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Roundoff Error Analysis of the Fast Fourier Transform

By George U. Ramos

Abstract. This paper presents an analysis of roundoff errors occurring in the floating-
point computation of the fast Fourier transform. Upper bounds are derived for the ratios of
the root-mean-square (RMS) and maximum roundoff errors in the output data to the RMS
value of the output data for both single and multidimensional transformations. These
bounds are compared experimentally with actual roundoff errors.

1. Introduction. The fast Fourier transform (FFT) is a very efficient algorithm
for computing
N—-1

a.n y() = D exp(i2wjk/N)x(k) (= 0,1, , N —1),
k=0

where x(k) is a given set of complex numbers and i = v/ — 1. Lety’ = (3(0), - -- ,
Y(N — 1)) and fl(y) be the floating-point representation of y. In this paper, we derive
bounds for

fIy) — yllems/|¥]lrms and  [[fl(y) — yllo/[|¥[[rmss
where

1/2
lellaws = (1) /%) and 11zl = max k).

These bounds include the effect of roundoff in computing sines and cosines and are
obtained for both single and multidimensional transformations. Special consideration
is given to cases when N is a multiple of 2 or 4.

The subject of roundoff error in the FFT has been studied and reported by others
but with less generality or using a different approach. By comparing upper bounds,
Gentleman and Sande [1] show that accumulated floating-point roundoff error is
significantly less when one uses the FFT than when one computes (1.1) directly.
In [2], Welch derives approximate upper and lower bounds on the RMS error in a
fixed-point power-of-two algorithm. Weinstein [3] uses a statistical model for floating-
point roundoff errors to predict the output-noise variance. Kaneko and Liu [4] also
use a statistical approach and derive expressions for the mean-square error in a
floating-point power-of-two transformation.

In the following sections, (1) the FFT algorithm is described in terms of a matrix
factorization, (2) error bounds are derived, and (3) experimental comparisons of
actual errors with error bounds are presented.

2. Matrix Factorization and the Fast Fourier Transform. In 1958, a matrix
factorization for an algorithm similar to the FFT was described in a paper by I. J.
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Good [15]. This paper led to the 1965 paper of Cooley and Tukey [5] in which the
fast Fourier transform was introduced. Since then, many authors have presented
matrix factorizations for the FFT. (See, for example, [6], [7], [8], [9], [13], and [14].)

Consider the complex Fourier transform of (1.1). This transform can alternatively
be expressed as the matrix-vector equation

(2.1) y = Tx
where T is an Nth-order matrix of complex exponentials
T(j, k) = exp(i2wjk/N) (,k=0,1,--- , N—1).

If this were to be computed directly, it would require N complex multiplications and
N(N — 1) complex additions. Instead, one can make use of the fact that

(2-2) T = Pyu1(BuPu)Dy-1By_1Py_y) +-- (D131P1),

where P, (I = 1,2, --- , M + 1) are permutation matrices, D, (| = 1,2, --- ,M — 1)
are diagonal matrices of complex exponential elements (called rotation factors by
Singleton [13], twiddle factors by Gentleman and Sande[1]),and B, (| = 1,2, -+ , M)
are block-diagonal matrices whose blocks on the diagonal are identical square
submatrices, each the matrix of a complex Fourier transform of dimension N;. In
this case, the required number of operations is reduced to N(M — 1 + > %, N,)
complex multiplications and N(>_, (N, — 1)) complex additions.

Description of the fast Fourier transform as a matrix factorization simplifies the
following roundoff error analysis; but, before proceeding, a few remarks are in order.
First, most factored-matrix formulations include only a single permutation matrix.
The additional permutation matrices of (2.2) preserve diagonality. Second, the
factors D,;B, can be combined. The required multiplication count would then be
N(C_¥, N,). Third, the above operation counts do not take into account the fact
that many of the complex exponentials are 21 or =4/ — 1. And fourth, (2.2) holds
for the Sande-Tukey algorithm as well as the Cooley-Tukey algorithm but with
different diagonal matrices, D, (see [1]).

