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Stability of Parabolic Difference Approximations to
Certain Mixed Initial Boundary Value Problems*

By Stanley Osher

Abstract. We consider the equation
ue — alx, Dz — blx, Duz — c(x, Nu = f(x,

inaregion0 < x < 1, ¢ = 0, with inhomogeneous initial and boundary data. We are con-
cerned with stability and estimates on divided differences in the maximum norm for solutions
of consistent implicit, multistep, parabolic difference approximations to this problem. Using
a parametrix approach, we give sufficient conditions for certain estimates to be valid.

1. Introduction. In this paper, we shall consider invertibility, stability, and
smoothness up to the boundary of the solutions of a general class of implicit multistep
approximations to heat-type equations in one space variable in regions with bound-
aries. In an earlier paper [3], we proved a stability theorem for more general problems
but allowed only constant coefficients. Here, we require mild smoothness of the
coefficients, and we then estimate not only the solution, but certain of its divided
differences.

The results extend those of Varah [11]. In his paper, he considered only explicit
one-step approximations to the constant coefficient equation with no lower order
terms. The main results in both involve the kind of normal mode analysis which
was discussed in [2], [3], [4], [12].

The parametrix technique was used by Widlund [8] in his paper on approximations
to the initial-value problem for more general parabolic systems. Many of the estimates
for this mixed problem are similar to those he obtained for the analogous initial-
value problem.

The invertibility technique modifies some of the ideas of Strang [6], [7] in his
papers on difference schemes for which the solution is assumed identically zero
outside the region.

Our accuracy assumptions at the boundary and the normal mode condition at
z = 1 seem to be necessary in order to obtain the appropriate estimates on the first
divided differences up to the boundary. The example (9.1) below indicates the diffi-
culties involved in weakening these assumptions.

This last example was due to Bjorn Engquist, and the author would like to thank
him for several stimulating discussions on these and related problems.

2. Preliminaries. We are considering the mixed problem for the equation:
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14 STANLEY OSHER

(2~1) u, — a(x’ t)uzz - b(x’ t)uz - C(-\', t)u = f(x’ t)
in the region,
(2.2) 0=sx=1, 0st=1T, T< o,

with bounded initial conditions:

2.3) u(x, 0) = uo(x),

and boundary conditions:

alu(o’ t) + a?“:(ot l) = go(l)’ O é
Blu(ls t) + ,82ux(l’ t) = gl(t)s

Each «;, 8; is a complex number with

led| + lo3] = 1 = |B]] + I63].

We assume that f(x, 1), u(x), go(2), g:(?) are all bounded in their regions of defini-
tion. Moreover, the real part of a(x, #) is bounded below by a positive constant c.
a(x, t) has the property:

2.5) laCx, £) — a(xo, t)] £ C(Jx — xo|” + |t — #]),

for some constants C, v, v > 0. (We shall often use the same letters C and ¢ to denote
different positive universal constants. C denotes a constant bounded above by + «,
¢ denotes a constant bounded below by 0.) We also assume that b(x, 7) and c(x, ?) are
uniformly bounded and measurable in x and ¢.

We are concerned with the following finite-difference approximation to this
problem. We introduce a mesh

x, = vh, V=—‘S,—‘S'l—l,"',0,1,"',N,N+l,"‘,N+l,
(2.6) s, 1, N are nonnegative integers, and Na = 1,

t,=nk, n=1,2,---,T/k, with\ = k/h* = constant,

2.4)

and solve

1
> doix, 8, BE(x, t + K, b)
2.7 i=-s

R 3
=2 ( 2 duilx, 1, h)E‘)v(x, 1 — nk, b) + kf(x, 1).
n=0 \jm—g
Ev(uh) = o((u + 1)k), x = vh, and » takes on all integer values between 0 or 1 and
N or N — 1. For the Dirichlet problem, a; = 0, we require that » = 1, otherwise
v = 0. This is done in order to improve accuracy at the left boundary. Analogous
statements are true near x = 1.
Also, t = nk,R < n = T/k — 1, and for x = vh, v(x, 0, h) = uy(x). The functions
v(x, k, h), -+ , v(x, Rk, h) are given by some bounded compatible starting procedure
as defined in Widlund [8]. Each finite-difference operator is of the form:

l
> d,.ix, t, E = a, + 2, B,.ux, DK (AD)
(28) jm—g a+k=2
= a, + 0.(x, t, hD, h).
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The «, are real constants, with @_;, = 1, and AD is one of the operators hDy, hD,, hD_,
with

hDw = £@(x % h) — v(x)), hD, = 3(hD, + hD.).

The elements of these matrices are supposed to fulfill the same conditions as the
coefficients of the differential equation. Thus, we assume that they are bounded and
measurable and that those with ¢ = 0 obey a condition like (2.5). We define Q.",
the principal part of Q,, to be the sum of those terms of Q, for which ¢ = 0.

In general, we must define the functions v(x, ¢, k) outside the region 0 = x < 1.
We assume that f(x, 7) and u,(x) can be extended smoothly to the region —e = x <
1 + ¢, for some ¢ > 0, and that each v(x, ¢, k) satisfies the boundary conditions in
(2.11) below.

Consider the equation

(2.9 2P — gt — @t — oo —ag = 0.

Denote the roots to this equation which lie on the unit circle by e*¢*, k =
1,2, ---, k,. Then we assume that for all £, 0 < ¢t £ T, and all ¢,

R
e ™ d, _(0,1,0) % d..,.(0,1t, 0e ",
(2.10) =0

R

2 € 7,0, 1, 0) # doy1(0, 1, 0)

u=0

It is clear that we need additional conditions to specify v completely; this we do
as follows:
(2.11) If @; = 0, then we have

ook, nk, B) — > bWk, nk, B)

j=1
= [1 - Eb:?}(h)]go(nk), p=0,—1,:+,~s+1

i=1

If @, ¢ 0, we then have
v(ph, nk, k) — Z bV} (mw(ih, nk, h)

h do
= ;zgo(nk)[ - b;?i-(h)f] , Dp=—1,—=2,---, —s.

)

The conditions on the right boundary x = 1 are exactly analogous.

B =0) o(l + ph, nk, k) — Z b (kw1 — jh, nk, k)

jml

= [1 - Z; bif}(h)]gl(nk). p=0,1,2,--+,1—1.

B, = 0) o(l + ph, nk, h) — Z b1 — jh, nk, h)

i=0

=% (P + }: bﬁ‘i(h);)gl(nk), p=1,2 -1
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The following notations will be used:

I”D(', nko h)l” = sup ID(Vh, nk» h)l»
(2.12) ’
oG, -, BI|] = suE) lv@wh, nk, h)|.

Definition 2.1. The difference equations (2.7), (2.11) are invertible if, for arbitrary
right-hand sides in all three equations, there exists a unique o(x, ¢ + k, h) satisfying
the equations. Moreover, ||o(-, ¢ + k, h)|| is bounded by a constant times the norm
of the right-hand side. This is equivalent to the statement that the difference operator
I 4 Q_(x, t, hD, h) is uniformly invertible on the space of vectors obeying the bound-
ary conditions in (2.11).

We shall obtain necessary and sufficient conditions for the difference approxima-
tion to be invertible, and sufficient conditions for certain estimates on the solutions
to be valid. We think that these estimates are sharp.

