REVIEWS AND DESCRIPTIONS OF TABLES AND BOOKS

The numbers in brackets are assigned according to the indexing system printed in
Volume 22, Number 101, January 1968, page 212.

37[2.10].—FRANK STENGER, Tabulation of Certain Fully Symmetric Numerical
Integration Formulas of Degree 7, 9 and 11. Paperbound xeroxed report having 8
typewritten pages and 45 pages of tables prepared from computer output; see
microfiche card, this issue.

There are three regions considered, these being (i) the hypercube |x,| < 1, (ii) the
hypersphere 3, x? < 1, and (iii) the integral over all space with weight function
exp[—)_ x7], respectively. For each (d, n),d = 7,9, 11, n = 1,2, --- , 20, there are
listed the weights and abscissas of two n-dimensional rules of degree d for each region.
Sixteen-significant-decimal figures are listed and the author claims fourteen-place
accuracy. In addition, simple explicit expressions are given for the coefficients and
evaluation points of the formulas of degree d = 3 and 5.

The underlying theory corresponding to these rules is given in [1] and the place of
that theory in the current state of the art of multidimensional quadrature is discussed
in Haber [2].

The rules are fully symmetric. That is, the same weight is attached to the function
value f(x;, x,, -+ , Xx,) as is attached to all distinct function values of the
form f{+x;,, x;,, - -- , =£x;,) where iy, iy, - -+ , i, is a permutation of 1,2, --- , n,
any combination of signs being allowed.

For d = 7, 9 (or 11), the values of x, are restricted to five (or seven) values O,
=4u, 40 (and =w). In the cases of the hypercube and the infinite integral these in-
clude the Gaussian abscissas of that degree. Thus, the degree 9 rules involve only a
subset of the points which would be required by the product Gaussian rule of the
same degree. For the hypersphere u, v (and w) depend also on n.

These tables fill a gap in the literature and Dr. Stenger has performed a useful
service in preparing them.

Ww.G.

1. J. McNAMEE & F. STENGER, “Construction of fully symmetric numerical integration
formulas,” Numer. Math., v. 10, 1967, pp. 327-344.
81 2.268. HABER, “Numerical evaluation of multiple integrals,” SIAM Rev., v. 12, 1970, pp.
481-526.

38[2.10, 2.25].—P. C. CHAKRAVARTI, Integrals and Sums, Some New Formulae for
their Numerical Evaluation, The Athlone Press, University of London, 1970,
x + 89 pp., 24 cm. Price $7.25.

This monograph reports the results of the author’s research over a period of ten
years.

The author’s primary interest seems to be in constructing quadrature formulas
which use finite-difference expansions. A prototype is Gregory’s quadrature formula.
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The formulas Q"(f) used to approximate I(f) are fully
symmetric. This means that they can be written in the fom

qu(f) = § Yy g f(zds) s

that is, the same weight is attached to the function value

£(x) as is attached to all distinct function values f£(y)

where Yy 1is obtained from x as in the above paragraph.

M 1s the total number of evaluation points used. More specifi-
cally, the formula Q"(f) of degree 2k +1 (k-1,2,3,4,5) takes

the form
(2) Qu(f) = ayrl0]

+ E 2 A sese ”zf[ seesl ] F]
r=1 §1,...,3, 1 2de 250Ny Ir

where (0] = (0,...,0) (n coordinates) and where (as in [1])

the symbol [“JJ”"’“J ] 1s called a generator. We define
r

the sum on the right of (2) by

3)Efluy ,...,u, ] = g g 6(Lyseeesl )P(uy 5e0.5uy )
3y’ e 1,=-p 1, =-p A Rg T 1,’ U1
where u_y=uy uy=0 . It is assumed that the generator

[u"l’”. suy ] consists of p distinct positive coordinates :

r
k) of the first, ..., k, of the p th , 5o that P

1=1%1 =T -
Set G - [.-11 ETTINE NP FRPRTE ,;jn] where the integers J, to
Jr are defined as for the generator. and Jr+1 = ee. = Jn =0 .
Then 6(11,...,1n) is respectively equal to 1 or zero accord-
ing to whether or not the set Hill s oee s Iinll is a permula-

tion of the elements of G . Accordingly it is unnecessary
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to compute t(uil,...,uin) whenever 6(11,...,1n) =0 . Thus,
while all of the evaluation points chosen lic on the n-dimen-
sional grid containing 3" (the degree 3 and 5 case) , 5"
(the degree 7 and 9 case) or 7" (the degree 11 case) points
only a small selection of the points are required when n 1is
large.

