

b
. [ 16 dx = 3 wieed + EO.
We also assume that (1.1) has E(f) = O for all f & ®, where 0 £ n < N. @, denotes
the set of all polynomials of degree n or less.
Assuming the function f(x) is not known exactly at the points xo, X;, ** - , Xy, but
only that f(x;) is known such that f(x,) = f(x.) + p., we get what we call here the

inherent error
N

N N
(1.2) I = 2 wif@) = 2 wifr) = 2 wips.
If we ignore computer round-off error, the expression )_Y_, w; f(x;) is what is com-
puted to approximate [% f(x) dx. Thus

N

b
(1.3) [ 10 ax = 3w + 16,

where T(f) = I(f) + E(f).
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496 C. S. DURIS

From Krylov [2], we know that if |p;| £ p, a bound on the inherent error I(f) is
N
DL = o 2 1wl

and this bound is minimized if the w,’s are all positive. In [3] an analysis is given
which indicates that the round-off error itself is likely to be smaller if the weights
w; are positive. In [2] and [5] we find that under reasonable statistical assumptions
on the p,’s, the variance of I(f) is minimized by minimizing >_¥_, w.

In this paper, Part I, we develop a procedure for solving

Problem 1. Determine the quadrature formula of the form of (1.1) with E(f) = 0
for { € ®,,n < N, such that D_Y_, w? is a minimum.

A computer program has been written employing this procedure and some tables
of minimum variance formulas have been computed.

2. Inverting Numerical Differentiation Formulas. We assume f € C'[c,d]
where [c, d] is a finite interval containing the n + 2 distinct points z, - - + , Z,+, and the
N + 1 distinct points x,, - - - , xy. The notation C*[¢, d] is used to denote the set of
functions with k continuous derivatives on [c, d]. We permit the possibility that
z; = x; for some i and some j.

At this point we define

@.1 s = [ o a,

which implies that g & C*[c, d]. From the Lagrange interpolation formula, we get
(2.2) g(x) = ly(x)g(zo) + L(x)g(z) + -+ + lh1(x)2(zas1) + R(g; x)
where

R(g; x) = wnsa(x)glzo, * - 5 Zass, X].

Here, glz,, - -+ , z,.1, X] denotes the (n + 2)nd divided difference of g at z,, ---,
Zarts Xy Wasa(X) = (X — Z)(x — 2y) -+ (x — 2,41), and

Li(x) = wn+l(x)/(x — Z;)on41(25)

fori=0,--.,n+ 1.
By differentiating (2.2) and noting that g’(x) = f(x), we get

2.3) fx) = I;(x)SO.l + Ié(x)so.z + -+ Ir,t+1(x)SO.n+l + R'(g; x)

where

@.4) Soi= [ 10 d

and
(2.5)  R'(g; x) = wrna(®)elzo, =+ 4 Zas1s X1 + a1 (X820, *** , Zas1, X, x].
Another representation of (2.5) is

(2.6) R'(g; x) = [wni1(x) — wa(X)]glz0, *** , Zusr, X] + wa(x)glz0, * -+ | z4, X, x]
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where w,(x) = (x — 2) - - - (x — z,). The form (2.6) is worthwhile when the (n 4+ 2)nd
divided difference can be related to the (n -+ 2)nd derivative.
The system of equations

Bxo) +++  Dei(xo) S s f(xo) R'(g; Xo)

Q.7 l{(xl) s I:‘+1.(X1) - f(xl) _ R'(g.; x1)
SO.:Hrl

HGw) -0 Da(xw) fCen) R'(g; xy)

is obtained by evaluating (2.3) at the points x,, X3, - * - , xy. From Lemma 2.2 of [1],
we learn that for N = n the columns of the (N 4+ 1) X (n + 1) matrix L = (/;;) =
{li(x,)) are linearly independent. Hence, the rank of Lisn + 1.

We will now indicate how generalized inverses can be used to derive numerical
integration formulas from the system of equations (2.7). As done by Rohde in [7],
we define the generalized inverses of L to be the set of (n + 1) X (N + 1) matrices
B such that LBL = L. Because L has rank n 4+ 1 for our case, we may define the
generalized inverses of L to be the set

(2.8) ®={BEWMn+1, N+ 1)| BL = I}.

