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Miniaturized Tables of Bessel Functions. IT*
By Yudell L. Luke

Abstract. In a previous study, we discussed the expansion of two-parameter functions in
a double series of Chebyshev polynomials, and, in particular, we presented coefficients for
the evaluation of the modified Bessel function (2z/x)'2e*K,(z) to 20 decimals for all z = 5
and all », 0 < » < 1. In the present study, we give similar coefficients for the evaluation of
ge—*z7#],(z) to at least 20 decimals where I,(z) is the modified Bessel function of the first
kind and g and pu are certain constants which depend on the range of the parameter and
variable for four different situations. The ranges are (1) 0 < z < 8,0 < » < 4;
(0<z<84<v=<803)z28-1<5»50;4)z280=<r=1

1. Introduction. In a previous study [1], we discussed the expansion of two-
parameter functions in a double series of Chebyshev polynomials, and, in particular,
we presented coefficients for the evaluation of the modified Bessel function (2z/x)'/*
X e*K,(2) to 20 decimals for all z = 5and all », 0 < » < 1. Since K,(z) = K_,(2) and
K,(2) satisfies a three-term recurrence formula which is stable in the forward direction,
we have in essence coefficients for the evaluation of K,(z) for all z = 5and all » = 0.

In the present study, we give similar coefficients for the evaluation of ge™*z7*I,(z)
to at least 20 decimals where 7,(z) is the modified Bessel function of the first kind and g
.and p are certain constants which depend on the range of the parameter and variable
for four different situations as follows.

z range v range " g
1) 0<z=38 0=v=4 v 1
) 0<z=8 4=v=8 v 1
€)) z2 8 —1=»v=0 -3 my™*
) z =8 0sv=1 -3 @)y

The recursion formula for 7,(z) is always stable in the backward direction but only
conditionally stable in the forward direction. Thus, even with the coefficients given
here, we still lack coefficients to compute e™*I,(z) for all real z and for v sufficiently
large. A study to correct this deficiency is under way and will be reported at a later
date.

2. Chebyshev Expansions for 1,(z). In[2, Vol. 2, pp. 338-340, 359-367], we gave
coefficients for the expansion of z7’I,(z) in series of Chebyshev polynomials for
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0<z=8,v=0, =+ +3%, +3}, +3%, +43, 1, and, similarly, for the expansion of
Qrz)y V2 "I, (z)forz = 8,v = 0,1, 1, %, {, 1. The coefficients for therange 0 < z < 8
are based on the F; representation for I,(z) which does not directly reflect the fact
that for fixed », I,(z) grows exponentially with z as z increases in the sector |arg z| <
x/2. Now, I,(z) has a representation in terms of a ,F, which does reflect this ex-
ponential behavior and, in this present paper, development of the desired coefficients
is based on this representation for 0 < z < 8. The representation used in the cited
reference for z = 8 is also used in our present study to derive the desired coefficients
already noted.
From [2, Vol. 1, p. 213], we have

27T (@) = [2’T@ + DI\ Fia; ¢; —22),
a=c/2=1%+v.
In general, from [2, Vol. 2, p. 35],

1

) 1Fi(a;c;2) = i Gi(a, ¢, NT¥(z/N),
k=0
_ al@ (a+k, I+ k )
(3) Gk(a’ C, A) - 22"(0);’(! 2F2 c + k, 1 + 2k )\ »
2G@a,c,N) _ (k+ D[ +3—a)  4k+o)
o k+ a>{ «+r2 T }G“”(“’ M
2 1 20k + Dk + 3 — o)
@ + 5T 9 {2 & + a) + : }Gm(a, ¢, N)
yEEDELFB —a) g a0,

k + 2)k + a)

In the above,

(5) =1 ifk =0, g =2 ifk >0,
Using [2, Vol. 1, p. 244], we find that for a, c and A fixed,

TEOA/N'k*
T'(a)k!

MN—8c—a)—8c—ac+a—1
'[l + 16k

Thus, the expansion formula (2) converges and since the ,F; in (2) is one when
z = 0, it follows that

Gk(a’ c, x) =
©)

+ o<k")]~

(N EZ; (—)Gua,c,N) = 1.