The formula (2) 18 of degree 2k +1 . Thic means that
I(f) = Qu(f) whenever

(1) £(x) = 1 (x1)%
i=]

where the 8, are non-negative integers such that

T3.,8 § 2k+1 . Clearly I(8]_,(x))°1) 18 zero if any s, 1s
an odd integer. Also, I(u'i‘:l(xi)si) depends only on n and
the integers 8; . and not on the ordering of the 81 . In
order to describe the construction of the formulas, we shall
therefore set Ip = I(1) , I, = ((x1)®) , I, 5 = H(H?()?) ,
I, = 1((H)Y) . ete.

Although the title of this report indicates that we tabulate
formulas of degree 7, 9 and 11, we shall describe the construc-
tion of formules of degreec 3 and 5 as well, for sake of complete-~
ness. We have not tabulated the degree 3 and 5 formulas, since
their coefficients Ao R AJI, ’Jr cen be very simply expressed.

(a) Formulas of degree 3

These formulas take the form

(5) I(f) = = Aof[O] + Ay L2 [u]



Here u 1ic the positive zero of the polynomial
(6) on2 -1, .

Ao and Al are given by

(7) Ay = (1-n)I, , A =1,/ (2) .

There is one point associated with Ap and 2n points with
Ay . Thus M =2n +1.

(b) Formulas of degree 5
These formulas take the form

(8) I(f) = Ayf[0] + Ay I f[u) + A\, T f[u,u]
Here u 1ig the positive zero of the polynomial
(9) (lzx2 - I) .

The A's are given by

by -5/, A = I, - 24

A

(10)
11 = o ir n = 1 ,

while if n > 1 , by

Ay = Tpp / ()
(10) A =I5/ 1, -8(n-1)A,]
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There i3 one point associated with Ao s 2n points with Al ,

and 2n(n-1) points with A, . Thus N =2n°+1.

General remarks concerning formulas of degree 7, 9 and 11
These are valid for the n-sphere and for integrals with pro-
perty B . Property P implieg that the formula

r

a3 e B Fevw e, § o,

rqsyaa1 &

holds for every positive integer r in 1 £ r s n , where
a. > 0 and does not depend on the Xk, .

All entries in each table refer to either the numbers
u, voru, v, W in the formula,or else the coefficients
Ah, coe ,Jr s except for ER . We now briefly describe the
entry ER . For the formulas Q"(f) of degree 7 ,

B = 1((x1)6) - q((x})%) ;
while for the formulas Q“ of degree 9 and 11 ,
= = 1((«1)8) - g (%) .

The numbers I((x1)6) are not used in the construction of the
formulas of degree 7 , and the numbers I((xl)a) are not

used in the construction of the formulas of degree 9 and 11.

We have used orthogonal polynomials to construct the formulas,
and theoretically we should therefore have ER = 0 . We have
tabulated ER both as a check for ourselves, and to get a

rough idea of the accuracy of the computed coefficients. On
comparing thec magnitude of the errors it appears that the largest



coefficient (denote its magnitude by m has an error of at
most 2 4n the 16'th significaent figure. Thus any other
coefficient of magnitude S has at least 16-10510(-) correct
significent figures, There ig of course the additional possi-
bility of an error which occurred while transferring the data
from computer memory, to tape, to the memory, to cards, and
finally to paper on an IBM 407. We have not detected any
errors of this nature yet. All of the data is output in E
format.