3. Roundoff Errors in the Fast Fourier Transform. In this section, we first
explain the roundoff error models used and then state and prove a theorem bounding
the RMS and maximum errors.

We use models due to Wilkinson to mathematically represent the effect of round-
off in floating-point arithmetic operations. In [10] Wilkinson shows that the floating-
point sum and floating-point product of two floating-point numbers a and b can
always be expressed as

3.1 fl(a + b) = a(l + B¢) + b(1 + 6e),
and
(3.2) fl(ab) = ab(1 + 0Be),

where ¢ is a computer-dependent constant and 6 is a generic variable usually different
in value at each occurrence but always within the range — 1 to 1. (The errot constant,
¢, is 0.58'"* for rounded operations or 8'~* for chopped operations, where g is the
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number base of the floating-point computing system, ¢ is the number of base-g8
digits in the mantissa of the floating-point number, and at least ¢ + 1 digits are used
to accumulate sums. For example, ¢ = 167° in short-precision floating-point opera-
tions on the IBM 360. If sums are accumulated with only # digits, e = 0.5(1 + 1/8)g8"~*
for rounded operations or (1 + 1/8)8""* for chopped operations.)

To represent roundoff in computing sines and cosines, we could model either
the relative error or the absolute error. If the arguments of the sines and cosines are
carefully computed, either model will result in approximately the same bound.
However, small errors in the arguments can result in large relative error when the
sine or cosine is very small. In this case, an absolute error model gives a better bound.
Hence we introduce an absolute error constant, v = 0, such that

flGsin(fl(a))) = sin(a) + yf¢ and fl(cos(fl(a))) = cos(a) + 0,

where 6 and e are above. This constant depends on how sines and cosines and their
arguments are computed for a transformation of a given order, but it is independent
of the input data.

Letx’ = (x(0), - - , x(N — 1)),y' = ((0), - - - , y(N — 1)) and fl(y) be the floating-
point representation of y and let

1/2
[1z]|rms = ((; lz(k)|2>/N> and ||z|]. = max z(k)].

Then we have the following;

THEOREM 1. If'y = Tx is computed by a floating-point fast Fourier transform of
order N = N,N, -+ Ny, then

a. [|fIy) — Yllrus/|[¥llrus < KW, v)e + O(€”) and

b. [IfI7) — 3ll=/II¥llrms < /N KN, v)e + O(), where

M

K(N,v) = > a(N)) + (M — 13 + 2v)

=1

and

a(Ny)

V2 (N, = 2),
=35 (N, = 4),
= 24/N, (N, +v) otherwise.

(In the case of radix-2 or radix-4 algorithms the important constants are
K@Y, v) = G+ V24 2v)M — 3+ 2y), and
K@, = 8+ 2nM — 3 + 2.

These constants include the effect of separate multiplications by D, (I = 1, 2, --- ,
M—1))

Proof of a. First consider computation of the inner product v = »_=_, a(hu(l) by
the algorithm: beginv:= a(1) Q) u(1); for I:= 2step 1 until ndov:= v + a(l) ® u(l)
end where it is known that u is exactly representable in floating point while a satisfies
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fita(D)) = a() + v0e(l = 1,2, - - - , n) for v, § and ¢ as above. By repeated application
of (3.1) and (3.2), as in Wilkinson [10], one finds that
flp) = (a(1) + v6e)u(1)(1 + 6e)° + (a(2) + v0e)u(2)(1 + be)°
+ (a(3) + v09)u3)(1 + 6" + -+ + a(m)(1 + vhu(n)(1 + 6¢)’.
Expanding factors (1 + 6¢)' and regrouping terms, this becomes
fl) = v + el(a()n6 + vOu(1) + (a(2)n + vO)u(2)
+ (aB3)n — 1)6 + v0)u@3) + -+ + (a(n)26 + v6)u(m)] + O(),

where O(¢”) includes all terms of order ¢’ vThus, it follows that floating-point
computation of the matrix vector product v = Au, where fl(A(j, 1)) = A(j, ]) + v0be
and fl(u())) = u()), is given exactly by

3.3)
flE(1)) o(1)
fle2) | _ [v(2)

fl(v(n)) v(n)

A, Dn6 + v0 A1, 2n0 + v8 --- A, n)20 + v0 || u(1) o(e®)
+ e AQ2, Dnb 4+ v6 AQR, 2n0 + v0 --- A2, n)20 + v0 | u(2) + o) .
A(n, Dnb + v0 A(n, 2)n0 + v0 ---  A(n, n)20 + v0_|_u(n) O(é%).