Further, after the manner of the discussion given in [2, Vol. 2, pp. 159-166], we can
show that use of the recursion formula (4) in the backward direction is convergent.
Thus, for a fixed A\, we can generate the coefficients G.(a, ¢, M) for given values of a
and c. Suppose for example that c is fixed and we permit a to vary. Then, we can find
coefficients D, .(c, M) such that
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(®) Gia,c,N) = 2 D,ule, NTHa/w), 0= a=o,
r=0

and so achieve a double series of Chebyshev polynomials for the evaluation of
Fi(a; c; z) for c fixed, valid for 0 < z < Nand 0 £ a £ w. The manner of getting
D, (c, N\) has been given in [1] and we omit further details.

Next, we seek a descending-type expansion in series of Chebyshev polynomials
for the evaluation of 1,(z) in the neighborhood of z = 4 «. To this end, we can write
[2, Vol. 1, p. 226, Eq. (9)], [2, Vol. 2, p. 22, Eq. (10)],

) 1,(z) = Qmz) % F,(2),
1,1 1
(10) F,(Z) = G1.2<22 % + v, % — V) ’
an F,@z) = Zw: M,(v, NT¥(\/2), A fixed, \/z £ 1,z > 0,
k=0

-k, k+1 )
—_.y ’

1

1 1

2 §+Vy
1 1

2 2

M6, = -y a3(21
(12)
1

Mo, \) = W_l/zek(_)kG;j('z—i ko —k

and from [2, Vol. 2, pp. 153, 154 and Remark 1, p. 155], we have the recursion formula
M0 _ 0 1){1 (k4 3k + 3/2 + vk 4 3/2 — )
[ 2k + 2)k + 3+ )k + 3 — )
8\
k~+3+v)E+ 73—
20+ Dk + 3+ 4x)}
+ {1 3+ 0k T3 = pf etV
ke + DK+ 5/2+ vk + 5/2 —»)
Gkt ok+Etakti—n Men®d k20

Actually, (13) is not valid if » is half an odd integer unless k 4+ 3 — » > 0. If, for
example, » = 3 + n, (13) is only valid for kK > n. However, we can get a further re-
lation if first we multiply through by k + 4 — » and then set k + 3 — » = 0 for
k = n. In particular, if » = }, we have

2MG, N) _ [8* = 3k + ”]M,,“(% N = [M]M"”@’ M

+ }Mk+1(”, D)

(13)

(14) €k k k
- & J,: D Mo N, k>0,
(15) BN — HMG, N) = B + OME, N + 3MeE, M)

It can be shown that

z

(16) My}, \) = 207V Erf(x), x* =2\,  Erf(x) = f e dt,

0
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an M3, ) = 81 — Mo, ] — 42x/m) %™,
With z — + =, (11) yields the useful normalization equation

(18) 2 (=M, N = 1.

k=0
From [2, Vol. 2, pp. 23, 24),
19) M\, \) ~ k™' [u exp{ — 32\’ ")'""*} + v exp{ —3(QN\k%*")*}]

where u and v are constants. The two other linearly independent solutions of (14) can
be taken in a form such that they are

(20) O(k™" exp{3(2A\k*)'"%}) and O™ exp{—3(2Ak%*")'"*}).

It follows that the desired solution of (14) is not minimal in the sense of Gautschi [3]
or not antidominant in the sense of Wimp [4], and consequently the backward re-
cursion process for the evaluation of M,(», \) will fail unless modified. The necessary
modification is discussed in [2, Vol. 2, pp. 163-164] and studied further in Wimp

[4, Theorem 3]. We now describe this procedure.
Let N be a large positive integer. Put

(21) gl(vti)k = 0, k=273,-.---, gI(V)?l =1

and compute g{V, n = N, N —1,:--,0from (13) with M,(», \) replaced by g{™.
(Here we assume that » is not half an odd integer. The case when » = } is treated
later.) Put

N+1 -1
22) M@, N = oM, n=0,1,--- , N+1, oV = (Z( =Yg ‘"’)

Let N, N, be two different N values. We can find a number u depending on N, and N,
such that

N,+1 Na+1

Q3 kX MM, N+ A = 2 M0, = e L.
k=0 k=0

Then
lim kM@, N + A — M0, D] = M, M),

(24) N1—o;Ny—o;NypN,
k=0,1,

If » is half an odd integer, another technique must be used as the process just
described breaks down due to the presence of the product (k + % + v}k + 3 — »). To
illustrate, consider the case v = 3. In this event,

(25) Fipi@) =1-— e,
We have need for the three normalization relations

(26) 1 —e i M3, N,

k=0

> (=)FMG, N,

k=0

27 1
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28) = = f: (=) Mauk, V),

which come from (9)-(11) when » = { and z = 2\, + « and 4), respectively.
Again, let N be a large positive mteger, set

