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The Finite Element Method for Infinite Domains. I
By Ivo Babuska*

Abstract. Numerical methods (finite element methods) for the approximate solution of
elliptic partial differential equations on unbounded domains are considered, and error
bounds, with respect to the number of unknowns which have to be determined, are proven.

1. Introduction. The finite element method, its theory and practice, has recently
become of interest in numerical analysis, see e.g. [1]-H13], and the papers of Aubin,
Birkhoff, Bramble, Ciarlett, Schatz, Schultz, Varga, etc.

The theoretical analyses of the finite element method have been concerned with
bounded domains. Strang and Fix, [1], [2], have, however, analyzed the finite element
method with respect to an infinite domain (the space R,), but their procedure re-
quires the solution of an infinite system of linear algebraic equations.

This paper will deal with the problem of finding, by the finite element method,
an approximate solution of a boundary value problem for elliptic partial differential
equations on an infinite domain by solving only a finite system of linear algebraic
equations.

The approach will be shown on a model problem. Our task will be to find the
solution of the equation (weak solution)

(1.1) —~Au+tu=f

on R,, where u € Wj(R,) and f € WR,), k 2 0.

We will show that the rate of convergence on compact sets of R, is practically
the same as the rate of convergence for boundary value problems on bounded do-
mains. The rate of convergence will turn out to be determined by the number of
unknowns in the system of linear algebraic equations.

Our approach may be easily generalized to the case of an elliptic differential
equation of order 2m, provided that the coefficient of the zero order term of the
equation is bounded above and below by positive constants.

We will analyze only the case when @ = R,. By combining the approach described
above with the results concerning bounded domains (see e.g. [6H11]), it is easy to
get the corresponding results for unbounded domains with bounded boundary.

Throughout this paper, let x denote the n-dimensional vector in R,, i.e. x =
(X1, -+ y Xp)Wherex;, E R, i=1,2,::- ,n.

Received November 2, 1970, revised April 21, 1971,

AMS 1969 subject classifications. Primary 3504; Secondary 6566.

Key words and phrases. Numerical element method, numerical method for elliptic equations and
unbounded domains.

* This research was supported in part by the National Science Foundation under Grant No.
NSF GU-2061 and in part by the Atomic Energy Commission under Contract No. AEC AT-(40-1)
3443/3.

Copyright © 1972, American Mathematical Society
. B



2 IVO BABUSKA

Let ||x]|> = X5 x%and |x| = D7, |x|. Ifa € Ry, let x + a, = (x1, +++ , Xeeu,
Xi + a, x4y, -+ , X,). Let k denote a multi-integer, i.e. k = (k;, --- , k.), where
kisan integer,i = 1,2, -+, n. Let ||k||* = 32%., ki and |k| = >_1_, |k.|. Define the
inequality k = Otomean k, = 0,i = 1,2, --- , n. Let C denote a generic constant
which may have different values wherever it appears in the text.

2. The Spaces. In this section, we shall introduce the spaces which will be
used in the paper.

Definition 2.1. Let the space W; ,(R,), with / = 0 an integer, u real, be the Banach
space of all functions u such that

@1 lallu s = [ % 3 (D% dx < =,
Ra Ibls1:h20

where D* = g**** *"***/gx} ... 9xi*, For u =0, we get the usual Sobolev space.
For p 5 0, we get a weighted Sobolev space. Note that Ly(R,) = W} «(R,).
Let us now introduce the so called B splines. For x € R, let

¢1(x) = ln le < }s

2.2)

=0, |x|=4%.
Let ¢ be an integer = 2. Starting with ¢ = 2, we recursively define ¢,(x) as
2.3) o(x) = a(x) * pa(x),  t 22,

where * denotes convolution.
Now, for x € R,, x = (x;, *** , X»), define

(2.4) o) = n ex), t21,
and
(2.5) @ui®) = ppalxi — B) ‘11 e(x), t22,i=1,+,n.

Let us mention some of the well-known properties of these functions which
will be important later on:

M ¢i(x) 2 0, ¢,,(x) = Oforall x € R,,

(2) ¢.(x) and ¢, ;(x) have compact support.