Next, consider computation of (1.1) without using the FFT. We write this complex
computation as its real equivalent:

-

where C and S are real matrices with elements C(j, k) = cos 2x(j — 1Xk — 1)/N)
and S(j’ k) = sin (2"(.]. - 1)(k - 1)/N) (j’ k = 1 2’ Tt N)s and Xg, X1, Yr, ¥1 ar€
the real and imaginary parts of x and y. Note that the RMS value of a complex
vector is 4/2 times as large as the RMS value of its real equivalent and that the RMS
value of any vector is a multiple of the Euclidean norm and therefore is consistent
with the same matrix norms as the Euclidean norm. [l.e., if v = Au, then
[|v||ems < ||4]| ||ul|zms, Where ||4]| is the Frobenius norm (the square root of the sum
of the squared magnitudes of all elements) or the spectral norm (the square root of the
largest eigenvalue of 4*A4). See Wilkinson [10] or Isaacson and Keller [11].] There-
fore, by (3.3) and the properties of norms,

(3.4) [1f1y) — Yllrms = € [[M]] [|x]|ams + O,
where M is the matrix of Fig. 1. Using the fact that |C(j, k)|* + |S(, k)|* = 1, the
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—

[C(1,1)2M0+ 70 C(1,2)2N0+ 76 ... C(L,N)(N+1)0 + 70 | -8(1,1)N0+ 70 ... -5(1,N)20 + 70

Cc(2,1)2N0 + 70 . . . -S(2,N)20+ 70
|

C(N,1)2N0+70 . ) ro. -S(N,N)20 + 70

—_ e, . e e e e o e e e e e e e

S(1,1)2N0 + 70 ' C(1,N)20+ 70

S(2,1)2Ne + 76

S(N,1)2N0 + 70 C(N,N)26 + 70

|
l
|
l
FIGURE 1. Direct Transformation Error Matrix

Frobenius norm of M is bounded by

[IM|| £ {NI@GN + QN + N — 1’ + -+ + 3" + 21V & 2Ny
< 2N(N + v)

3.5)

when N is greater than 2.

Finally, we analyze the fast Fourier transform. Let z; = D,B,P.x. Since the
permutation matrix simply reorders vector values, it introduces no roundoff error.
Assume fl(x) = x. Then

fl(z,) —_— Z; = fl(Dl fl(BlPlx)) - DlBlPlx
fI(D, fl(v)) — D, fl(v) + D,[fl(B,u) — Bul,

(3.6)

where u = Px and v = Bju. To bound fl(B,u) — Bu, recall that B, is a block-
diagonal matrix whose blocks are Fourier transform matrices of order N,. Let u,,
vw(=1,2,---, N/N,) be N;-vectors such that

— -
i u, v
u V.
u= l 2 and v = 2
LIN/N, Vy/N,

Then by (3.4) and (3.5), |[fl(v)) — Villams < 2N(N: + |[uillams + O(€?)
(=1,2,---,N/N,) when N, is greater than 2. If N, = 2, this inequality still holds.
In fact, we can do much better. Figs. 2 and 3 show the block-diagonal factor matrices
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1 1
1 -1
1 1
1 -1
1 -1
L J
FIGURE 2. The Block-Diagonal Factor Matrix with 2nd-Order Blocks
1 1 1 1
1 i -1 -i O
1 -1 1 -1
1 -i -1 i
1 1 1 1
1 1 -1 -i
1 -1 1 -1
1 -i -1 1