3. Statement of the Main Results. We make the following assumptions about
the difference approximation:

(a) The difference approximation (2.7) is consistent with the differential equation
Q..

(b) If we construct the matrices Q{"(, ¢, £) by replacing hD,, hD,, by i sin ¢ and
(2isin £/2)e**** in Q" (y, t, hD), then theroots x;, 1 < i < R+ 1, of

A+ QUL 1, ) — X0 + 4V, 1, 8)
— e —(ar+ @O, E) =0

3.1

satisfy x| S 1 — c |§]°, —7 < £ S , i.e. (2.7) is a parabolic difference scheme as
defined in [8]. We might also equivalently define Q$"(, t, wh) as e™***Q (y, ¢, hD)e*"*.
(c) The matrix

- 3

a a a, -°°° ar
1 0 O 0

0 1 0

\0 ............ 0 J

has a simple eigenvalue equal to one, all its other eigenvalues lie on or inside the
unit circle, and all its eigenvalues e‘** on the unit circle are simple. (The Dahlquist
root condition, which is necessary for stability, is valid.)

@01 + 240, ¢, ] = O for any y, 1, &

(e) The change in argument of I + Q%)(y, #, §) as ¢ goes from —x to = is zero
for all y, ¢.

(f) The functions b'(k) are C* in a neighborhood of 0 for A = 0if a, ¢ 0, C' if
a; = 0. Moreover, the boundary conditions (2.11) are consistent with (2.4). That is,
if ay = 0,then 1 — > %, b9(0) # 0,and u — >, b2(0)j = O,foru = 0, —1, -+ ,
—s+ 1.If a; 2 0,thenfor p = —1, =2, .-+, —s.
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1= D biPh) _ o
B— D2 b))

and p # 225% b7 (0)).

Analogous conditions hold at x = 1.

Before listing the remaining assumptions, we shall consider two related problems.
We define the right-half problem to be Eq. (2.1) in the region 0 £ x < « with the
same boundary conditions at zero, and the functions a, b, ¢, f, and u, extended to
plus infinity, keeping all the smoothness and boundedness properties. We take the
difference approximation to be (2.7) extended smoothly to the region 0 < x < «
with the same boundary conditions at zero. The left-half problem is the complete
analogue in the region —» < x < 1.

(g) The set of equations

h + o),

]
> d_y,;(0, t, 0)Ev(vh) = 0, v=a,a+ 1, -,
3.2 =

2 BIOEDO) = v(h), w=a—1,a—2,-,a—s,
(@ = 0 or 1 depending on the problem), for all #,0 < ¢ < T, has no nontrivial solution

{o(vh)} ..., satisfying D0, [o(wh)|” < .
(h) The analogous statement is true for the “frozen” left-half space problem:

1
2 dyi(, 8, 0)Ev(h) = 0, v=N+a N—1+a,- -,
(3.3) =
ol 4+ ph) = 2 b0 — jh), p=a+1,a+2,--,a+1,
a = 0 or —1, depending on the problem.
The following two conditions involve checking for normal modes. These are the
crucial stability requirements.
(i) Consider the set of equations

1

Z [Zd-l.i(o’ t, 0) - dO,i(O’ t, 0) -

j=—u

dl,i(o) t, 0)
z

—_— e e — dR.i(OI; t, 0)]Eix(l’h) = 0,
z

x(ph) — f: by (0)x(jh) = 0,

v=aa+1,:---, p=a—1,---,a—s, forallst

We assume that for |z| = 1, z % e’**, the unique bounded solution is zero. If &, = 0
and z = ¢'**, we make the same assumption. (Recall: The numbers e‘** are those
eigenvalues of the matrix in (c) which lie on the unit circle.) We next assume that
if a3 ¢ 0, then for each z = e'**, x(vh) = 1 is a solution, but there exists no other
linearly independent solution having the property |¢(vh)| < ¢,v + ¢, for some positive
constants ¢, C;.
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(j) The analogous statement is true for the left-half space problem.
As a crude example of what these conditions mean, we consider an approximation
to the heat equation with zero boundary data in the right-half space:

B4 v =0+ NI — W F Vi), Ji=1,2,, 0<A<4, v = 2v.

The function v” = (1 4+ A\/2)"277 satisfies these equations, and hence no stability
estimate can be obtained.

We may now state our main theorems.

MAIN THEOREM 1. Under the assumed smoothness hypothesis, the invertibility con-
ditions (d), (e), (g) and (h) are necessary and sufficient for the invertibility of the two-
point boundary value problem. Moreover, conditions (d), (e) and either (g) or (h) are
necessary and sufficient for the invertibility of the right-half and left-half space problems,
respectively.

MAIN THEOREM II. All these assumptions imply the validity of the stability estimate
below, for the two-point boundary value problem. Moreover, the right-half and left-
half space solutions obey the relevant estimates under the relevant assumptions.

We shall state our estimates in several parts. If the boundary functions g.(?)
and/or g,(¢) are identically zero, then we have

(3.5) G+ &7 Do, ¢, M| £ € Il + lluwlD, 7= 0,1.

(D is applied at these points x for which we may define Du without leaving the space

mesh.)
Next, suppose f and u, are both identically zero. Consider the right-half plane

problem. If a, # 0, we have an estimate, for x = 0,

—cz/h —nz'/ll
’

loCx, t, )] < sup |go(s)|V/t C max [e
(3.6) OSlSl

| Du(x, t, h)] = sup |go(s)| C max [ [ + A + hl gmesrn gmesrVt 1y (c': )e""":]»

Ossst

Next, if a; = 0, we have the weaker estimate, for x = 4,
[oCx, t, )| = C |20(0)] + |go(®)| + Ct Sup |20(s)]
(t—k)/k

+Csup 3

s=Rk

. R
gols + k) — 2 a,g(s — uk)l ,
3.7 #e0 :
|¢¢ + k)'* Du(x, t, B)| < Ct sup lgo(s)| + C |20(0)]

(:i/k lgo(s+R)— D %, a,80(s— uk)
P l (‘_s)l/z

This estimate is weaker than (3.6) in that it involves the variation of g, rather than
its maximum norm.

We have completely analogous estimates for the left-half plane and two-point
boundary value problems.

Finally, we may treat the general case by letting o(x, 2, &) = vi(x, ¢, h) + v(x, ¢, h),
where v, satisfies the problem with homogeneous boundary conditions, and v, satisfies
the homogeneous equation with zero initial data. We may then obtain the appropriate

4+ Csup ( (t+k) ’) .
k
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estimates for o and its first divided differences by adding (3.5) and one of (3.6) and
using the triangle inequality.

4. Invertibility. We shall consider the right-half plane problem first. If all
the b.7’(h) = 0, then the work of Strang [6] guarantees the uniform invertibility for
|h| sufficiently small, in view of conditions (d) and (e). (Strang assumed Lipschitz
continuity in x, but his proof works with our weaker smoothness assumptions.) In
our more general case, we may view the difference operator plus boundary conditions
as a finite-dimensional perturbation of the invertible operator T, of Strang. We call
this operator T, + S,, as in Osher [4]. A necessary and sufficient condition that this
operator be invertible is that the finite-dimensional operator (I + S,7,") acting on
the range of S, be uniformly invertible as # — 0. However, according to Strang’s
construction of T,*, S,T;" acting on the range of S, differs from the frozen coefficient
operator for x, = h = 0 by terms of order A", Thus, assumption (g) and the analysis
in [4] imply invertibility of the right-half problem, for |A| sufficiently small.