(3) Denoting by F(e)o), the Fourier transform of ¢(x), we have, with
g = (‘719 e 'o'u)’

@9 R = IT (2242),
f=1 %ai
_ sin %0'.' -t i04/2 - sin iﬂ’t ¢
Q.7 Flpy,:)0) = (——%m ) e ‘_gﬁ( 1o )
2.8) %) _ o ) + pulx + 10).

ax,-

In the following, let U and ¥ denote the functions defined on the set of all multi-
integers k.
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Definition 2.2. Let the space Qi*, 1 = 0, 1, A > 0, ureal, be the space of all functions
U such that

(2.9) 1U][g,e0 = B* 2 |UK)|* ™™ <
k

(for I = 0) and
(2.10)

1 Ul[3,0n = h'[hz 2 2 UG+ 1) = U@ ™™ + 30 U@l ’“""'] <=

k -1

(for I = 1).

Let U € Q)* for I = 0 and / = 1. Define the mapping S}, j = 1, by
@.11) SiU = X Uk)ei(x/h — k),

k

and the mapping S}%, j = 2, by
(2.12) SHU = Z Uk)p;,«(x/h — k).

THEOREM 2.1. For |u| sufficiently small, there exist constants C, and C,, 0 <G <
C;: < o, such that
@.13)  CGi|Ulloys S |ISiUllw, stz S Cal|[Ulloys,  1=10,1,7> 1,
and
2.14) Cil[Ullayens = 1187 Ullwsozer S Cal[ Ullayens.

Proof. 1. Let us first consider (2.13) for / = 0 and p = 0. It is sufficient to prove
this inequality for 2 = 1.

In [14] we have proved that
(2.15) F(SjU)0) = Zy(0) X2 UG) exo(ik, o)),
where |
(2.16) Z(0) = Fles)0)
and
(2.17) ky o) = 2 kio..

By a well-known property of the Fourier transform, we have
(2.18) [|F(S: D)2z = @0 (|87 Ul[L. (R -

Hence, we may write

(2.19) [P D|[2aien = ; fﬂ ; U(k) exp(ik, o))|* |Zi(c — DI’ do,

where @, = {x; |x;| < =}. Since there exists a C such that |Z,(¢s)|> > C > 0 on @,
we have, from (2.19),
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(2.20) [|F(S;U)||3ucrm = C fn l; U(k) exp(i(k, 0))| do = CQx) ijl Uk)®.

From (2.20), (2.18) and (2.9), we obtain
(2.21) [155UllLaceny = Cl|Ullgeos.

From (2.19), we also have

(2.22) HFS; O |20z = f‘z |§) U(k) exp(i(k, o))| do 1223.,
with
(2.23) Z,"z = max IZ,‘(G' - I)I.

o€y

From (2.6) it is clear that >, Z?, < . Therefore,
(2.24) (187 Ullz.czny = Cl|Ullgye.s.

Inequalities (2.21) and (2.24) together prove (2.13) for the case / = 0 and u = 0.
Inequality (2.14) can be proved in the same manner.

2. Let us now prove (2.13) for / = 0 and u = 0. Let U € Q%' and
U, (k) = U(k)e"™. Using (2.13) for p = 0 and U,, we obtain, because of (2.9),

(2.25) L .

On the other hand, we have

; | Uk)| e pi(x — k)l dx SC || U]|ghes.

2
eznlzl dx.

(2.26) [1S5 Ullw..uocom = _/; ’z": U(k)(éi(x — k)

Now since ¢,(x) = 0 for all x € R, and since ¢, has compact support, it follows from
(2.26) that

z3It|=| L

”S: U”W.,,O(R.) = f ’Z IU(k)l (oi(x - k)
2.27) Bo Lk

2
dx.

sc f ’; | Uk), e"'*'oi(x — k)

From (2.25) and (2.27) we obtain
||S: U”W.,.'(R..) = C” Ullo,.'-'-
Now from (2.13) for u = 0, we have with C > 0, that

2
dx

Cl| Ullgpe s = Cf ‘Z | U®)| e"*'pi(x — k)
Rn k

2
dx

=) ; Uk)e"'*'p;(x — k)

2
dx

2
dx] ,

=/ ‘Z [UR"oix — k) + UR)E™ — ¢'*oix — K)]
RBn | &

= Z[HS}- Ul pecam + u’fR l; | UGK)| '™ 0u(x)os(x — k)
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where |Qu(x)| = C, independently of k. Hence, we have

(2.28) Cl| Ullgers S 2[1|8i Ul o2 + WCl|Ul[o,002).
Therefore,
(2.29) [|Ullayeer S C|18i Ullwa,ueczars

for sufficiently small |u].