FIGURE 3. The Block-Diagonal Factor Matrix with 4th-Order Blocks

for the cases when N has factors 2 or 4. By inspection, one can see that in these
cases no sines and cosines are computed, no multiplications are required, and there
are only N, elements to be summed as compared with 2N; — 1 in other cases. Thus,
one can easily show that

[If1(%:) — ¥:i|lrms = € v/ Ny (V) |[ui]|zus + OC) (d=1,2,---, N/Ny),
where

a(N,) '\/2 (Nl = 2)’
=35 (N, = 4),
= 24/N; (N; + v) otherwise.

It immediately follows that
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3.7 ”fl(Blu) - BluHRMS = 6\/N1 a(Ny) ”u”RMS + 0(52)

for «(N,) as above.
In the same way, we obtain a bound on the error in multiplication by the complex-
diagonal matrix D,. The bound is given by

(3.8) [IfI(D; f1(v)) = Dy f1(¥)||zms = V2 + 27) |[fI(M)]lrus + OC).

From (3.7) it follows that ||fl(v)||ams = ||V||rms + OC(e). Furthermore, the spectral
norms of D,, B,, and P, are 1, /N, and 1, respectively, since D*D, = I, B*B, = N,I
and P%P, = I, where [ is the N-by-N identity matrix. So from (3.6), (3.7) and (3.8),
we get

|1fl(z,) — ZIHRMS = eV N; ((N) + 3+ 2v) ”x”RMS + 0(52),

where a(N,) is given above.
The next step is to let z, = D,B,P,z,. Then

fi(z;) — z, = fI(D,B.P; fI(z,)) — D:B,P, fl(z;) + D:B,P,[fl(z,) — z]
and
[1fi(z2) — Zo|lams S (N1 N2)*(@(Ny) + a(N2) + 23 + 2v)) ||x||rus + O().

The proof of part a is completed by continuing in this manner and using (2.2).
Proof of b. The proof is extremely simple. Let e(j) = fl(/(j)) — »(j). Then

N-1
max e = ;0 let)*,

from which it follows that

max le()] £ VN ||e||rms.

Substituting the bound of part a for ||e||aus completes the proof.

It is not necessary to obtain a bound on the maximum error by using part a.
Instead, one can use matrix infinity norms in the same fashion that matrix spectral
norms were used above. But the infinity norms of the factor matrices, B, are pro-
portional to N, rather than /N, and so a higher bound results.

4, Roundoff Errors in Multidimensional Transformations. The efficiency of the
fast Fourier transform has made it economically feasible to compute higher-dimen-
sional Fourier transformations in applications such as picture processing and x-ray
diffraction studies. In this section, bounds on roundoff errors in multidimensional
FFT’s are derived.

The problem is to bound roundoff errors in computing

Yy, tay -0 tw) = Z Z te Z e(sit:/ Ny + Sota/No + <+« + smtm/Nm)

(4'1) X(Sl, Sgy °* ,S,,,)

(sl’tl=051""le_l;l=1’2§"' ’m)~
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Let
E(th fgy ** tm) = fl( Y(tl, tay =0, tm)) - Y(tl» tas * " tm)’
[fl(Y) - Y]RMS = {[‘Z ‘Z s Z IE(fn tay *cc tm)lz]/NxNz et Nm}lﬂ,

tm

and
[fI(Y) — Yluax = max [E(ts, tgy <+, ta)].

tiatayeees tm

Then we have
THEOREM 2. The RMS and maximum error due to roundoff in a multidimensional

fast Fourier transform are bounded by

a. [fI(Y) — Ylrms/Yrus < € ZI".I KNy, v) 4+ O(¢®) and

b. [[(Y) — Yluax/Yaus < €NViNy -+ N2 3m K(N., v) + O(), where
KN, v =1,2, .-, m)is the error constant given in Theorem 1.

