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An Algebraic Theory of Integration Methods 

By J. C. Butcher 

Abstract. A class of integration methods which includes Runge-Kutta methods, as well 
as the Picard successive approximation method, is shown to be related to a certain group 
which can be represented as the family of real-valued functions on the set of rooted trees. 
For each integration method, a group element is defined corresponding to it and it is shown 
that the numerical result obtained using the method is characterised by this group element. 
If two methods are given, then a new method may be defined in such a way that when it is 
applied to a given initial-value problem the result is the same as for the successive applica- 
tion of the given methods. It is shown that the group element for this new method is the 
product of the group elements corresponding to the given methods. Various properties of the 
group and certain of its subgroups are examined. The concept of order is defined as a 
relationship between group elements. 

1. Introduction. In the study of Runge-Kutta methods for the integration of 
ordinary differential equations, a complicated set of algebraic conditions arises 
which must be satisfied for a method to have some specified order. These algebraic 
conditions can be written as a set of equations in which the left-hand sides are certain 
polynomials in the coefficients of the method and the right-hand sides are certain 
rational numbers. Discussions of the properties of general Runge-Kutta methods 
and the derivation of particular methods can typically be formulated in such a way 
that the properties of these polynomial equations come under close scrutiny. In the 
author's papers on this subject, a combinatorial interpretation of the equations has 
been used. That is, use has been made of the relationship between the graphs known 
as arborescences (or rooted trees) and the forms of the various equations. 

In this paper, the same point of view is taken and it is shown that, in a certain 
sense, a given method is characterised by a real-valued function on the set of rooted 
trees (the word "trees" will be used as an abbreviation for "rooted trees" for the rest 
of this paper). In fact, the images of the various trees describe the method in much 
the same way as moments describe a measure in integration theory. 

For the purposes of this paper, it is convenient to generalise considerably the 
concept of a Runge-Kutta method. Not only will it not be assumed that the method 
is explicit but it will not be assumed that the number of stages in the method is finite. 
One consequence of this is that the theoretical solution to a differential equation 
itself may be thought of as being produced by a particular method (the Picard method). 
Also, it becomes possible to study the properties of the various methods in terms of a 
certain group that arises naturally. To say a given method is of order n, for example, 
will be equivalent to saying that the method and the Picard method have group 
elements in the same cosets with respect to a certain normal subgroup. 
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In the next section of this paper, certain notations and properties of trees will be 
developed. Section 3 will be concerned with a formulation of the general type of 
initial-value problems we are considering in this paper and Section 4 will prove some 
analytical results necessary for the later sections. In Section 5, we shall prove the 
basic result that the tree functions referred to above characterise the integration 
method and in Section 6, a group which is relevant to the theory is introduced and 
some of its properties are studied there and in Section 7. 

Applications of the various theoretical results are not considered in this paper, 
but an outline of such applications is given in Section 8. The appendix, Section 9, 
gives various tables for reference purposes. 

2. Some Properties of Trees. Consider a nonempty finite set a and a binary 
relation p on a. The pair (a-, p) will be called a labelled graph and the elements of oa 

will be known as labels. (a, p) and (a', p') will be said to be isomorphic if there is a 
bijection so: a- a' such that p' contains (op(x), p(y)) if and only if p contains (x, y). 
We will think of the class of all labelled graphs isomorphic to a given labelled graph 
as the graph corresponding to the given labelled graph. We will speak of a labelled 
graph as a labelling of the graph corresponding to it. Usually, we will not distinguish 
explicitly between a graph and a labelling of it. 