M@ + 1, N + 1) denotes the set of all real (n + 1) X (N + 1) matrices, and 7 the
(n + 1) X (n + 1) identity matrix. The set ® is nonempty since (L"L)"'LT € ®.
If we let B = (b;;) € ®, (2.7) produces the numerical integration formulas

2.9 j:‘ () dt = ;VV__:,) biif(x;) + Ei(f)
fori=1,2,---,n 4 1. The error term is given by
(2.10) Ef) = — ’NZQ bi;R'(g; x;),
which can be placed in either of the following two forms

Ef) = — > bis{wha(x)glzo, -+, Znsss X5]

.11 im0
+ war1(x)glz0s vt s Zaers X5, X511},
or
N
2.12) Edf) = —;0. bei{[wher () — wnlx)lglzo, =+ * » Zuer, X5

+ wu(xi)g[zo’ trt s Zpy X xi]}

using (2.5) or (2.6), respectively. Since g(x) = [z, f(f) dt, we see from either (2.11)
or (2.12) that (2.9) has Ei(f) = O for f € @,.

If in (2.12) the terms b, [w’,,(x;) — w.(x;)] and b,;w,(x,) all have the same sign
(some may be zero) for j = 0, 1, --- , N, then

N
Es(f) = —<Z biiw:H-l(x:'))g[zO’ T 5 Zny x_" j;]

i=0
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for some  and yin [c, d]. If g[zo, - * - , 2., %, J) is replaced by (n + 2)!7'f**(§) for
some ¢ € [c, d], then we get
(2.13) E()) = (( 5 - Z b.,w,.u(x,))f"‘“’(s)
In any event (even if terms change sign),
2.14) |E(p| £ Ci(n, N) max [P )],
z€(e.d)
where
@15) i N = + 21 2 Z 1645] ([whe1(xs) — walx)] + lonCx)D).

Note that (2.13) and (2.14) both require that f & C**'[c, d].

3. Minimization by Generalized Inverses. Let 91U*(n, m) designate the set of
all n X m complex matrices. Clearly, 9n*(n, m) is a complex vector space of dimension
nm with respect to matrix addition and multiplication by scalars. Let P = (p;;) be an
m X m positive definite Hermitian matrix. For A = (a,;) and B = (b,;) in 9*(n, m),
define

3.1 (A, B) = Tr (APB™) = >, > > aupribijs

tml jml kml

where Tr stands for the trace. It is easy to check that (4, B) is an inner product for

N*(n, m). Let L be an m X n matrix. The operator £: M*(n, m) — NM*(n, n) define

by £(4) = AL is a linear operator and if L has rank n the mapping is onto 9 *(n, n).
THEOREM 3.1. Let L be an m X n matrix with m > n and rank L = n, and let

® = {BE M*(n, m) | BL = I}.
Then W = (L"P'LY'L*P" is the unique matrix in ® such that
(W, W) = min (B, B).
BE®
Proof. Since the linear mapping £: 9*(n, m) — M*(n, n) defined by £(4) =
is onto, the dimension of ker (£) = {4 € M*(n, m) | AL = 0} is p = n(m — n).

Let 4, A,, --- , A, be an orthogonal basis for ker(£). The set ® can now be rep-
resented by

P
® = {B|B= W+ Za‘A.}
i=1
where the «,’s are arbitrary complex numbers. Now consider B & ®

(B, B) = <W+ iaiAh W+ iaiAi)

1=1 i=1

= (W, W) + 2;[a<A.,W>+a(W A)1+Z|a.|’(A..A)

Since
(A4;, W) = Tr (A4, PP'LWLP'L)Y™) = 0,
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we get

3.2) B, B) = (W, W)+ 3 lal® (dr 4.

Clearly, (B, B) is 2 minimum if and only if «; = 0 for all i. This proves Theorem 3.1.
Let wiy = Wiy, Wiz, +++ , W;,) be the ith row of W defined in Theorem 3.1. The
following corollary is useful as a minimization procedure for integration formulas.
COROLLARY 3.2. Let ®; = {b € C™ | b"L = e,} where e, is the row vector of all
zeros except for a 1 in the ith position. Then wi,, € ®; is the unique vector such that

w(s)Pw(g) = Z Z WikDkiWsi = mmb Pb.

=1 k=1

Proof. Assume there exists a b & ®; such that bHPb < wg, Pw(;,. Then the matrix
¥ formed from W by replacing w,, with 57 would still have VL = 1. If b 5 w(,,, we
would have (V, V) £ (W, W) and V = W. This contradicts Theorem 3.1, thus proving
the desired corollary.