The reader is warned regarding the following minor flaws
of the table. For n =1, all formulas of degree 7 and 11
should have their entries Ao identically equal to zero. The
degree 7 and 11 formulas are doubly listed for n =1 and
n=2, and the degree 9 formulas are doubly 1isted for n =1 ,
n=2 and n=3. Although a few entries have exact decimal
representation, they are listed as repeating decimals, for
example, n cube, degree 9 , n =2, 3 . We remark that for the
n-cube and infinite n-space the coordinates u, v and u,v,w
are independent of n , while for the n-sphere, these coordinates

are different for each n .

(c) Formulas of degree 7

These formulas are of the form

(12) 1(f) = A,f(0) + A) Ef(u] + A,ZE(v] + A2 [u,u] +

+ A228 £flv,v] + A Zf [u,u,u)
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where A111=0 if n<3, and All

u and v are the positive zeros of the polynomial

=0 if n=1. In (12)

(13) lxu - bx2 -1

where a and b are given by the solution of

Iy I a 0
16 Il& b 12

The numbers u, v and A are given in the table, which follows.

(14)

Except for n = 1,2, there are two sets of formulas for each
n=12...,20 . There is one point associated with Ao s, 2n
points with each of A, and A, , 2n(n-1) points with each

of A); and Ay, . and 4n(n-1)(n-2)/3 points with A

111 °
Thue M = (4n3 : 8n -~ 3)/3 .

(d) Formulas of degree 9

These formulas take the form
(15) I(f) = Ay f[0] + Ay Z£[u] + AEf[v] + A)If [u,u) +
+ ALf [u,v] -+ Ay, =F [v,v] = Alllr'f [u,u,ul
+ AyppL f [vyv,v] + A Zf [u,u,u,ul
Here u and v are the positive zeros of the polynomial
(26) ax® + bx3 - x

where a and b are given by the solution of



I6 Iu a 12
(17)

18 I6 b Ih
The numbers u and v and the coefficients A are tabulated
in ti.: iable which follows. Except for n = 1,2,3, two sets

of formulas arc tabulated for n = 1,2,...,20 . The coefficients
‘1 sevesg are zero if n < r . There is one point associated
1 *

with A, , 2n points with each of A;, A, and Ay » 2n(n-1)
pointe with each of All and A22 s 4n(n-1) pointes with A12 s
Un(n-1)(n-2)/3 points with each of Ay, and A,y ; and

2n(n-1) (n-2)(n-3)/3 points with Ajy;; - Thus
M- (2n* - 4n3 + 22n2 + 16n + 3)/3 .

(3) Pormulss of degree 11

These formulas take the form

(18) I(r) = Ayr(o] + A Eflu] + A, Zf[v] + AT £ (w] +
+ AnZ f [u,u] + ALt [v,v] + A332 £ [w,w] +
+ AL (u,v] + ABZ f {u,w] + “111’: f [u,u,u,] +
FALET [vy,v,v]) + 53332 T [w,w,w,] - Alm}: £ [u,u,v] +
+ Allllz £ [u,u,u,ul + Arpop Lf[v,v,v,v] +

Zf [u,u,u,u,ul

* M

The numbers u, v and w in (18) are the positive zeros of the

polynomial



(19) ax6 foxt ex® -1

where a, b and c¢ are given by the solution of

Iols s/ \° Iy

Except wvhen n =1 and Z there are six different® formulas
obtainable from (18) by interchanging the roles of u, v and
w . Of these we have tabulated only two for each n (except
n = 1,2) 4in the table which follows. The coefficients
Ail,..._.1 are zero whenever r > n . There is one point

r
associated with Ao » 2n points with each of Al, Aa and
A3 » 2n(n-1) points with each of All ) A22 and A33 s
bn(n-1) points with each of A, and Ay s 4n(n-1)(n-2)/3
points with each of A 1y , Ay, and Agyq, 4n(n-1)(n-2)
points with A}y, , 2n(n-1)(n-2)(n-3)/3 points with each
of Ayyy; @@ Ayys, 5 and 4n(n-1)(n-2)(n-3)(n-4)/15 points

M (un5 - aOn“ + 140n3 - 130n° + 96n + 15)/15 .

"

#Actually, by chan-ing the notation in (18) it is possible to
obtain 162 different formulas similar to (18), all which require
the came number of evaluation points.
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