Proof. Let (4.1) be rewritten as the system of equations

Zl—l(sly crt s Simay by, e, tm)

= E e(sltl/Nl)Zl(sl» R T S tm) (l = 1’ 2’ St m)

8

with Z, = Yand Z,, = X, and describe this system of equations by the notation
Z,, = T2, (l=1,2,---, m.
Then by adding and subtracting identical terms to the equation
f(ly) — Y= fi(T, f{(T, -+ T(T,X) ) — T\ T, -+ T,X,
one gets |
f'y) — Y = fl(T, fI(Z,)) — T, fI(Z,)

+ T, fI(T, fI(Z;)) — T.T, fI(Z,)
+ T\ T, fI(Ts fIi(Z5)) — T\ T.T; fI(Z,)
+ -+ Ty oo Ty (T X) — T4 T, -+ ThX.

Now take the RMS value of both sides and use the Cauchy-Schwarz inequality
to get

UI(Y) — Ylams S [T, fI(Z))) — Ty fi(Z1)]rms
4.2) + [TLIfU(T; fI(Z;)) — T fi(Z:)]]rms
+ o F [T o Tooifl(Tn X) — T Xllrms.
Using Theorem 1, it is not difficult to prove that

4.3) fiz,-,) — Zl—l]RMS/[Zl]RMS = eVNiK(N., v) + 0(62)-
Nor is it difficult to prove
(4'4) [Zi_1]rms = \/Nz [Z:]rms.

Therefore, by (4.2), (4.3) and (4.4),



ROUNDOFF ERROR ANALYSIS OF FAST FOURIER TRANSFORM 765

I(Y) — Ylems = €[ (N K(Ny, 7)IfI(Z)]rms
+ (N, Nz)l/2 K(N,, 'Y)[ﬂ(Zz)]RMs
+ oo 4+ (NiN; -+ + N2 K(No, DI X)]rms} + OE®).

But by (4.3), [f(Z)]aus = [Z:]ams + O() ¢ = 1,2, --- , m — 1), and by (4.4),
1Z.Jams = (NieiNisa ++ No)[X]rms. Assuming that fI[(X)lams = [Xlrms, or at
least [fl(X)lems = [XIrms + O(e), the proof of part a is complete.

Part b is proved by arguments identical to those used in the proof of part b of
Theorem 1.

5. Experimental Results. Roundoff error bounds are always pessimistic—
sometimes so much so that they give no indication of the true error. To find out how
pessimistic the error bounds of Section 3 are, the following experiment was performed.
Using two different FORTRAN programs, one by N. M. Brenner [12] and the other
by R. C. Singleton [13], a mixed radix fast Fourier transform of Gaussian data with
mean 0 and variance 2 was computed in both short and long precision on the
Stanford IBM 360/67. The actual error was computed as the difference between the
short precision results and the truncated long precision results. The constant «,
used in determining the error bound, was computed by taking the difference between
short precision and truncated long precision numbers representing sines and cosines.
The results of this experiment are given in Table 1. Note that the RMS error bound
is roughly 20 times larger than the RMS error and the MAX error bound is roughly
2 orders of magnitude larger than the MAX error. Also note the relative size of the
error bounds with respect to values of the transformed data. Even though the bounds
are pessimistic, they might be used as a threshold for deciding what confidence to
place in transformed data of relatively small magnitude.

6. Conclusion. In the preceding sections, roundoff errors in the floating-point
fast Fourier transform have been analyzed. Bounds on RMS and maximum errors
in transformed data were determined for both single and multidimensional transforms,
and in the case of a one-dimensional transform results of a computational experiment
show how close these bounds are to the actual roundoff errors. The bounds include
the effect of roundoff in computing sines and cosines and, if contributions to the
actual errors are in the same proportion as to the error bounds, a close look at the
error bounds shows that the effect of roundoff in computing sines and cosines is not
negligible but in fact contributes the same order of magnitude to the total error as
the roundoff in additions and multiplications.

So far, nothing has been said about floating-point representation of input data.
It was assumed that these numbers were exactly representable in machine precision.
If not, an additional term must be added to the roundoff error to account for round-
ing input data. Suppose fl(x) = x 4+ 8. Then the additional term is

[1T8]|ams = VN |[8]|ams.