4. Minimum Variance Integration Formulas. In the introduction, we stated
Problem 1. Determine the quadrature formulas of the form

b N
. [ 1 a4 = 3 wied + BG)
with E(f) = 0 for f € ®,,0 < n £ N, such that Y_Y_, w? is a minimum.
As mentioned in the mtroductmn formulas for Wthh >¥ . w?is a minimum
minimize the variance of the inherent error. Using Corollary 3.2 and Egs. (2.7)

and (2.9), we get
THEOREM 4.1. The vector w* = (wq, - -+ , wy) solving Problem 1 is the (n + 1)st
row in the (n + 1) X (N + 1) matrix (L"L)L" where L = (I;;) with
o = ’ — _4_( wn+l(x) )
“- 6 = G & = 2@ Jaeas
Here w,.1(x) = (x — zo)(x — 2,) +++ (X — Zp41), Where 2, = a and z,., = b. (Then
other points z,, - -+ , z, can be arbitrary.)

The proof of this theorem is an immediate consequence of Eq. (2. 9) and Corollary
3.2 with P = I and L the matrix of the system of equations in (2.7).

A FORTRAN program has been written to solve Problem I given n, N, a, b,
and xo, X,, +++ , Xy. The program also requires z,, zs, *** , Zn, 2o = @ and zp,; = b
for defining w,.,(x) = (x — zo)(x — z;) +*+ (x — Z,.,). The points z,, -+ - , z, can be
arbitrary distinct numbers not equal to a or b. The program computes the (n + 1)st
row in W = (L"L)"'L using the elementary unitary Hermitian matrices of House-
holder (see Hanson and Lawson [9]).

Table I gives the minimum variance weights wo, wy, - -+ , wy for the formula
N N
@.3) [ 16 ax = 3w + £

having E(f) = 0 for f € @,, i.e. having algebraic degree of precision n. For formulas
of the form of (4.3), we get w; = wy_,. Thus the table only lists w; for i =
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TABLE I
ALGFBRATC DEGREF OF PRECISINN 3
N 2 3 4 5
N(O) »333333333333 «375000000000 819087619048 «461309523810
W(1) 1333333333333 112500000000 2990476190476 «907738095238
HW(2) 1,180952380952 1.130952380952
c 111111191111 2375000000000 «30603174603? «896654885913
VAR 500000000000 «312500000000 0231746031746 + 185267857143
N 6 7 A 9
N(0) 4500000000000 «534722222222 e565656565657 0325360733017
LIS®) «BST1424857143 .B263RBBRAKAY +808080806081 1,312430226024
W(2) 1,071428571429 1.020A823333333 «981240981241 «B76187874625
LIS<h] 1.142857142857 1.118055555556 1.085137085137 2868247689810
W(4) 1.,119769119769 1.117773476523
[ 2,14R214285714 4,73897569uu40 8,591822991823 0361037620649
VAR 0154761904762 4133101851852 «116883116883 0113563197336
ALGFRRAIC DFGREF QF PRECISION 5
N [ 5 6 7
W(o) «311171111111 2329861111111 +348051948052 «366130050505
we1) 14422222222222 1.3020R3333333 1.21168R311688 1,139488636364
We2) 533333333333 .868055555556 1,020779220779 1.093087121212
W(3) «838961038961 «901294191919
c 2008465608466 +0433001R2048 +18257R849722 «547389230092
VAR e282716049383 «20461998456R «165735930736 «148039413229%
N a 9
W(0) 0384149184149 L8020104R9510
LIS®} 1.080341880342 1.031341118881
W(2) 1,123853923854 1.131687062937
W(3) »968453768454 1.021507202797
LIED] «8864024R6402 913374125872
c 1351446212681 2.961937593656
VAR 172141068808 108244099650
ALGFBRAIC DEGREF OF PRECISINN 7
N & 7 A 9
Weo) 292857142857 «304224537037 ¢314987728321 +593181818182
LIS D] 1.,542857142857 1.,449016203704 1.37427R067611 «TOTT27272727
W(2) +192857 142857 +535937500000 743865916799 +951136363636
W(3) 1.942H57142857 1.210821759259 951163404497 14053409090909
w(4) 1.232209765543 1,1045854854545
c «006Uu28571429 «032011796898 +119802533348 15.660383522727
VAR 0243928571429 «1610415R6291 ¢131390041274 «108261363636

0,1,¢+¢,N,,where N, = N/2 or (N — 1)/2. The constant C(n, N) giving the bound
|E()| S C(ry N) max |f™* ()]
s€[0,N]
is computed by (2.15). This C(n N) is denoted by C in the table. The parameter
N
o’(n, N) = (Z W?)/ N’
im0
is given in Table I and is denoted there by VAR. This VAR parameter supplies a
comparison of the variance when evaluating [; f(x) dx approximately using (4.3).