(29) g;fli)k = 0’ k=2, 3: ttt g)(VI:’»)l = l’
and compute
g:(zN)’ n=N N-—1,--+,1,

from (13) with M,(3, ») replaced by gi™. Let

(30) MP = pTg”, k=12, M"=g"
Then from (26) and (27), respectively, we have
31 (N) (N) =1 - —ZX’
@31) ;;;g e
(32) (N) (N) Z( )ls (N) — l.
Thus
—-2\
(33) p(N)

2 Ek-o gzk-l-l
and g{™ can be recovered from either (31) or (32). Let N,, N, be two different N
numbers. We can find a number u depending on N, and N, such that

Ni+1 Na+1

(34) n ; EPMEPGEN+ A — E (='ME2 GN=1—e"
Then
(35) lim kMM G, 0 + (4 — MG, 0] = MG, M),

N1=0;Ny—o ;N N,
k=01, -

The coefficients can be checked using (16) and (17). Alternatively, we can make use of
(17) to find a number u* such that

SA* MG, N + (1 — MG, M)
+ MG N + (4 — pIMTVGN) = 8\ — 42N /7) %

Then M3, \) follows as in (35) with u replaced by u* and (28) can be used as a
check.

Another scheme to compute M,(», \) for » half an odd integer is to use the pro-
cedure described by (21)-(24) to get M,(», \) for » in the neighborhood of half an odd
integer and then employ the Lagrangian interpolation formula.

(36)

3. Numerical Results. From (1), (2) and (8), with a slight change of notation,
we have
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1,(2) = z'e’ i H,()T#(z/8), 0<z=<8,
37 k=0

Ho) = > D,.,,T':(” 7 s) , sSvSs+t.
r=0

In Tables 1 and 2 of the microfiche section we present values of D, , which were
evaluated by the technique described in[1]for s = 0, ¢ = 4 and s = ¢ = 4, respectively.
To develop the numerics, values of I'(» + 1) were required. These were obtained by
use of the schema of my previous paper [5]. Numerous checks were made on the
coefficients. In addition to those of the kind discussed in [1], checks were also made
using the recurrence formula for I,(z), namely

(38) Lo@+ 216 - L@ = 0.

Further checks were accomplished by comparing values deduced from (37) with
those computed from power series, especially when » is half an odd integer, for in this
instance

e L1 p(2) = m2) [ A4.2) + (=) e 4.(—2)],
39 _ .
An(z) = 2F0(—n’ n + l; _2;) s

and 4,(z) is a polynomial in z™* of degree n. Wronskian relations were also used to
get checks. The computations were designed so that the coefficients for 0 < v < 4 are
accurate to about 25D while those for 4 < » < 8 are accurate to about 27D. To evaluate
e~*I,(z), we must incorporate the value of z°. As 0 < z < 8, we see that the coefficients
are sufficiently accurate to produce e *1,(z) to about 20 decimals at least.

From (9)-(11) with a slight change of notation we write

40) L@ = Qry Ve Y M)TEB/), 22 8,
k=0
@1) M) = 3 E.aT*0), 0sys1,
r=0
(42) Mk(p) = i Fr.kTr*(—V)’ -1 é 14 é 0.
r=0

In Tables 3 and 4 of the microfiche section we give values of E, ; and F, ,, respectively.
In the development of these coefficients, the appropriate values of (2x\)'/%e™I,(}),
as required by (23), were obtained from (37) for » > 0 and (38) was used to get the
values needed for » < 0. Again, the coefficients were subjected to numerous checks.
For example, for z = 8, we compared values of 1,(z), as obtained from (40)—(42), with
those obtained from (37) and (38) when appropriate. We also used the defining
relation for K,(2) in terms of I,(z) and I_,(z) to compare values obtained using the
coefficients in [1] and the coefficients in the present tables. Further checks were gotten
by use of a Wronskian relation. The coefficients are sufficiently accurate to enable the
computation of e*(2xz)"/*I,(z) to about 22 decimals.
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«0.,00800
0400000
Ne 00000
=-0.00000
0.00000
1.,00000
«0.00000

$+.00000
0000000
=0.00000
=0.00000
0.00000
0.00000
=0.00800
=0.00000
0.00000
0.00000
=0.,00000

TABLE 3 (Continued)

Coefficients in the Expansiom of

100 = zm)2eE 3wt/ L 2z e
k=0

B x?