Conversely, suppose the operator is invertible. If (d) is violated for some x, # 0,
or at «, then we may use Strang’s argument [6] to show that the adjoint of (T, + S,)
fails to be invertible on /,, 1 < p < o, and thus, in fact, so does (7o + So) on /.
(The boundary conditions play no role in Strang’s proof if x, # 0.) If x, = 0, then
we need only consider points centered around x;, = Ak + 5, § > 0, A is a positive
fixed integer independent of A. The argument then follows in the same fashion.
Thus (d) is necessary. If the index in (e) is not zero, then we may use Strang’s argu-
ments and the theory of Téplitz operators to show that T,, and hence T, + S,, is
a completely continuous perturbation of an operator with a nonzero index, and is
hence not invertible, If (g) is violated, then we let

“4.1) v = [((=s + a)h), -+ ,v(0),0(h), -]
be a solution of (3.2) with I, norm one. Consider
(4'2) Vs,p = [U(("’S + a)h)’ ctt 0(0), b !v(nh), 0’ Ctt 0’ M ']s nh = 6’

as h — 0, it is clear that ||v;,,|| — 1, while ||(To + So)vs.4l] = C8°.

We have thus shown that conditions (d), (¢) and (g) are necessary and sufficient
for the right-half plane problem to be invertible. A similar statement follows for
(d), (e), (h) and left-half invertibility.

We next consider the two-point problem. If each of the b{?’(k) = 0, then Strang’s
“twisted factorization” in [7] and conditions (d) and (e) guarantee uniform inverti-
bility. Again, we may write the total operator as T, + .S,, where S, is the finite-
dimensional boundary perturbation. We need only verify that, if (g) and (h) are
valid, then (I + S,T5%), acting on the range of S,, is uniformly invertible as # | 0.
This follows because of the nature of the “twisted factorization”, and because the
influence of each boundary on the other decays like Cu'/*, where u is some fixed
nonnegative constant less than one.

Conversely, suppose the two-point problem is indeed invertible. The previous
arguments which involved condition (d) are still valid. Suppose (e) is violated and
the index is positive. Then the right-half plane operator also has positive index, and
hence has an approximate null vector:
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4.3) ((—s + a)h), -+ ,v(0), - -+ ,v(nh), 0, -+, Olres<1se

and hence, as & — 0, the two-point operator is not uniformly invertible. Similarly,
if the index is negative, the left-half plane problem has an approximate null vector
beginning at x = 1 + (I 4+ a@)h and working backwards. Thus, (e) is necessary. If
condition (g) or (h) is violated, the arguments which worked for the half-plane prob-
lems are still valid.

5. Constant Coefficients. Construction of a Parametrix. We analyze the right-
half plane problem first. Consider the equation on the right-half mesh:

R
(5.1) I+ 0%, t, kDw(x, t + k, h) = D (@ + 0" (v, t, hD)w(x, t — uk, h)

a=0
with homogeneous boundary conditions (2.11). Following the usual procedure, we
transform the equations into one-step formulas. Introduce the (R 4 1) component
vector:

(5.2) B(x, t, h) = {v(x, t, h), -++ ,v(x, t — Rk, B)}T
(T denotes transpose). Then the homogeneous equations (2.7) and (2.10) transform to
5.3 B(x, t + k, k) = QO(x, t, hD, h)(x, t, h),
where
[0+ 0.0 @+ 00 -+ U+ 0.0 @+ 02))
1 0 0
54 0=
0
( 0 0 1 0 )

Each component of # obeys the boundary conditions at x = 0. By (I + Q.,)"}, we
mean the inverse acting on the space of those # which obey the homogeneous con-
ditions.

Definition 5.1. The Green’s function for the right-half problem is an (R 4 1)
square matrix I'(x, gk, x,, pk) defined on the space mesh in x and x, and the time
mesh for Rk < pk = gk = T, satisfying

(5-5) I‘(x’ pk: xOs pk) = a(x) xO)I’
(5.6) OT'(x, gk, xo, k) = T'(x, (g + 1)k, xo, Dk),
(5.7 T(uh, gk, xo, pk) = °Z' b\ (MTGh, gk, x,, pk),

i=a
for uh at the boundary points.
The Green’s functions for the left-half and two-point problems are defined

analogously.

Most of the remainder of this work will be devoted to obtaining appropriate
estimates for this function.

We begin by considering the equation:
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(5.8) (0P (xo, t, hD) — 2)n(x, Xo, 1) = 8(x, xo)I
for |z] > 1.

We wish to solve this for fixed x, = vh and all x = vh, » = 0, &1, £2, ---;
the solution is required to be bounded for all x, but no other boundary conditions are
imposed anywhere. Let the element in the ith row and the jth column of n(x, x,, #)
be denoted by #,;(x, x,, #). Then (5.8) implies that if x # x,, then

1
7:i(x, Xo, ) = 7T mi(x, Xo, 1).

Also, if x = xo, then, if i = j# 1, n;; = m;/z' ' — 1/27*,ifi < jor j = 1 then
7:; = m;/2°"". Then (5.8) reduces to

(1)
4+ 0%y [[(ao +0) — 1 + o) + LA

(ax + 0%’
+ - + ﬂ_}}-——]ﬂu(xn Xo, t)

z
(5.9 = 8(x, x), ifj=1,

(1)
= 50, xo)(I + o“’)“( y tg) )), i)z 2.

t=y-1

For our purposes, it will suffice to let the right side above be [(I + Q))™*/z"18(x, x, ).
We call #,;(x, xo, £) = £(x, X, £). We must now solve

(1)
(5.10) z“[u - 0%z — Z @ +0 "' Qi )];(x,xo, ) = 8x,x), |z>1.
i=0

This is easily done with the help of a Fourier transform. We have

2r exp iE((x — x0)/h) d§
G g =g | z"[(1+ 0 — 3 @t Qm(s»]

-

Next, we consider a homogeneous equation on the right-half space x = 0 (or
x 2 hif it is a Dirichlet problem):

(5.12)° @, t, hD) — zI1®(x, 1) = 0,  |z| > 1.

We may again reduce the solution of this matrix equation to that of the scalar
equation:

(1)
.13) [(1 o - 3 (ﬂi—Q—L—)]x(x, H=0.

i=0

For simplicity of notation, we shall assume we are not dealing with a Dirichlet
problem, i.e. we have x = 0 in the above. (The necessary modifications are simple to
make it Dirichlet.) The general solution is a linear combination of s linearly inde-
pendent solutions, which we may write

F] ’ 2r
G.14)  x(x, 1) = ZC—"—f

=21 Jo

el’(x/h+k-—~:)€

$ @t Qf-”(s»] %

i
j=0 z

[(1 + QU@ —
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We may compute this integral using residue theory. For all but a finite number of
z, we may write

(5.15) x(x, ) = 2 ¢,
j=1

where the r; are the s distinct roots of

R
(5.16) 0= 2, (zd_,,,(o, t, 0’ — 277, 40, 1, 0)7’“)
jm-a v=0
which lie within the unit circle. See Varah [11] for a more thorough discussion of this
matter.
Now we require that x(x, 7, z) 4 {(x, Xo, ¢, z) obey the boundary conditions, or

1o Qo

(5.17) x(wh) — 2 b (xGh) = —t@h) + ; bui (EGR).