This proves (2.13) for the case / = 0 and u > 0, u sufficiently small in absolute
value. Inequality (2.14) can be proved for the case / = 0 and u # 0, u sufficiently
small in absolute value, in the same manner.

3. Let us now prove the theorem for / = 1. We have

A
20 (=% v - 1) o (G- 1. 4) )]
2.30) = 1% e + 10— vonen (% - ]
=X V(k)«:,..(f - k) :
k
where
(2.31) V) = (Uk + 1,) — UK))/h.
From (2.14) with / = 0, we obtain
asTU
(2.32) Gl Pllgues = 0x, |lw.,pocrm

= Gl Vllaperirm -

Inequality (2.14) follows immediately from (2.30), (2.31) and (2.32). This completes
the proof of Theorem 2:1.

3. Some Auxiliary Theorems about a Bilinear Form. Let 3, = Wj ,(R.) X
W ;.-.(R.). Define on 3¢, the bilinear form 4 by

— du Ov
(3.1) A@v) = | (Z . ow T uv) dx.

t=1

We shall now prove some important properties of this bilinear form.
THEOREM 3.1. For sufficiently small |u|,

3.2) | A(u,v)| = C||u||w..,.*(n.)”U”W..-..'(Iz..),
(3.3) sup | A, v)| 2 ClP|lw..—prra»

Hull Wy, u2 (RQ)S1

where C > 0 and
(3°4) sup |A(urv)| g C”u”W-.p‘(R-)’ c>0.

1ol wy, -2 (Ra) S1

Proof. 1. Inequality (3.2) is easily proved by the following inequalities:
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| A(u, v)| = /; (Z ! %e-“lzl _aa_:_ + eulzlue-p|;|v) dx‘

tm=l

(3.5) é ‘”Zl [fn (ep[zl g_:xu_‘)2 dx]l/ﬁ[j;' (e-lllzl ga_xv‘)’ dx]l/2
1/2 1/2
+ [ (eplzlu)z dx] [/ (e-nlslv)z dx]
Ra Ra

S Cllullw..,oczw o]0, —prc2a -
2. Let o € W}, _,(R,) and let u = pe~**'*!, By direct computation, we have

Qe ™) _ auiar B0
aX¢ 8x.-

—2ulz]

3.6) — 2ue b sgn x;.

Hence,

Hulﬁr...*(n.)

(3.7) § 2[f [ie—mlsl(ba;v_)2 + 4nnzvze—4ulsl +vze-4nlsl]e2nlzl] dx
Ra i

i=l

= C| l”“z;v..-.-(n.)
which implies that ¥ € W, ,(R,). Furthermore,
IA(ve-zulsl’v)I

| o0 L 3_~2ulz| I
TR SR

g “U“aw.._’l(g.) - 2"" “vlﬁva.-p‘(ﬂn) g C”v“?vt.-“(xu)‘

Inequality (3.8), together with (3.7), proves (3.3).
3. Replacing p by — p in the above discussion we have inequality (3.4).
Let us prove a further theorem.
THEOREM 3.2. For sufficiently small |u|, we have

3.8) =

(3.9) | 4(S} U, S| = CIIS}Ullw. e a8} Vllwe o prcams
(3.10) a2 e AU SV 2 CUSI VIl pocao
and

(3.11) sup | 4(S7U, SiV)| Z C|IS]Ullw,.0r 0

18V wy, —p(Ry)S1

Proof. 1. Inequality (3.9) follows immediately from (3.2).
2. To prove (3.10), take ¥ € QU» and let U(k) = V(k)e **'¥*, then

[1U|gn S 2},"[% zk: i [V + 1) — VR e

im]

(3.12)
+ (2’1)2C E lV(k)lz e—zlﬂklh + Z |V(k)l2 e-?l'klh]
k k

which implies that
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[1Ullgysn £ Cll Plla-pren.
Hence, by Theorem 2.1, we have