The results were computed to 15 decimal digits, but only 12 digits are given in the
tables. Table I, for algebraic degree of precision n = 3, agrees with the results given
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by Sard in [5]. For example, for N = 6 with degree of precision 3, we have

with

Weo)
we1)
We2)
W3)
Wea)
w(S)
Wee)d

[+
VAR

wWeo)
LIS Y
we2)
We3d)
Wea)
W(5)
LICD]
LIZ@]
LIE:D]
LISS)

c

VAR

W(0)
weL
W(2)
We3)
Wend
We5)
W(6)
LIS@]
LIS}
c

VAR

Weo)
LIGD]
w(2)
W(3)
W(d)
W(s)
W(6)
W(T)
LI&:D]
w(9)

VAR

6
/; f) dx = 3f(0) + 7/(1) + () + #(3)

+ @) + 75) + 3/(6) + E)

|E(f)] < 2.1482 max |[f*'(x)] and ¢°(3, 6) = 0.154761904762.

3
=, 375000000000
1.5416A6H56667
»2,458333333333
2.291666H6H6666

1,0145399305%
13.,81250000000

7
»~,251893939394
+304924282424
«2R3639971140
*,032918470418
=4361922799423
=,420544733045
074044911544
1.800671717172

7.776189630682
2.524395743146

5
=.379861111111
1:997916666667

=5,06R055555556
6.931900044444
»5,502083333333
2.970138888889

1.789155158934
116.932166280864

9
».23417R321678
W6RE56TH99068
=,256784185034
=, 634212315462
=.073436?785936
«hA3I1A0A50660
«601A07H20357
=,520575951826
=1,331303418803
24099155011655
15099591868276361
R,251303971877

TARLE II

ALGFHRAIC OFGREF OF PRECISION 3

a4
=,3267R5714286
932142857143
», 419047619044
=1,151190476190
1.964880952341

1.70146825396R
6.337276785714

8
=.236111111111
»2203282R2828
.2711940R3694
.0R1259018759
=, 164704184704
=.361922799423
~,285624098124
J20R964646465
1.286616161616

12.7367A4430014
?2.130174512987

ALGFRRATIC DEGREE

6
.,?295747655123
1.444624819625

=2,438298140173
JB46R97546898
2.495%5729617605
=3.727597402597
2.674391233764

3,2592A5228819
36.11295R8109117

]
-,294642857143
616071428571
2107142857143
=.654761904762
=,502976190476
1.729166666667

3.132722594246
84,149553571429

9

=,222552447552
2159537684538
245056332556
2136954099456
=,061810411810
=,248290598291
=,319531857032
=-,172581585082
295512820513
1.187703962704
19,371175962343
1,8491137334489

OF PRECISION 5
7

=.270092754468
1.093300796426
=1,21771R045843
=,509064199689
1.425667735043
«643665015540
-2.608641705517
2,0442883158508

54230551707291
18.229763142914

6

~,270833333333

«427579365079

0254960317460
~+25396R253964
=,5644R84126984
=,101865079365
1548611111111
5.212268518519
34122643849206

8

=.2501456A7646
1855562839938
*,595182595183
717426670552
428982128982
14050449203574
=,16930R469308
=1,858204642580
2,255273892774
8.407463013524
11,518823366544
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TABLE 11 (CONT,)

ALGERRAIC DEGREF OF PRECISION 7

N 7 a 9
W(o) =,304224537037 -,278836535764 =.258261982095
LIGD] 2.4051636904876 1.,926467749072 1557693114688
H(2) -8,612127976190 "5,362259310908 =3,468338099129
w3 17,379654431217 7.002718026572 2,672557909819
W(4) =22,027752976191 ~2,138903072236 1,780086833102
W(5) 18,054538690476 =6,41290697342AR *3,745866516381
N(6) =9.5252064579894 10.247115689095 =.788534918921
W7 3.589955357143 =7.294514393785 5.,885357769273
w(8) 3.311118821379 =5,716246725429
LIGD] 3,081552615073

c 2.669934918147 5.939372462114 10,850298655461

VAR 1297.098124735910 296.458022717346 116,295933670209

Table I gives the minimum variance weights wy, - - - , wy for the Adams-Bashforth
type predictor formulas, and Table III gives the minimum variance weights for the
Adams-Moulton type corrector formulas. The symmetry occurring in Table I does
not occur in Tables II or III. The C again denotes C(n, N) computed by formula