We may use (5.14) or (5.15) and (5.11) to see that this becomes an inhomogeneous

linear system of s equations in s unknowns. We need the following important lemmas:
LeEMMA 5.2. The equation

1 R

(5.18) E I:Zd-.,,i(xo, t, 0" — Z z7’d, (%, t, 0)1'“'] =0
j=—s v=0

in some neighborhood of ¢'**, |z — €'**| < ¢ 0 < ¢, has two roots 74(2), 7.+:(2), which

have the property that for |z| = 1, z 5% €'*, |r(2)] < 1, |141(2)| > 1, and

— €

iek\1/2
n@) =1— (z———f—) + 0(lz — &'**)),
(5.19) €

— e

'z ior\1/2 .
Tea(2) = 1 + (T_) + o(lz — &'**)),
where the real parts of c.e”*°* are bounded below by a positive constant, A branch cut is
drawn along z = e'** + tc, fromt = 0 to t = — «, and we choose that branch of the
square root which is positive for positive values of the function.

Proof. Parabolicity and condition (c) guarantee that for |z| = 1, z # e’**, none
of the roots 7; lie on the unit circle. Condition (c) implies that for z = e‘**, 7 = 1is
the only root on the unit circle. Consider the equation

R
I+ 040 = 3 (@ + 0" =0,
(5.20) i=0
¢=¢+ inneart, n = 0,z = €'**.

Introduce the variable ¢ = e~***z — 1, The equation transforms into:
R
0'((R + l)et’(R-l-l)wh — E a,,(R — u)ei(R—u)¢b> +et'(R+l)¢bQ_l(g-)
(5.20") #eo :
R
— 2, F0,0) + 06" + [¢7 o) = 0.

B=0

The second part of condition (c) guarantees that the coefficient of ¢ above is nonzero
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Thus, by consistency, |¢| = O(|¢|?) when ¢ — 0. The fact that o is a simple root of
(5.20") for ¢ = 0 guarantees an expansion:

o = Ci* + Git* + 0*), in a neighborhood of ¢ = 0.

If ¢ = ¢ + i0, then parabolicity guarantees Re ¢ < —'ic £, This implies that
Re &, < 0. We may solve for ¢ when ¢ is in a small neighborhood of 0 and obtain

4

1/2
$e = i(ég) + O(la]).
But

Tok

1/2 7 — e
)"+ oteh = 1 = (2 —

o
.

the result is now immediate.

Notice, we may easily show that if e'¥* = 1, then ¢, = a(x,, £).

LemMA 5.3. For any 8" > 0, 8" > 8} fixed, there exist positive numbers &', C,
p < 1, such that if, for each k, |z — &'**| > 8", |z| S 1 — &, then

; 1/2
r=ef=1% i( ) + 0(lz — &'**]);

(5.21) §Cxs Xo, £, 2) = Koopoy(t, 2),
¥(x, o, t,2, B) = Lowra(t, 2, B,
where both K,_, ,(t, z) and L,.,.,(t, z, h) are analytic in z in this region and
|Komro(t, D] S €7 |Lousn (2, D] S Cp™*.

Proof. If we perform the integration in (5.11) and (5.14) and keep in mind that
the roots r; lie well inside or well outside the unit circle, then we have reduced the
problem to proving that (5.17) has a unique solution in this region. This follows
from assumption (i) and the smoothness of the b,;(h).

We now wish to analyze these functions in a region {|z — e**}| S ¢,z = 1} = SP.
‘We perform the integration in (5.1) and obtain

. e
ifv 2 vy, $Cx, x0) =

(5.22) (1, — Ta+1)

y—yo

ify S o, £05 30) = = A6 F Comrn@. -

Ay(2) and A4,(z) are analytic functions of (z — e***)"* in |z — €**}| < ¢, B;(z) and
Ci(2) are analytic functions of z for |z = 1 — ¢, and

ICi@)| = Ku™', |B@)| £ K, K>0,05u<l;

AD(Z) + B(,-,,)(Z),

and

A p M .

T — Ts+1 Ty = Ts+1

We may use (5.14) to write

(5.23) x(h) = airi + X ¢;piv, 2)s

i=2
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where again each of the p,(», z) is analytic in z and decays exponentially in v. Equation
(5.17) now becomes an algebraic system:

(5.24) BV = W, V=1, ,cl.

We shall now consider the non-Dirichlet case first. The element in the uth row,
first column of B is

do
"t — Za b, (h)ri
T

<
z_e¢1=

(525) = — X b)) — (—p — X b‘.‘L’,(h)»(

— ,i¥s\1/2 .
- (2_" _ (Z__"__) )(—u — X S + 0(z — €| + ).

Ay Ck

1/2
) + O(lz — €°**|)

If B= {B,(z, h)},and —p — > b_,;(h)j = &,(h), we claim that the matrix
&(0) |
. |

(5.26) B,i(€'**, 0)

|
|
* {
2.(0) |
has a nonvanishing determinant. If the determinant did vanish, then it is clear that
the last statement in condition (i) would be violated. This, of course, implies that

[det B, 0)] .
II @ — &4y #=0 if|z| = 1.
k

We may then use Varah’s argument to show that [B(z, #)]* exists if |z — e***| = ch®.
Moreover,
(5.27) det B(z, h) = ((z — et — % h+ O(h’))fk(z, h)

2

w'ih fi(z, k) and f;(z, k) analytic functions of (z — e***)"/® near z = e***.
Now we simplify W.

do
[r:rl - b‘.‘:’;(h)rin]

i=0
_ ivk\1/2 .
=1-= 2 b%Mm + ("——e—) [— — 2 b5uMA + Oz — €™**])
cx(x0)
o 7 — eivh 1/2 .
= [—‘ h+ ( ) ][—u — 22 bW + Oz — €7 + &)
(5.28) (¢ 2] cp(xo)
P 7 — eivh 1/2
_;zh_}j( cx(x0) )
o (z — e'*H\? Bae 1)
@\ c(0) )
‘;ﬁ hO(|z — €'} + h) + (z — **)°0(|z — &'**| + %)
+ o (z — ewa)l/z
az c:(0)
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Thus, W = [w, (1), -+ , w,.(s)]" has the property:

iok\1/2
a ci(xo) s
A‘(Z)—~' : : inh 1/2 Bnl(zs_h)fn-l
(rn — T.+1)¢ﬁ h (Z e )
(5 29) Q Ck(o)

__ ier\1/2 3, _—7o
4 QMmN A NIl o, ny + NG B,
a; z —e ieiy1/2

¢:(0)

where N(x, k) = 0if », > g, and is analytic as a function of (z — &'**)"'*, M;?(z, h)
decays exponentially in v, and is analytic for |z| = 1 — ¢ near e‘**. Thus, if we solve
(5.24) for the c;, we have

a " + (z - e-‘n)l/z
v _AiD) ¢x(x0)

w,, () = —

Qg

C) = —Ts41 = T, (Z _ eip.)l/z
(5.31) Qg c(0)
+ O((|z — & **)""* + W)l + _M,.z, )
X __ ik 1/2 B , h s
@— e'“)‘“(zﬂ h— (z————c B ) )det Ba, k) dtBER
2 kX