00000
00000
00000
00000
00000
00000
00000
00060
00000
00000
00000
00009
00000

Eox?

00000
00000
00000
00000
00600
00000
00000
00000
0e000
00840
06000
00000

Eexe

ll.(v)=ix,,k‘r:(v) »,08vsEl .
™0

Y =12

01202
02020
01269
00224
20063
00000
00001
00000
00000
00000
00000
00000
00080

L=124

00160
00082
00161
00006
00000
00000
ooeo¢
0oeor
00o00¢
00neo
00000
06000

k =16

00018
00028
00015
00003
00000
onooe
80000
00000
00000
00000
00000

aT674
10084
13315
65087
$3278
74293
19434
09413
01082
0007S
00005
00000
08000

76826
16605
99991
69416
43079
17039
16088
10123
+:188
000680
oonon
000080

71000
2402)
42085
32609
81110
09615
01606
00118
00016
00600
06000

53

16
78

o7
$3
78

13
38
0ol

80
7
63
33
76
61
73
09
53
76
10
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[
" " OOVDINONSPWN=O L]

OV NCVELIWN=O

-

«0.,00000

«0.00000

0.00000

08.00000

«0.00000
0

=0:;00000
=0.00000
0.00000
0.00000
-0.00000

=0.00000
0.00000
0.00000
=0.00000
=0.,00000
0.00000
0.00000
«0.00000
=0.00000
0.00000
0.00000
=0.00000

0
«0.00000
000000
0.00000
-0.00000
«0.00000
0.80000
0.00000
=0 00000
=0,00000

Erxs

00000
00000
00000
00000
00000

00000
00000
00000
00000
00000
00009
00000

hod

%,k

¢0000
00000
00000
00080
00000
00080
00000
00000
00004
00000
00000
00000

ek

X =13

00116
01120
00492
00129
00004
00003
00600
00000
00000
00000
neooo
00000
00000

F =18

o002l
oel18
ongel
00013
00601
90000
00000
06000
00000
00000
00000
0000C

k=17

00005
00010
00005
0000)
00000
00000
00000
00000
00000
00000
00000

71293
18598
S1424
25357
83236
78732
10936
04867
00139
00033
te001
00000
60009

0231
79215
75611
62902
226608
40915
02136
00855
08016
0004
08000
00000

16156
795033
46377
22978
28602
03786
00S28
00054
00004
00000
00000

16
69
.0
13
.14
1?7
36
92
[ L3
8s
08
16
0l

23

(14
16
7%

22
.1}
02

a9
21

63
S2
3
09
a1
4
02
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=0.00000
«-0,00000
0.06000
0.00000
«0.00000
«0.,00000
0.000800
000000
~0.00000
«0.00000
0.00000

0.00000
000800
-0.00000
«0.00000
000000
0.00000
~0.00000
«0.00000
0000800
0400000

Ex

00000
00000
00000
06000
06000
00000
00oon
08000
00000
00000
00000

B

00900
00000
06000
00000
U000
00000
00000
00000
00000
¢ooon

TABLE 3 (Concluded)

Coefficients in the Expansion of

1,(2) = (2m) de D W/ , 2
x=0

<

<

Ny (V) -«‘i B \T(v) ,0s5vEL
r=0

k =18

00001
0000%
0R001
00000
00000
[ L1}
00000
00000
00000
004800
N0000

k=20

00000
00000
80000
00000
00000
00000
00000
00000
00000
00000

41637
16350
35193
60287
07293
01784
00148
00023
00081
08000
00000

13296
81839
122%3
09552
00663
00286
80014
08003
00060
00000

15
70
()]
00
96
14
42
80
17
03

-

SO NL LU~

"

PEVUN=O

0.00000
«0.00000
«0.00000

0.00000

0.00000
«0.00000

By xo

00000
00000
00000
00000
90000
ce000
00000
90000
(111 1]
00000

Exe

08000
00000
00000
00000
08000
00000
000e0
oenoe
00000
onoeo

k.21

08000
00000
90000
00000
00000
00000

86469
SeAT0
89614
10814
0s707
00343
00089
00005
00000
90000

13621
09393
164033
01067
00740
00035

63
21
69
39

69
79
21

0s

70
00

9
14
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=0.00002
=0.00026
«0.00002
0.00001
0.00000
=0.00000
=0.90000
000000
000000
=0,00000
=0,00000
000000
0.00000
=0,00000
=0000000
0.90000

