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An Elliptic Integral Identity 

By M. L. Glasser 

Abstract. The definite integral 
co r(x2 + a2)1/2 - al1/2 [(x2 + b2)1'2- b dx 

JO L x2I+ a2 
K 

(X2+ b2)1/2 + b (x2 + b2)112 + b 

is evaluated in closed form. 

The following interesting integral does not appear to fit into the standard theory 
of elliptic integrals: 

[(X2 + a2)1/2 - all/2K (X2 + b2)"/2 - bl dx 
(1) ~ Jo L X2 +a2 F2(x2 +b2)12+bJ (X2 +b2)1/2+b 

where K(k) = - k2 si2 G) 1/2 dO is the complete elliptic integral of the first kind. 
To evaluate (1), we note that [1] for Re a 2 0, 

(X2 + a 2)1/2 - a 12 12c 
y-/ L(x2+a a2) 2 e y sin xy dy. 

Thus, since the order of integration can be reversed, after a simple change of 
variables, we have 

(2) 1 /2 dyed ~-1/2 Asin(xyb) Kco(x2 + 1)1/2 - 1I 
Jo 102 dx(2+l b)l/+ ~2112 

Next, we note that 
[(x2 + I)1/2 _ 1]/[(x2 + I)I/2 + 1] = [(Z - 1)/(z + 1)]1/2 

where 

Z = (X2 + 2)/2(x2 + 1)1/2. 

Since [2] 

K([(z- 1)/(z + 1)]1/2) = 2-3/2'r(Z + 1)1/2pP 12(Z), 

we obtain 
co co~e sin(xyb)P[x 

+2)(x+112. 

(3) 1 = 2-3/2r1/2 f dy e-aY y,1/2 L dx (X2 + i1)1/4 P-1/2[(X2 + 2)/2(X2 + 1)1/2]. 

Now the x-integration can be rewritten as a tabulated Hankel transform [3] and 
we find 

ox 
Jo(x2 + I)-1/4 P- 1/2 [(X2 + 2)/2(x2 + 1)1/2] sin(xt) Ax = Io(tl2)Ko(tl2) 
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50 (3) becomes 

(4) 1 = 1(r/2)1" f dy yl2 eavIo(by/2)Ko(by/2). 

The integral in (4) is of a type considered by Bailey [4], and from his results we have 
pco 

f 1/2 I0(Xt)K0('t)e-t dt = 2(c/r)1/2 sech2 aK(sech a)K(tanh a), 

where 

c = (2X2)'l -(1 - 4X2)1/2] cosh a = 2-1/2[1 + (1 + x2c2)1/2'l/2 

Thus 

I = b'[a -(a2 - b2)/2]/2 sech2 aK(sech a)K(tanh a), 

where 

cosh a = (2b)-1/2 { b + [2a2 - 2a(a2 - b2)"/2]"/2 1/2 

and the result is valid for Re a 2 Re b > 0. 
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