M, (z, ) decays exponentially in v, and is an analytic function of (z — €***)"*. We
notice that

a, [z — e‘“ 1/2 L iPE|y1/2)2
[az h (———ck(o) )"+ o + (z = e ))}
(5.32) det BG, h)

O(h + (z — " )'*)).
det B(z, h)

=Cc+
Thus, for j =2, --- , s,

_ 0|z — e**])* + ) Toil [l + o(h + (Jz — e-‘nl)l/z)z)]
€= @, (z — e""")l/2 z — ') det B(z, h)
(5.33) a, cx(0)

o(h + (|z — e‘"l)"z)z))_
det B(z, h)

Next, we consider the Dirichlet case, oy = 0. We then have

+ IMP@E, h) + NP, h)](l +

(5.25") 7t — Z‘, By = 1 — X b + 0|z — €D + 1
j=1
Also, if 1 — >_ b®(h) = d,.,(h), then the matrix

)
,0) |
(5.26") } } B,,"**, 0)
!

d.(0)
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has a nonvanishing determinant. If the determinant did vanish, then condition (i)
would be violated for z = ¢*¢*, Thus, we may write

(5.27") B7(z, h) = [Bi(z, h)]

with the property:

(5.28") Bz, h) = gii(e'*, 0) + O(((lz — &'**)'* + h)").

We have

(529 1t — z b (Wi = Bz, h) + O((|z — €'**)* + b)),
thus

e Bu@ AR | 0z — €D + s
(5.30") Wy, (1) = s+1 T + Gz — e"“)”” -

= Te+1
+ M@, by + NG, h),
and

_ _ AT, oWz = DY + )yl
(5.31’) Ty, — Tai2 (Z — el’@h)l/2

+ [M)(z. ) + NiY(z, DI 4+ Oz — & **)"* + B,
while, for j = 2, --- , s,

e = Wz = £ 4 Wil
(5.32’) ! (z — eim)l/2

+ [MP(z, b) + N, DI 4+ 0z — e °*])"* + m)).

Now, we have

()
-

[+ 7} > 0
ioi\1/2
) zZ — ¢
o — Toit 4 az h+ ( ¢x(%0) )
x@h, voh, z) = 7, p—— — l(z)_a_, ~ (z — e“")”z
Qs Ck(o)
i Oz — € '* 4+ b7y n M.z, h)
. : — girE\1/2 det B(z, h
(5.34) ¢ — enu)l/2<z_; h— (Z — (g) ) )det B(z, k) € (z, h)
olz — D + n' il
+ 12_417:(1’ Z)li B (z _ ewc)l/z (z — eiwt)l/z
a, cx(0)
o(h + (Jz — e"“l)‘”)’))
'(1 + det B(z, h)
" (i Oh + (|z — &'** 1)"2)“))
+ M@, b + Nz, h)](l + det BG. ) ,
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Qy = 0
. —vo o — piPE\1/2 h 2 ‘—:»
XOh, voh, 2) = r;[— Ay —TA YWz — e 7D A s
T — Tas1 z—e")
+ (M@, b + N, b))
(5.34") I+ oWz — €D + h)’)l]

o [0z = &)™ + m)rii
+ Z [( lz (ze_ e-'vb 1/2 .

j=-2

+ M@, b)) + N, b))
[+ oz — ' N* + h)’)l)p,-(v, z)]-

We thus have expressions for {(vh, xo, z) and x(vh, X, 2).
Definition 5.4.
-1

G(x, gk, xo, Pk) = 2°? dz[®(x, xo, Dk, h, 2) + 1(x, X0, DKk, h, 2)]

2ri

(5.35)
= Gg(x, gk, xo, Pk) + Gi(x, gk, xa, D),
where the integration is around some circle |z} = 1 + .

We shall use this G(x, gk, x,, pk) as a parametrix for I'(x, gk, xo, pk).

6. Construction of the Green’s Function for the Half Plane. We begin by ob-
taining an estimate analogous to Theorem (3.1) of Widlund [8].

THEOREM 6.1. There exist positive constants ¢ such that, for r = 0, 1, 2 and for all
pk, gk € [0, T, p < q, and all x, x, on the mesh for which D} makes sense,

|D'G;(x, gk, xo, pk)|

6.1)

Sch(@—p+ D7V exp [CBYg — p + DHA® — (x — x0)B],
and
6.2) | D'Gr(x, gk, xo, Dk)|

SCh(g—p+ 1)M exp [CBg — p + DA — (x + x0)8]

forallreal 8,0 = 8 < C/h.

Proof. We may use (5.9) and the analysis which precedes it, in order to reduce the
problem to that with ® and » replaced by x and ¢, respectively, in (5.35). We deform
the path of integration into the path

& + 8K’

6.3) lz2] = ™™ if |arg(ze **")| 2 ,
Cy

& > 0.
(C, > 0 and B°h* will be defined below.)

5 + B"’h”)"”
) =6

z exp [—ip] = exp [Cii6® — 6 + B°H’), 06= ( C
k
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60 272\1/2
s + B°h ) — 4.

z exp [—ip,] = exp [—Cii6® — 6 + B°4°], 0=56% ( C
k

Thus, we require 8°4* < min((r — 69)Cy, o — @r+1l/2).
We illustrate what the path looks like near z = 1 = e**',

2(6) = exp [C1 i02 - 92 4+ Bzhzl
z(0) = exp[- Cl 0% — 92 4 B2r2]

2] = &5

We may use the expression (5.21) to analyze the part of the integral taken over
'y, the circumference of the circles of radius exp[— ;). We can use the estimates in

(5.21) to show that

(6.4) é h-re—n8°Cp| y=vol

f [DfK(,_,o)(t, Z)Z"] dz

and

f DrL(H.,,)(t, Z)Zn dzl é h—re—n8°cpv+vo
To

for 8° = min &}. Thus, (8h)° < — In p(8°).
Thus, we need only consider the integral on the remaining paths T,
LEMMA 6.2. Along the paths T, we have

-BhC/2
eﬂ /

(6.5) max(|r|, |7, h]) S , C depends only on ¢,.

Proof. By Lemma 5.2, we have

~ieh __ q\1/2 ‘
1 — (e_z__l) + 0(z — &'**))

e "',

T1

(6.6)

[ (c;w? — ¢ + 8K
ce ot

1/2
)" + ol + s

We can easily see that the absolute value of the quantity whose square root appears
is bounded below by B°A*CL(((C))* + 1)V* |c)™". We need only require that the
argument of this quantity be bounded away from any multiple of =, but

0 < arg(Cli0° — 6° + B°A*) < tan™'(—C)),

and



STABILITY OF PARABOLIC DIFFERENCE APPROXIMATIONS 29

T 1 T
5 < arg(fke_w,') < 2

Choose C} so large so that tan™'(—C}) + arg(e****/c;) < w. The result then follows
for |r,|, and, similarly for |r;},|. (The inverse tangent of — C} was chosen to have an
argument between r/2 and =.)

Without loss of generality, we may now perform the integration near z = 1; the
results near any e‘?* follow in the same fashion.