=9.00000
«0000000
=0,00000
0.00000
0.00000
=0.00000
=0.00000
0000000
0000000
=0.00000
=9.00000
0000000
0000000
-8.,00000
«0.00000

Fpops

redn
10721
00480
20710

623565
01006
00077
00001
00000
00060
00000
00000
00000
00000
00000
00000

Fr.k"

33602
46143
6133
97285
22469
00672
00050
00001
00000
00000
000080
00080
00000
00000
00000
00080

F}.k'

00265
06378
00350
00676
00036
00014
00000
00000
00000
00000
00000
00000
00000
00000
[ L1 L

TARLE ¢

Coefficients in the Bxpesmsion of

1 e g (IR (e/s) , 228 ,

w(v) = i Fpxfe(-v) , -1 €v S0 .
r=0

en3
07093
00193
00068
00000
00000
09000
00000
0600

Y o4

57352
04026

16329
S3706
76872
776%
10616
00533
00029
09001
00000
00080

73586
16034
3283
68784
01929

39201
15072
r0172
3160
408602
23877
01066
00023
0000}
00000

8583383328832

[ 34

31

o

GONONSPWN~O®

e ]

OOV WN~O

”

CONONIWN~O

«0.00001
=0.01652
«0+004000
0.00007
0.00000
=0.00800
«9.00000
0.00000
0.00000
«0.00000
=9.00000
0.00000
0.00000
-0.00000
=0.00000
000000

«0.00000
«0.000080
-9:.00000
0.00000
0.00000
=0.00000
=0.00000
0.00000
0.00000
«0.00000
«0.00000
0.00000
0.00000
=0.,00000
=9.00000
€. 00000

Fl‘,k’ kel

40055 47087 09157 09
76669 55831 29084 46
$S82° 13349 37099 S3
15381 86829 45908 26
84400 26456 S0079 S6
01542 63565 00820 78
00117 48340 08027 46
00002 JAT74 69314 73
00000 13175 78188 52
00000 00386 86391 79
00000 00013 4668) 8)
00080 00000 34702 63
00000 00000 01416 96
00000 00600 00032 79
08000 00000 00001 S9
00000 00000 00000 02

Pr'k, | S

06780 57418 27298 08
93973 37831 89449 08
06293 46140 41325 32
09224 40303 93086 01
00661 584358 85473 96
00149 67037 16843 S7
00010 5153 70318 13
00000 46539 95615 60
00000 02643 44770 &0
00000 00088 94484 07
00000 00003 94936 62
00080 09000 12733 93
00000 00000 00576 44
00000 000080 00013 23
00000 00000 00000 79
00000 00000 000060 01

?r,k' x -

00003 06448 S0337 71
00687 54lel 68307 30
00058 26643 1216) &6
00075 60030 24413 79
00804 60636 93762 90
00001 8749]1 98689 65
00000 10325 06609 IO
00000 01756 BT641 &2
00000 00095 00093 61
00000 00007 44735 92
00000 00000 42638 34
00000 00000 01561 22
00000 00000 00111 22
00000 00000 00001 54
00000 00000 Ce0000 20