(3.13) 118} Ullw,.2 2y S ClISTV|wmprczare
Furthermore,
| A(ST U, StV
(3.14) ./;. £ [ Z V(k)e‘nlilh .(— —k)][ax' ; V(k)(b;( )] dx
~2ulkIp (X - 5_ .
+ /. [; V(k)e ' sof(h k)][; V(k)go,(h k)] dxl

However,

25 vage (£ - k)

ox; § 1 h
(3.15) = Z,,: vk + 1‘;1) — V() W“(«i _ k)e""'"'“

- 2u }: vk + 1.)¢;, ‘(— - k)Q 2aIbIn

with Q, uniformly bounded, independently of k. Now we obtain
(3.16) | A(SIU, StV = Cl|| V]|o_,sr — 2uC|| V|la_,en] with C > 0.
In fact,

[ [}: Pages# %, (% — k)][; V(ky,.,.(’;‘ - k)] dx
Ll mt-o]
+ [; V(k)w(’;‘ - k)(e-mm _ e-a,.m)][; V(k)¢,(3;; B k)]] .

Using Theorem 2.1, we obtain

I X [Z """*’f(i - ")‘e"""" - ”“"')][E V(k)so,(— - k)] dx

k

< f,, ) [Z Q] m(i- - k) oG, x, k)| 2u][§‘, RQ] w(i- - k)]e”""' d

< 2uC |Vl pooss

where Q(u, x, k) is bounded independently of k because of the compact support of
¢4(x). By a similar argument, using (3.15), we obtain

[ [ 3 ool = ) [[a% 3 v~ 1))
= | e# Z [ E V(k)go,(— - k)]2 dx + R

Ra t=1

@3.17)
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with |R| < 2uC ||V]|5_,:.». Hence, for sufficiently small |u|, we have
(3.18) | AU, SiV)| 2 ClIVl[a_en Z ClISIVI[i.prcrm -

From (3.18), using (3.13), we get-inequality (3.10). Inequality (3.11) is proved by
changing u to —u in the above discussion.
This completes the proof of Theorem 3.2.

4. The Finite Element Method and its Convergence. In [6] we proved the follow-
ing two theorems.

THEOREM 4.1. Let H, and H, be two Hilbert spaces with scalar product (-, - )g, and
(+5 *)u,, respectively.

Let B(u, v), u € H,, v € H,, be a bilinear form on H, X H, such that

“4.1) [B(u,v)| = Cillulla, lIv]ls.,
4.2) sup  |Bu,v)| Z Collv||a,,
tlulle,s1
and
4.3) sup  |B(u,v)| = Csl|ul|a,,
IiollAEss1

with C, < «, C; > 0, C; > 0.
Let H} be the space of bounded linear functionals on H,. Let f & Hj. Then there
exists exactly one element u, € H, with

4.4) uolle, = [Ifller.-/Cs,
such that
4.5) B(uo, v) = f@©)

Jorallv € H,.
THEOREM 4.2. Let the assumptions of the Theorem 4.1 be fulfilled. Further, let M,
and M, be closed subspaces of H, and H,, respectively. For every v & M,, let

(4.6) sup  |B(u,v)| = do(M;, M,) ||v||,

Iullgys1

with dy(M,, M,) > 0, and for every u & M, let
4.7 sup  |B(u,v)| = ds(M,, M) ||u|l|x,

llollHgs1

with dy(M,, M) > 0.
Let f € H, be given and let u, denote that element of H, for which

(4.8) B(uo, v) = f()

holds for all v € H, (such an element exists and is unique by Theorem 4.1).
Assume there exists w & M, such that

4.9) o — w||la, = 8.
Furthermore, let fi, © M, such that
(4.10) B(dy, v) = f()
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JSor all v EWM,. Then

C,
4.11 — 4 S|\ 14—
@D llto = oll, = [ + Zo,, Mz)]
We will utilize the Theorems 4.1 and 4.2 to analyze the solution of the equation
(1.1) —Au+ u={.

Let us first prove Lemma 4.1.
LemMa 4.1. Let f € W3 _(R,), then

/. -—udx

Proof. For any f € C with compact support,

du
j;.ax‘udl ./;;féxidx

The functions f € C* with compact support are dense in the space W; _.(R.),
hence, (4.12) holds for all f € W3 _(R,). The following theorem will complete the
preparation for the main results of the paper.