On the other hand, suppose that the input data is known to a number of significant
digits fewer than that of machine precision. For example, the data might have come
from an analog device of limited accuracy. Then the bounds on roundoff error can
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be used in reverse as suggested by the following: Let the roundoff error be given
exactly by the complex N-vector e. This vector can be considered the exact solution
of the equation e = 75 for some fictional § bounded by

[|5”RMS = HeHRMs/\/N = eK(N, ) HXHRMS + 0(52),

and

[13]]le < ev/N K(N,7v) ||x]||lzms + 0(52)-

If it should turn out that e/NK(N, 7)||x||rms is smaller than the least significant
digit of the input data, the roundoff error is negligible.

Acknowledgments. The author wishes to thank Professor Gene Golub of
Stanford University for his advice and encouragement during the research for this
paper. Special thanks also go to GTE Sylvania Incorporated for support received
while the author was at Stanford. This research was done in partial fulfillment of the
requirements for a doctoral degree in Computer Science.

GTE Sylvania Incorporated
Mountain View, California 94040

1. W. M. GENTLEMAN & G. SANDE, Fast Fourier Transforms—For Fun and Profit, Fall
Jo6int Computer Conference AFIPS Proc., 1966, v. 29, Spartan, Washington, D.C., 1966, pp.
563-578.
2. P. D. WELCH, “A fixed-point fast Fourier transform error analysis,” IEEE Trans.
Audio and Electroacoustics, v. AU-17, 1969, pp. 151-157.
3. C. J. WEINSTEIN, “Roundoff noise in floating point fast Fourier transform computa-
tion,” IEEE Trans. Audio and Electroacoustics, v. AU-17, 1969, pp. 209-215.
4. T. KaNeEko & B. Liu, “Accumulation of roundoff error in fast Fourier transforms,”
J. ACM, v. 17, 1970, pp. 637-654.
5. J. W. CooLEY & J. W. TUKEY, “An algorithm for the machine calculation of complex
Fourier series,” Math. Comp., v. 19, 1965, pp. 297-301. MR 31 #2843.
6. W. M. GENTLEMAN, “Matrix multiplication and fast Fourier transforms,” Bell System
Tech. J., v. 47, 1968, pp. 1099-1103.
7. R. C. SINGLETON, “On computing the fast Fourier transform,” Comm. ACM, v. 10,
1967, pp. 647-654. MR 39 #2362.
8. F. THEILHEIMER, “A matrix version of the fast Fourier transform,” IEEE Trans.
Audio and Electroacoustics, v. AU-17, 1969, pp. 158-161.
9. D. K. KAHANER, Matrix Description of the Fast Fourier Transform, Los Alamos Sci-
entific Laboratory Report LA-4275-MS, 1969.
10. J. H. WILKINSON, Rounding Errors in Algebraic Processes, Prentice-Hall, Englewood
Cliffs, N.J., 1963. MR 28 #4661.
11. E. IsaacsoN & H. B. KELLER, Analysis of Numerical Methods, Wiley, New York,
1966. MR 34 #924.
12. N. M. BRENNER, Three FORTRAN Programs that Perform the Cooley-Tukey Fourier
Transform, Technical Note 1967-2, M.L.LT. Lincoln Lab., Lexington, Mass., 1967.
13. R. C. SINGLETON, “An algorithm for computing the mixed radix fast Fourier trans-
form,” IEEE Trans. Audio and Electroacoustics, v. AU-17, 1969, pp. 93-103.
14. M. C. PEASE, “An adaptation of the fast Fourier transform for parallel processing,”
J. ACM, v. 15, 1968, pp. 252-264.
~=+ 1. J. Goop, “The interaction algorithm and practical Fourier analysis,” J. Roy. Statist.
Soc. Ser. B, v. 20, 1958, pp. 361-372. MR 21 #1674.



	Cit r93_c97: 