TABLE 4 (coatimd)
Coefficients in the Dxpansion of

1,(s) = (e} e 3 w(WIT(0/) L2z €
x=0

&(v) = t ’r,xr:(") , 1 $vs0
=0

r Fogr k20 by Fexs =1
0 000000 00013 39960 11622 06 0 000000 00006 3938] 99412 )8
1 =0.00000 0010) 36762 436350 0] 2 «0.,00000 00014 71331 92232 90
2 =0.00000 00020 3309 14806 13 2 =0.00000 00007 42%54) 3216) 88
3 0.00000 0001) 21962 9608 42 3 0,00000 00001 53242 72913 79
L 000000 00001 2994) 45836 72 [ 0000000 00000 42629 164632 04
S  «0.,00000 00000 20974 07413 86 S «0,00000 00000 03767 35388 82
6 =0,00000 00000 02020 5414} N2 6 =0.00000 00000 00833 178090 66
T 0.00000 00000 00293 74811} 6} T 0.00000 00000 0003) 51503 2¢
] 0.00000 00000 00025 9700 84 8 000000 00000 00007 T90S4 32
9  «=0.00000 00000 0000] 7102 2) 9 =0.00000 00000 00000 10027 47
10 <=0.,00000 00000 00000 13160 7) 10 =0.,00000 00000 00000 03997 38
1 00203 33 11 =0.00000 00000 00000 00022 66
12 00039 87 12 000000 00000 00000 00011 99
13 =0.,00000 00000 00000 00000 03 13 0000000 00000 00000 00000 25
14 =0,00000 00000 00080 00000 07 16 =0.00000 00000 00000 00000 02
r Fr,k' v 8 r rr,k’ k=9
0 0.00000 00002 117146 4377) S2 0 0.00000 00000 4344 81217 )2
1 =0.00000 00000 INISY 03887 00 1 0.00000 00000 91799 59079 11
2 =0.,00000 00002 32674 54544 S) 2 =0.,00000 00000 442086 12399 &)
3 «0,00000 00000 00536 43795 88 3 =0.00000 00000 11935 36455 60
[ 000000 00000 12304 4927 06 [ 0.00000 00000 02164 37310 08
S 0.,00000 00000 00219 27862 Sa4 S 0.00000 00000 0039 12088 59
6 =0.00000 00000 00227 05695 14 6 =0,00000 00000 00035 3179 S4
7T «0.00000 00000 00006 291246 77 7 =0.00000 00000 00005 70357 3?7
[} 0.00000 00000 00001 %760 23 & 0.00000 00000 00000 24809 02
9 0000000 00000 00000 07348 00 9 000000 00000 00000 0443 S)
10 =0,00000 00000 00000 009)) S8 10 «0,00000 00000 00000 00068 15
11 =0.,00000 00000 00000 00045 17 11 =0.00000 00000 00000 00020 ¥
12 0.00000 00000 00000 009002 ) 12 =0,00000 00000 00000 00000 03
13 0000000 00000 00000 00000 16 13 0.00000 00000 00000 00000 06
r LT r Fexo k=11
0 «=0.00000 V0000 0 «=0.00000 00000 04034 60168 90
1 00000 1 0.00000 00000 05352 0958] &)
2 o 00000 2 0000000 00000 04590 23127 67
3 08002 3 =0.00000 00000 00565 54033 9]
[ ) 00000 6 =0,00000 00000 00288 15103 &9
S 00000 s 0.00000 00000 00013 50242 17
[ 00000 [ 000000 08000 000035 26730 2
? 00000 T =0.00000 00000 00000 10656 29
8 00000 £ =0,00000 00000 00000 05344 87
9 0.00000 00000 L 0.00000 00000 00000 00001 25
10 0000000 00000 10 0:00000 00000 00000 000)) 02
11 =0.00000 00000 11 0000000 00000 00000 00000 &6
12 =0.00000 00000 00000 00000 YO 12 <0.00000 03000 00000 00002 1)

13 0,00000 00000 00000 00000 0)
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TABLE 4 (Continued)

Coefficients in the Expansion of

I1(2) » (?ﬂ)‘*ﬂ‘ pio &(v)ﬁ(&/z) , 28

() D P v, 1 8vs0
r«0

»

Pege h- 12 Fppo k=13
0.,00000 00000 00085 00847 99
~0,00000 00000 01125 68726 SS
«0000000 00000 00121 31088 54
20000 00135 04014 S7
00000 00008 61210 07
00000 00004 07714 02
00080 00000 22703 81
00000 00000 035322 91
00000 00000 00302 97
00000 00000 00036 S8

=0400000 00000 01205 37346 S2
02065 54339 77

=0:.00000 00000 00000 00947 64
~0.00000 00000 00000 00122 &9

g
o
L
w
-
-
»
L J
DONUPNEIWN~C

000000 00000 00000 00003 8) 10 =0,00000 00000 00000 00002 I
000000 00000 00000 00000 64 11 0.00000 00000 00000 00000 14
=0000000 00000 00000 00000 01 12 0.00000 00000 00000 00000 01

X - 14 r e, ko185
0000000 00152 83527 72 ] 0000000 00000 00022 7572¢ 95
«0.00000 00048 99666 40 1 0,00000 00000 00120 07774 39
«0400000 00169 01001 04 2 =0,00000 00000 00022 23371 &0
0000000 00003 3304) 66 3 «0.00000 00000 00014 90697 95
0000000 00009 32366 S) LY 0000000 00000 N0001 02010 S)
000000 00000 0219 84 ) 0.00000 00000 00000 48289 S7
«0.90000 00000 18678 83 6 =0,00000 00000 00000 01432 S7
«0.00000 00000 00270 66 T «=0.00000 00000 00080 00694 77
000000 00000 00186 &) A 0000000 00000 00800 0000% 69
0000000 00000 00004 66 9 0,00000 00000 00000 00005 SO
«0.00000 00000 0000} 07 10 0,00000 00000 00000 00000 04
«0.00000 00000 00005 04 11 =0.,00000 00000 00000 00000 03