We perform the integration first for ¢, using (5.22). Multiplication by D" is equiva-
lent to multiplying the first terms in the expressions in (5.22) by K,(z}(z — 1)"*)h™",
where each K,(2) is a bounded and analytic function of (z — 1)*. Thus, for these
terms, we must estimate

ol
6.7) f I — DY W2 K!(@)| |dz| expl— v — vo| CBAL.
0

This is bounded by
C exp [—|v — vo| cBh1A™" expl(g — p + 1)8°A’]

0,
(6.8) . f [6° + B°K°1 7 dO expl(—p + ¢ + 6]

since dz = 6[2C,i — 2]zdf. We next let 8 = y(g — p + 1)"*?, the upper bound
(6.9) Ch (g — p+ 1) expl—y — »| CBh + (@ — p + DE*A],

for all 0 £ Bh < C, then follows easily. If we replace C8 by 8, we then have the
estimate we seek.

D" multiplies each of the remaining two terms in (5.22) by analytic functions of
z divided by A". The results for these terms are thus easily obtained.

We notice that these estimates are valid for an arbitrary nonnegative integral r.
This fact is not surprising, since this function is the full parametrix for the free space
problem.

We now estimate the extra terms in the Dirichlet problem, using (5.34’). All the
terms following the 7] may be estimated as above. Consider the terms which
involve the p,(», z). We may view D’ acting on these first terms as 1/A" times
7.2 O(((Jz — 1)Y* + h)*)/(z — 1)V times an analytic function of z decaying ex-
ponentially in »,. The result follows for » = 0, 1, 2 using the reasoning above. Similar
methods are used for the terms involving O;. The M{?’(z, h) are analytic at z = 1, as
are the N'”(z, k) modulo terms of order (z — 1)/ which is O(((z — 1)/*)*)/(z — 1)*/?,
and, hence, may be estimated for » = 0, 1, 2.

Finally, we consider the case when «, > 0. Consider first a;/a, with negative real
part. Then the terms in (5.34):

¢il_ (Z _ 1)1/2

o, Aa(xo) oWz — 1" + m*)
ﬂ 7 — 1 1/2 » ﬂ _ (Z — 1)1/2
o h = (xa(O)) o h Aa(0)

are bounded on the path of integration. Thus, we may estimate the terms involving

G — l)1/2
det B(z, h)

(det B(z, h))',
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71, as above. We may combine this argument with the analogous one used in the
Dirichlet case to estimate the terms involving the coefficients of the p;(», 2).

If a,/a, has positive real part, we must consider the influence of certain new
singularities in the integrand. If 8 = 4 |\a(0)a,/a,| max(l, 1/(C})"?) = B,, then we
may use exactly the same reasoning as above to obtain the bound. The estimate for
B = v < B, follows, since

Ko exp [CY (g — p + 1DA* — (x + xov] = explCBig — p + 1A' — (x + x)Bol,

with K, = exp[CB;T/\). If a;/a, is purely imaginary, we merely require first that
B = 1. Then the estimates follow as before for all such 8. For 0 < 8 < 1, we merely
use the same trick as in the previous case.

Now we write the Green’s function T'(x, gk, Xo, pk) in the following way, (imitating
Widlund [8]):

r(x’ qk. xO’ pk) = G(xs qk’ an pk)
(6.10) -1 ® v
+ > > G, gk, y, @ + DI, vk, X0, DK), X0 = ah.

v=p y=ah

We have, denoting by E; an operator such that E,v(gk) = v((q + 1k),
‘/’(x’ qk: Xos pk) = (Q(xa qka hD’ h) - Ek)G(x’ qk» X0, pk)

(6.11) + ¥ 3@, gk, kD, h) — Ep)

v=p y=ah

'G(x’ qk’ y’ (V + l)k)‘b(y’ Vk’ xo. pk)'
Let ¢°(x, gk, x,, pk) = (Q(x, gk, hD, pk) — E)G(x, gk, x,, pk), and, for m = 1:

q—1
6.12) Y™, gk, x0, pk) = 2. 2 ¥, gk, 3, 0 + DRV, vk, X0, PK).
We shall show that Y ¢ converges absolutely and uniformly. It is then easy to
show that y = ) ¢ solves (6.10).

LeMMA 6.3. Assume that the conditions of the main theorem are fulfilled. Then,
> ™ converges uniformly and absolutely and solves (6.10). Furthermore, there exists
a constant C such that
(6.13) [¥(x, gk, xo, pk)|

Ch”

T @—p+ D

Sfor all B such that 0 < hg = C.
Proof. In order to calculate ¥

A

exp [2CB%(q — p + )I* — |x — x| B]

" we need

(6.14) _—2_‘1;r—i % 2 (Q(x, gk, hD, h) — z)

- [®(x, xo, Pk, R, 2) + n(x, X0, Dk, h, 2)] dz.

We may multiply through by the operator
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U+904) 0 --- 0
1

0 1

without affecting the estimate, because of its uniform invertibility on the space of
functions which obey the homogeneous boundary conditions. We know that

0 = 2@V (xo, p, kD) — G, xo, D, b, ) d.

Thus, we need only consider
(6.15)
+20-1 — Q%) —@Qo — &) -+ —(@r — Q%

fzw (_) 0 ? n(x, xo, Pk, h, 2) dz.

0 R 0
All these terms may be estimated as in Widlund [8], except for those corresponding
to ¢ = 0. Thus, we must consider terms of the form:

[B,.o.i(x, ak) — B,.o,i(xo, PK)I(AD)'G:(x, gk, xo, D)

[lx — xo|” + [(@ — pkI""*]
Y e D2

The (x — x,)" term is estimated as in Widlund’s paper. The [(g — p)k]™* gives no
difficulty.
Thus, for this part of ¢‘*’, which we call ¢”, we have

i

(6.16)

exp [CB°(q — p + DA — (x — x,)B].

C(e)h”
(q —>p + 1)(3—7)/2

forall3,0 < 8 = C.
Next, we recall that

0 = (0V(0, pk, hD) — z)®(x, X0, Pk, h,z) for x = ah.

6.17) %] £ exp [(1 + 2)CA (@ — p + DA* — |x — xo|B]

Thus, we consider
20 — QU1 —[Q — Q"1 -+ —[0r — Q%]
€18 = O ‘:) % dz.
0 0

Again, we need only consider the terms of the form:
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(6.19)
[By,o,i(x, gk) — B,,0.:(0, Pk)](hD)an
e ewICBa — o+ DR = e + 2B,

The (9 — p)k term is again easily estimated. We notice

< clx” + (gk — pk)"*]

x [ €x ] <
@ =0+ DY~ (g —p + )77 = CO-
The remainder of the argument follows Widlund’s. Thus, we have

Ceh” ,
(6.20) |yr'| < @—p _T_) e expl(1 + ©CB*g — p + DA — |x + xo/8]

forall 3,0 < 8= C.

We now have Widlund’s estimate for ¢, since x + x, = |x — x,|. Thus, we
may prove Lemma 6.3 in the same manner as in [8].

The following theorem is proved using the argument Widlund used to prove his
Theorem 4.1.

THEOREM 6.4. Assume the conditions of the main theorem concerning the right-
half problem are fulfilled. Then, there exist universal positive constants C, such that

|D'T(x, gk, Xo, Dk)|

(6.21) c 2 _ .
S @ =t DR exp[3CB° (g — p + D" — |x — x0|B]

(0)

forall3,0 < 8= C/hr =0,1.