(2.15), and VAR here denotes
N
o*(n, N) = 2 wi.
s=0

No division by N”is made since the integral is already over the unit interval [N, N + 1]
or else the unit interval [N — 1, N]. As an example, consider the case N = 6 with
algebraic degree of precision 5. From Table II, the predictor formula is

7
f f(x) dx = —0.295747655123 f(0) -+ 1.444624819625 f(1)
]

— 2.438298160173 f(2) 4 0.846897546898 f(3)
- 2.495729617605 f(4) — 3.727597402597 £(5)
-+ 2.674391233766 f(6) 4+ E(f)

TABLE TII
ALGEBRAIC OEGREE OF PRECISION 3
N 3 4 5 [}
Weo) 2081666666667 «060119047619 059193121693 «008611111111
LISY) =,208333333333 -,198809523810 =.129298941799 =,070436507937
W(2) 791666666667 152380952381 =,03306R783069 =4063484126984
LI&D] «375000000000 551190476190 «199735449735 0031744603175
wea) 435119047619 8209656084866 0183531746032
W(5) «4824735484974 «356150793651
We6) 514880952381
c +309895833333 JA5T698U41269R 1.836419753086 3,462880291005
VAR +812500000000 559495007937 471202603411 1438120039683
N 7 8 9
W(o) 0034722222222 020622895623 «007634032634
LIS®) =,0307539682%4 =,006523569024 «007051282051
wWe2) =,050595238095 -,02780784030R =,007371794872
We3) =,024801587302 =.,032918470418 =,023203185703
Wea) 006626984127 =.011544011544 =,028010878011
Wes) » 163690476190 J0U66269B4127 *.009362859363
Wee) «3263886888889 2151905964406 045172882673
LIE@) +534722222222 314604377104 148028360528
W(8) 545033670034 «311635586636
LISD] 548426573427
c 5,7096044146863 8.688378827962 12,845799319315
VAR 426752645503 4237451398914 423414432789
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TABLE IIT (CONT,)
ALGEBRAIC DEGREF NF PRECISION 5

N s 6 7 8
Weo) «018750000000 ,024391233766 2029766018141 0033673271173
Weyd »,12013R38BRBY -, 127597402597 =-,128693181518 =,121763306138
we2) .334722222222 245729617605 .165814393939 «098601398601
w3y =, 5508166666667 -,15310245310? «033112373737 +098467851593
wea) 2990972222222 =, 18829R160173 ., 216BR7626263 =-,093162393162
wes) .329861111111 LRA4624B19625 015814393939 -, 166377719503
N(6) 354252344877 .721306818182 «125252525253
LI&®] «379766414141 ¢620287004662
w(a) 2405021367521

¢ 108374329779 1.009714105330 2,265906728588 8,842623076417
VAR 1.,524758873457 4975081882450 «757835209736 «636225593947

N 9
weod ,035763803263
wet) »,1093R03018R0
we2) .048112859363
We3) +104961965812
w(a) +000118492618
Wes) =,12R925796426
wee) =,097831196581
w7 178897630148
nea) 539819347319
w9y 428863636364

¢ 9,192981616763

YAR «560017258590

ALGERRAIC DEGREE OF PRECISION 7

N 7 a 9
w(0) ,0113673941R0 013000683261 .018967B57918
LI&D] -,093840939153 «, 092637751900 -, 093437457491
W(2) .343080357143 270177072156 «220028165050
We3) *,732035383598 =, 388955665477 -, 195489618633
nN(a) 1.017964A16402 178009644674 -, 082272316463
W(5) =1,006919642857 .289928593783 .271142982838
W(6) 1.156159060847 -, 6472901631547 «,036038089770
1124 *304224537037 1.052153914758 =,390111142262
N(8) +317275180298 960683671924
w(9) .330529942892

c 2511719802279 1.295734473544 2.8R5010646645

VAR Ae141910744139 1.96666549079R 1.,361517280273

“with

|E@)| < 3.2593 max | (x)] and ¢°(5, 6) = 36.112958109117.

Note that in Table III for N = 6 with degree of precision 5, the corresponding cor-
rector formula has the smaller error bound

|E(f)] £ 1.0097 max |{® (x)|
as well as the smaller variance
a*(5, 6) = 0.975041442450.

As can be seen by comparing Tables II and Tables III, this holds true in all cases
considered. Hence, the corrector formulas would appear to give considerable im-
provement over the predictor formulas.
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