Fl’.k’ “w = 16

~

rp ke k= 17

=0000000 00004 GOOla 48479 02
0400000 00000 00028 1493] 16
0.00000 00000 00016 S0090 38

~0,00000 00000 00003 20176 1)

=0.00000 00000 00000 95161 17
0.00000 00500 00000 08834 05
0.,00000 00000 00000 02037 S4

-3.00000 00000 00000 00099 11

-0.00000 00000 00000 00022 27
0000000 00000 08880 00000 SO
0.,00000 00000 00000 00000 1o |

«0.00000 00000 08005 14646 36
«0.00000 00000 00010 92090 25
0.00000 00000 00005 44048 82
0000 00000 0000]) 41019 76

0 00000 00000 28254 25
00 00000 00000 04790 7S
0.,00000 00000 00000 00515 S9
0.00000 00000 00000 00074 02
=0.00000 00000 00000 010004 40
«0.00000 V0000 00000 00000 64
0.00000 08000 00000 00000 02

QOVPNOPVNIWN—O
[
(-4
Y
[ 3
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0.00000
=0.00000
=0.00000

0.00000

0.,00000
=0,00000
=-0,00000

0.,00000

0.900000
«-0.00000
=-9.00000

~0.,00000
0.00000
0,00000
=0,00000
=0.00000
0.00000
0.00000
«0.00000
-0.00000
0.00000

0.00000
-0.0.000
-0.00000

0.00000

0.00000
-2.00900
«0.00000

2.00000

0000000
=0.00000

-$.00000
0.00000
000000

=0.00000

=0.00000
0.00000
0.00000

-0.00000

=0.00000

Froxe

00000
00000
00000
000600
00800
00000
00000
00000
00000
00000
90000

F}.k'

00060
00060
00000
90000
00000
00600
09000
00090
00000
oeoon

Fr,k’

40000
00000
00600
00000
00000
00000
00000
00000
oe000
00000

r'kp :.

TARE 4 (Comtimued)

Coefficients in the Expamsion of

1,(z) - (ame) de g M (v)Te(8/2) , z € ,

K(v) = 2 P xTe(-v) . -lsvao0
=0

k =18

0000)
00005
0000}
00000
00908
00000
00000
ouveoe
00000
00000
[1IT]]

Xk~ 20

08000
00000
00000
00000
00000
00000
00000
00000
00060
000080

00000
00000
00000
00000
00000
06000
00060
00000
00000
00000

26357
17316
40638
61296
0872
01828
00204
00023
60002
00000
neeee

00887
00303
00021
00004
00000
00000

01284
12943
Dle2e
01566
bl o7
00048
00002
ceeee
0se00
00000

00223
02094
0 0276
0923
00018
(1.4
00600
00000
00000

6]
26
$1
33
4]
16

0%
33
20

00
4S5

1
o1

ONOVE W= O " PNV EIUNTO e VOGO NPUN-O ]

b ]

~enNswnN~—~o

0.80000
0.00000
=0,00000
-9.00000
0.00000
0.00080
-0.,00000
-8.00000
0.00000
000000

.Qo.....
-0.00000
000000
0.00000
=0:.980000
«9.00000
0.00000
0.00000
=0.,00000
-0.00000

=0.00000
=0.00000
0.00000
0.00000
-0.00000
=0,00000
000000
0,0000¢

Fr’k, =19

00000 00000 84820
000080 00000 9972
00000 00000 9108)
00000 00000 13040
00040 00000 040987
00000 00000 00469
00000 08000 000%
00000 00000 00007
00000 00080 00000
00000 00000 00000

Poio 1o = 21

00000 00000 13266
00000 00000 09667
00060 00000 14347
00000 00000 01357
00000 00000 40700
00000 00000 0005)
00000 00000 00019
00000 00000 00000
00060 00000 00000
08000 00000 00000

?r,k' k- 23

00000 00400 02115
00000 80000 0134)
00000 00000 02290
00000 00000 00190
Q00080 00000 00125
00000 00000 00007
00000 040000 00602
00000 90000 00000
00000 00000 0000

Feooo K= 25

00000 00000 00347
00000 00000 06277
$0000 00040 00374
00000 00000 000138
00000 00000 009020
00000 00000 00001}
00000 00000 00000
00000 50000 00000