7. Construction of the Green’s Function for the Two-Point Problem. We now
consider the two-point boundary value problem, and the difference approximation
to it. We construct the right-half and left-half plane functions which obey

(0 (0, pk, hD) — z)®(x, pk,z) = 0,  x = a.h,
(Q(l)(I’ pk’ hD) - ZI)‘I>1(x, pk) Z) = 0; X § 1 — alh'

7.1

(ao, ay, are 0 or 1 depending on the problem.)

We perform the same reductions as before, obtaining scalar homogeneous equa-
tions for x(vh) and x,(vh). We may write the general solution as in (5.14), (5.15), this
time obtaining (/ + s) unknowns, / of which correspond to x,. Finally, we demand
that x.(:, pk, z2) + xi(-, pk, 2) + (-, X0, Pk, z) obey the boundary conditions, or

xouh) = 35 BLUDh) + x:uh) = 3 B ()
=t + D BOMEUR, b= o a— 1, e, @ — s,
(7.2) 1mae

xo(1 + ph) — 2 B (Bxo(l — jh) + xa(1 + ph) — i by (xy(1 — jh)

i=a, i=ay

— —( 4 ph) 4 > B — k), p=anay + 1, e, a + L.

i=ay
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We may get an estimate of the type (6.4) on the path T\, since the x, terms in the
first equation and the x, terms in the second equation decay like Cp**, 0 < p < 1.
Thus, we need examine (7.2) carefully only on the paths T';, in fact, only on T, near
z=1,

In the neighborhood of z = 1, we have

x\0h) = el + 2 ¢;ip @, 2),

(7.3) i=2
l+se
Xo@h) = ¢y + 22 c;pi (N — v, 2).
i=s+

The analogue of Eq. (5.24) is now

(7.4) [Bu Blz}{ Vl] — ':W;J , Vi= e, ++ s cl,

By, By L V, ) Ve = [cor1s ¢ 5 Cisals
B, and B,, are the matrices we obtained in the right- and left-half plane cases, re-
spectively; W, and W, are the right- and left-half W’s, respectively. We multiply both

sides by
By 0
[ 0 B-zj
and obtain

7.4 [ I B::Bu}[ Vl] _ [Ba‘ Wl],
BuBn I V.l LB W

The first column of B,, is

(1.5) BL" = il — 2 b8l
while its remaining columns are analytic and decay like Cp'*. Also,
(7.6) w = il — 2 b (',

while its remaining columns are analytic and decay like Cp"™.

B} W, and B3, W, have been obtained by expressions like (5.31), (5.33), or
(5.31"), (5.32’) and their analogues for the right-half plane problem. We now use
similar arguments to those in Section 5 in order to estimate B7}B;; and By,B:.

Assume first a; # 0. Then

(B11B2)a. i

‘ﬂh + (z — 1)1/2
| Aa(1) @ — D0z = 1)* + K)°)

= T, a (z _ 1)1/2 17 (al (z _ 1)1/2)
1.7 Pl by 2h= o) ) det Bue )

+ Cipli(det Bz, )|,
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while, for k > 1,

-, N oth + (Jz — 1|)"”)’))
(BuBlz)H = Pki(l + det Bi,(z, )

[0z = 1) + ) ( |4 O (s = ll)"’)”)) .
o+l a n— <z — 1)1/2 det By, (z, h)
ay Aa(0)

Next, suppose @, = 0. We have
1.7 (BiiBw)" " = 7418 + oWz — 1% + 0 + o],
while for k > 1,

(BuBw)* " = piiChi + 0z — 1)) + BY)ril,

each p,; and C,; is an analytic function of (z — 1)"/? each |p;| < 1 — ¢. We may
obtain analogous results for B3, B,,. Thus, if we wish to invert this matrix and obtain
the estimates for the contour integral as we did in Theorem 6.1, we need only worry
about the element in the (I, 1) position in both matrices. In all cases, we merely

multiply the first row by
z — 1\ 2]
; [’3"' - B’(M(O) )

-7 . — 1)1/2]-
[ﬁlh + ﬁ’(xa(l)

and add it to row number s + 1. The only troublesome equation becomes, modulo
harmless terms:

z — 1\"*\( (z-—l)”2
Bih = Bg(xa(())) nh + aa\5o05

1 — (T:;‘{(I)Ty(o)) 1 1/2 7 — 1\2 Cs+1
Buk + Bz()xa(l) > ouh = az(xa(1)>

Nro N-vo
E) @) s, 0)(r1(1)> (1)

B (Tl(xo) T.+1(xo)) Tortl 1(x0)
(1.8) - ( 1)1/2 6h— g <z _ 1)1/2
o o2 Aa(xo) ! 2 Aa(0)

) z — 1\'? (z—l”2
ah — “z(xa(0)> Bk + B, )\a(l))

B 7 — 1)1/2
Bih — B 2(>\a(x ) [—r."i?“(xo)Az(z)].
z — l Tl(xo) - T;+1(x0)
ﬁlh + ﬁ)(ka(1)>

Now, we merely require that 8 = ¢ > 0, ¢ fixed independent of 4, on the path of
integration T,. Then the coefficient of c,,, is uniformly bounded away from zero
and hence, we may invert this and obtain the appropriate estimates.

We may now obtain the parametrix for this problem, which will be divided into
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three parts instead of two, and follow the procedure of the last section, in order to
obtain:

THEOREM 7.1. Assume that the conditions of the main theorem are fulfilled. Then,
there exist universal positive constants C such that

|Dfr(x’ qk’ Xo0s pk)l
S Ch(g—p+ 1) exp(3CF* g — p + DA — |x — x0|B),
forall,0= 8= C/h,r =0,1.

(7.9)

8. Proof of Main Theorem II. If the functions go(f) and g,(?) are identically
zero, it then becomes easy to prove the second main theorem, (3.5).
We merely write:
B(x, t, k) = 2. T(x,t, y, RK)S(y, Rk, k)

yEmesh

(t—k)/k

(8.1) +k > > Tty ¢+ DU+ 0., vk, kD, b))

y=R yEmesh
-(f(y,vk),0,~-- ’O)T’ (R+l)k§t§ T.

Then, we may use exactly the same proof as in Widlund [8].

Next, we consider the general case as follows. We write v = o, + v,, wWhere v,
satisfies the problem with homogeneous boundary conditions and o, satisfies the
problem with inhomogeneous boundary conditions and with everything else homo-
geneous.

We consider first the function v.(x, ¢, 4) for the right-half problem when a; 5 0.
(For simplicity of notation, we call it v(x, ¢, h).) It satisfies

v(jh, 0, k) = 0, ifj =0,

o(ph, 0, K) = fzgw)[p - Z‘, jb,‘,?’(h)] :

3.2) p=—1,=2,=3, -, —s,
do LU
v(ph, nk, k) — X S (Ww(ih, nk, h) = f‘ go(nk)[p -2 jb},‘}’(h)] ,
s 2 im0
p=—l, —2,"’,—3,0§n§T/K’

and the difference equation (2.7) in the right-half plane for f = 0. We may solve this
as follows. Let

w(ph, nk, ) = 0, ifp = 0,

(27

do T
(8.3)  W(ph, nk, h) = [—”— goln — Rk)(p - Zjb:?’(h)) ,0, - ,o] ,
i=0
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Then,
(t—k)/R
B, t,h) = >, O T(x,t,», &+ DO, vk, kD, B)W(y, vk, k)
(8-4) v=R y20

+ w(x, t, h).
However, forr = 0, 1,

> D'T(x,t, ¥, @ + DK)OW, vh, D, k)W (, vk, k)

v&0

(8.5) CH , ,
S g — RK)| @ — o7 exp[3C8°(q — v)h" — xBl,  t = gk,

forall 3,0 < 8 = C/h.
This follows easily from the fact that

(8.6) U7 4+ 0.0, £, D, WI™* 8(x, 0)] S Ce™**.