THEOREM 4.3. Let f € W, (R,), | = O, |u| sufficiently small. Then there exists
exactly one solution u of Eq. (1.1) in W} ,, such that

(4.13) Hallwe,pi+s e S ClIfllwa.utcen-
Proof. Since f € W, ,(R,), we have

(4.12)

= [Hwas=peczm Ul wa, ur Ra) -

= fllwa. —uecrm 4]l w, p3 R0«

Ty(u) = j; fu dx, T cwa, =tz S [fllws, 00 R0 0

Using Theorems 4.1 and 3.1, we have

Hullw,.arrm S Cllifllwa oz S Cllfllwa st care
Differentiating both sides of Eq. (1.1), using Theorems 4.1, 3.1 and Lemma 4.1, we
obtain

9u_
ax"

§ C“f”w...'(x.) é C”f”Wl.n'(R-)'

Wi, u'(Ra)
Hence,
[u]lw,.u2czm S ClIfllw..etn-

By differentiating Eq. (1.1) / + 1 times and using induction, we obtain (4.13) for
Eq. (1.1).

Let us now describe the finite element method. Let f € W; ,(R,) and let y(k) bea
decreasing function of 4 defined for A > 0. Let

(4.14) Uy i(x) = D Ckdi(x/h — k).
lklsS ¥ (h)

Let us determine the coefficients C(k) such that
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(4.15) A(up,y,i,0) = R fodx

for all v of the form (4.14).

We can now prove the main theorem of the paper.

THEOREM 4.4. Let f € W, (R.) and let y(h) = h™* for any given ¢ > 0. Let u,
be the solution of (1.1) in W, (R,).

Then on every compact domain 2,

(4.16) [luo — uny.illwe S CH M |fllwa.otcre

for j = 14 2, where

(4.17) el ooy = fﬂ [E (%:_)a + u’] dx.

il

Proof. From Theorem 4.3, we have u € W }'3(R,). Therefore, u, € W}**(R,)for
s = 0 also. Let us use a cut-off function x(x) € C” with x(x) = 1for |[x| < 1 and
x(x) = Ofor |x| = 2. Define x,,¢(x) = x((¥(#))”'3x) and o, A(x) = xa,4(X)us(x). Then

uo,a(x) = 0, for |x|[ = Fy(n),
uo,n(x) — ug(x) = 0, for le = %‘I’(h).
and

[uoalwe,ot+2cray S ClIflwa,0tcrn-
In [14], we have shown that for j = I + 2 there exist d(h, k) such that

uos = 2 dlh, k)so,-(’;‘ - k)

We have also shown that the support of

wx) = 3 d(h, k)ga,-(’—; - k)
k

lies in a LA neighborhood of the support of u,,,, i.e. the support of w(x) lies in the set
0%, = {x; |x| = %¥(h) + Lh}. Therefore, for h small enough,

Ony = {x; [x|S ¥} D OFy.
For u < 0, |u| sufficiently small, we obviously have

é CI IuO.hl an.o‘+'(Bn)hl+l'
Ws,0'(Rn)

(4.18)

(4.19) [luo — Wllw...ocze = Hton — Wllw. srzw + lton — ullw,. 20

< CIE 7 Ifllwaatcae + € lfllw.. oo ls
since up,, — u = O for |x| < 3y(h). However, e**™/® = ¢~ % < Ch'*!, Therefore,
(4°20) ”uo - WHW.,,'(R.) é Chl+l Hf”wn.o'(ﬂn)9
and hence, from Theorems 4.2 and 3.2, we have
4.21) uo = wnv.illwa sz = CE™ [[fllwa,0rc2mrs

the desired result.
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Let us count the number T of unknowns in (4.18) which we have to determine by
solving a system of linear equations. It is clear that T is of the order A™"***.
Now let the “effective” H (see [7]) be defined by

4.22) H = ()"
Thus H = h'**. Hence, instead of (4.16), we may write

(4.23) o = tnw.illwercy S Cles DH* [|fllw.. 01w
= C(e, QT 1*V/ il wa.otRay -

Now, by the same manner as in [7], we can show that the rate of convergence
indicated in (4.23) is the highest possible rate of convergence on every compact
domain, provided that we neglect the e.
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