SE3539URERR

]
5¢

03

)|

10
47
.2
(]
02
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0.00000
«0.00000
«0.00000

0.00000

0.00000
=0.00000
-0.00000

TAMLR ¢ (Continued)

Coefficients in the Bxpamsion of

Iv(‘) = (h).*.. g &(V)i(.,') y 228 ,

Fe ke

00000
00000
00000
00000
00080
00690
00080
00000

r,k’

r.k’

00000
00000
00080
00000
00008
00000
00000

r,x’

00000
00000
00000
00000
08000

me(v) - t PraTp(ov) s -l 8w S0 .
=0

¥ = 26

00000
00000
00000
00060
00000
00000
00000
00000

k=28

00000
00000
00000
08000
00000
00000
20000

X - X

08000
00000
00000
00000
00000
00000
00080

00000
00000
00000
00000
08800

0005
00345
0006)
00041
0000)
seeol
00000
00000

00014
00056
00016
08006
00000
00000
00000

00603
0e00s
00004
00000
00000
00000
00000

=222

"

~“OPNRIPUNN~O

b |

PV W~

"

NeEWN-O

L}

N~

0:00000
0.00000
«9.00000
«9.00000
0.00000
0.00000
-0. 00000
-0+ 00000

«0.00000
«0.00000
0.00000
0.00000
=0,00000
«0.,00000
0.00800

0.00000
0.00000
«0.00000
=0.00000
0.,00000
0.00000

F s 27

r,k’
00000 00000
00000 #0000
00000 00000
68000 00000
00000 00000
00000 00000
00000 00000
00040 00000

Fo o k=29

00000
00000
00000
00000
00000
00080
08000

rr,k’

k=31
00000 00000
00000 00000
00000 00000
00000 068000
000480 00000
00008 04000

Fr

’k, = 33
00000 00000
00000 00000
00008 00000
00009 00000

00057
00070
(11 1))
00009
00003
00000
0eso00
00000

00009
00018
00009
00002
00000
00000
00000

00001
00064
(1 1)
00000
00000
00000

00000
00001
00000
00000

$258¢

£ X |
o1

30
£ 34
(24
02

10
06
10
13
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WNe~ o

0.00000
«0.00000
=0.00000
«0. 00000

0.00000

0.00000
0.00000
=0.00000

TABLE 4 (Comoluded)

Coefficients in the Expansion of

1s) = (era)Her 3 muitliere) L 156
k=0

M) =2 P\ ti(v) , g0 .
r~0

Por k= 34

rr,t’ L
00000 00000 00000
00000 00000 00000
00000 00000 00000
00000 00000 00000

Pl',l’ k- 38

00000 00008 00000

r

ol

=323

o1
o2
]}

Fr

N 3

Lo |

WAN~O

N

, X = 40

000000
«0.000080
=9, 00000

The coefficients for k = 39

35
Feir ® ™

Fr,k' ke 37

‘r,!' ¥ = 38

124
22
(]
L 2]

are all zero to 22 decimals.
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TABULATION OF CERTAIN FULLY SYMMETRIC
NUMERICAL INTEGRATION FORMULAS OF

DEGREE 7, 9 and 11

In this paper we tabulate some fully symmetric quadra-
ture formulas which are computed by usc of the algorithm
described in [1). See also Lyneses [3] for a development of
a related theory. and Haber [2] for a review of this theory.
The formulee can be used tc approximate three different

types of integrals which take the form
(1) I(£) = J;in"(zs)f(;s)dv(;)

where R® 1is & fully symmetric region in Buclidean n-space

E" , that is, whenever g - (x1,...,x") ¢ R" then y c R®
where y 1s any point obtailnable from x by interchanging

the coordinates of x or changing thc 3ign of the coordinates
of x . The function w(x) 1s a fully symmetric weight
function, that is, w(x) = w(y), which is positive in R, anad
av(x) - arl ... ax® . The threc different types of integrals
I(f) for which we tabulate formulas are described by

]

(a) n-cube . R"-{(t,...,x) 1yt 21,1 -1,2,...,n}
(%) =1 ;

(b) n-sphere , R" = {(xl,..-,xn) : zil:l(xi) 11},
w(x) =1 ; ara

(c) infinite n-space, R = f(x y o ,xn) : Z‘Ll(xi)e <« }
u(x) - exp (- I§_ (x1)?) .