Thus, we have
: 5 1
| Dv(x, t, B)| = Sup, |go(s)| Ch ..Z:; m
-exp[3CBL.,(qa — »h* — xB.,,1.
For 7 = 0, we choose 8., = min(C/h, X/4C(q — »)h%), and we may easily show
(8.8) loGx, £, B)| S sup |go(s)| V2 C max[exp [:hc—x:l , exp[—tcx’]] )

0ssst

8.7

Next, let us suppose 7 = 1. We use the same definition for 8,,, as above. The
first part of the sum is bounded by

x—=h) —Cx
8.9) c ln(——-———Ch ) exp [ n ] ,

and this is all there is if (§ — R) < xh™'/C. In general, we have this term, plus

t 2
—cx” | 1
—zexp|—— éf ex [ ]—ds,
[v>z/Ch] V >\h2 P ( Vk) ~Jzh/C P S S

suppose x*/t = C”, C" to be chosen later. We have exp [—x*/f] < C exp [—x/+/1].
We may multiply the integrand above by x/(sC’’)*/?, we then have

(8.11) < Cexp[ — Cx/+/1].

If x>/t < C”, then in the integrand above, we integrate first from s = xh/C to s =
x*/C", multiply by x/(sC'")'/?, and obtain a constant for a bound. Next, we consider

¢ x2 l cc'’ 1
(8.12) f exp| —C=|=ds = f —e Vdy.
z/C sds czi/t Y

Integrating by parts, we get

(8.10)

cec'! sz Cx2 ve
(8.13) f -1 —ylhye’ = —In=— exp [——] + In(CcC’)e¢°
Cz*/t y t t
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if C” = 1/C. Then y In y £ 0 and we have the estimate

t 2 2 2
(8.14) f exp [—9’-‘—] 1< -1 exp [—9-]
z3C s s t t

Thus, we have estimate (3.6) in view of (8.9), (8.11), and (8.14). Next, we consider
the Dirichlet case for the right-half problem. Unfortunately, our estimates for the
Green’s function are not strong enough, in general, to obtain estimates for the solu-
tion in terms of the maximum form of the boundary data. Thus, we must use the
usual nefarious trick which follows. Let

(8.15) w(jh, nk, h) = v(jh, nk, h) — go(nk).
Then w satisfies the homogeneous boundary conditions and
W(jh, 0, h) = —go(O), ifj g 1,
@16 im0, 8) = (—GZ° bi-?(h))go(O), ifj=—s+1,---,0.
Also
[I - Q—l(x’ t’ hD’ h)]W(x, t + k’ h)
R
- Z (au + Qu(xs t, hDs h))w(x, t — I‘k’ h)
(8.17) u=0
R R
= (goo +0 = 2 aet = uk)) + 2 2 Buoals, OF gt — wk)

= kJ(x, 1).

We may then use Eq. (8.1), with a modification necessary to estimate the second
term. We know 2., |T(x, 1, y, (v + 1)k)| is bounded. Thus, it follows

[vCx, t, B)| £ C§ |20(0)| + [go(®)] + Cot |||20lll

(818) (t—k)/k R
+ € sup Zm gols + k) — Zo a,go(s — pk)|-
Also
[t + k)'*Du(x, t, B)| < Cit |||g0]|] + C! 180(0)]
(8.19) (t=k)/k

gols + k) — D F, a,g0(s — pk)
¢ — s)1/2

Finally, we consider the general two-point case. We may merely decompose it
into the sum of two problems where one side of each has homogeneous boundary
conditions.

+ C!’ sup @ + k).
k

s=Rk

9. On the Necessity of Certain Conditions. Three-Point Schemes. @ We now
give an example to demonstrate that the lack of sufficient accuracy at the boundary
and assumption (i) at z = 1 can lead to a stable scheme for which the first divided
difference is not estimable in terms of the data.

This example indicates a difficulty that will arise in multi-dimensional problems
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where the space boundary is curved. Accurate boundary conditions will be difficult
to maintain in such a case.
Consider a parabolic difference approximation to

Uy = Uz u(x, 0) = uo(x), t,x = 0,u0,) =0,

— 27+ v,
4 ’

.1

n n n n n v/,
D,'+l = U; + X(U,'.,.! i 20,' + vi-—l) + khz i+2

j=1,2,---,0<A< 4},
with boundary conditions:

v, = 0, vo

- T-T-l_z(T)""" 2(h) = O

chosen below. Elementary maximum principle analysis assures us that the problem
is stable. The equation

1 2 1\*
9.2) z—2+4+=-4+hrlz—=] =0
¥4 Z
has the root z = 1 and z(h) = O(h*). Consider the solution
©.3) i =1— @)™
This obeys the equation and the boundary conditions. Now consider
n+1 n+1
9.4) Zo ;v_l =1 —hz(h) — o ash—0.

(However, if x > 0, Do(x, t, h)— 0as h— 0.)

Consider condition (i). We may view it as a restriction on the difference approxi-
mation Q" (0, ¢, AD) to u, = a(0, t,)u.., in the region 0 < x, ¢ with boundary con-
ditions u,(0) = 0 or u(0) = 0, respectively.

Condition (i) requires, among other things, that v(x, f) = x exp[ip;?/k] and
o(x, ©) = explip,t/k], respectively, are not solutions to the difference approximations
to the above problems. This condition can easily be shown to be necessary in order
that the estimates in the main theorem are true for the constant coefficient problem.

Next, we consider the important special case s = 1 = [ in (2.9), a “three-point
scheme”, We may weaken our accuracy assumptions at the boundary in this case
for the Dirichlet problem. If @, = 0, we do not need the condition:

do
w— 2 BPmi = 0.
=
We, of course, still need the other assumptions, in particular (i) and (j). We may then
modify our proof in a simple way to obtain the estimates (6.1) and (6.2), but this
time we have then for all + = 0, 1, 2, --- , as we do in this case with a, # 0. The
main results then follow under these weaker hypotheses.
We notice that our estimates on the Green’s function would enable us to obtain
L, estimates, | £ p < o, instead of the L, estimates, with no extra difficulty.
Last, we notice that even for the Cauchy problem for u, = u,,, without the
hypothesis of parabolicity, stable consistent difference schemes do not necessarily
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yield estimates on derivatives. For example,

n n
Vi1t Ui

9.5) oitt = > ,

= 0, *1, %2,

has the property that v}, is independent of v}, , if p — ¢ is odd, hence, an estimate on
(v} — v}_))/h in terms of sup|v]| is impossible.
A similar statement can be made for the well-known DuFort-Frankel scheme.
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