TABLE 2.1 

~~~~~P 

{?} t} 0. 7 

{0, l} {(0, 1)} 0 TT 

10, 1, 2} { (0, 1), (1, 2)} J TVT 
2 

{0, 1, 2} {(0, 1), (0, 2)} v TW 
3 

{0, 1, 2, 3} {(0, 1), (1, 2), (2, 3)) 0 r(T rr) 
3 

1 2 

{0, 1, 2, 3} {(0, 1), (0, 2), (2, 3)) 77 *TT = (r -rr)r 
2t 

{0, 1, 2, 3) {(0, 1), (1, 2), (1, 3)) 0 r(rr r) 

{0, 1, 2, 3) } (0, 1), (0, 2), (0, 3)) A/' (SYrr)'r 



AN ALGEBRAIC THEORY OF INTEGRATION METHODS 81 

If -y = (a-,, pi) and72 = (a2, P2) are graphs such that oa C) a-2 = 0 and such 
that oa U 0a-2 , PI U P2 = p, where y = (a, p) is a graph, then we call {I71, 721 

a disconnection of oy. If oy has no disconnection, then we say that or is a connected 
graph. 

A connected graph o7 = (a, p) is called a tree (as has been already pointed out, 
we are not using this word in the usual way) if there is an element r of a- (r will be 
called the root of a) such that for each y ? a-\ { r I there is a unique x E a such that 
(x, y) E p and there is no x E a such that (x, r) E p. The order of a tree is the 
number of elements in a-. We denote by T the set of all trees. In Table 2.1, the eight 
trees of order not exceeding 4 will be listed together with a diagrammatic representa- 
tion in which the elements of a are represented by points and the elements of p are 
represented by arcs. The root in each case is labelled with the symbol 0. The final 
column will be explained later. 

We now define the product of two trees. Let (al-, pi) and (02, P2) be labellings of two 
trees yly and 72 such that al and a2 are disjoint and let r, and r2 be the roots of (a-,, Pi) 
and (a-2, P2). We define the product 71 *72 as the tree which may be labelled as 

(al t a2, PP U P2 UI {(rl, r2)}). 

It is easy to see that this is a labelled tree with root rl. If the order of a tree is defined 
as the number of elements in a for a labelling (a, p), then we see that the order of a 
product is the sum of the orders of the factors. Also, we see that if ay, 72, If3 are 
trees then 

(2.1) (71172)i'3 = (1 '73) '2 

We now prove a factorisation principle in terms of this product. 
LEMMA 2.1. If t is a tree of order greater than 1 then there are trees u, v such that 

t = U-V. 
Proof. We take (o, p) to be a labelling of t and we shall prove that there are (al, Pi) 

and (02, P2) such that aln "02 =09 Ol U a2 = a, p = Pi U P2 U {(r1, r2)}, where 
rl, r2 are the roots of (al, Pi) and (02, P2). This will be proved by induction on the 
order of t. For t of order 2, we have if (a-, p) = ({O, 1 , {(O, 1)}) then (al, Pi) = 

({ O}, { I ) and(of2 P2) = (1}, { II). We now suppose the result to be true for orders 
less than n where n > 2 and prove the result for t of order n. 

Since p-' is a function on a-\ { r to a-, where r is the root of (o-, -p), and since oa 
has 1 more element than o\ { r 1, pl is not surjective. Hence, there is an x E a- such 
that there is no y EE a such that (x, y) E p. Let z be the unique element in a such 
that (z, x) E p. We define (o', p') = (o\ { x 1, p\ { (z, x) }). It is easy to see that (a-', p') 
is a tree with root r and order n - 1. Let (al, p'), (all P2) be formed corresponding 
to a factorisation of (o', p'). We distinguish two cases: 

Case I. z E al. In this case we define (a0, Pi) = (al tJ {x}, pI tJ {z, XI), (cr2, P2) 

(0f29 P2)- 

Case II. z E a4. We define (a-', P1) = (al, p)9, (02, P2) = (f kJ {x} p' U) {Z, X}). 
In each case, we see that (al, Pi) and (02, P2) are trees satisfying the required 

conditions. 
Let T denote the unique tree with order 1. Then, using Lemma 2.1, we see that 

all trees are generated using T and the product that has been defined. We also see 
that an induction principle can be used for recursive definitions of functions of 
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trees and in the proofs of certain results. The principle is that if a result is true for - 

and for t. u whenever it is true for t, u E T, then the result is true for all trees. Stated 
formally, this is the next result. 

LEMMA 2.2. If U is a subset of T with the properties that T - U and to u E U for 
all t, u E U then U = T. 

Proof. We shall prove by induction on n that every tree of order n is a member 
of U. For n = 1, we have only the tree T and T E U. For n > 1, we assume the result 
for orders less than n. If t is of order n, then, by Lemma 2.1, there are trees u, v such 
that t = us v. But by the additive property of orders, u, v are of order less than n 
so that u, v E U. Hence, t = uV C U. 

At this point, we make a comment on notation. The product of trees which we 
have denoted by . will also be denoted by juxtaposition. We will use the two notations 
interchangeably except that we conventionally suppose the juxtaposition operations 
to be performed first. This convention is intended to reduce the number of times 
that parentheses must be used. For example, (tlt2. t3t4)t5. t t7 will denote the same 
tree as (((t01t2)- (t3 4))- t5)(t8. t7). Using this notational device, the various trees of 
Table 2.1 are shown in the last column written in the form of products generated 
by r. Note that the trees TV * TT and (r * TT)T are identical by Eq. (2.1). 

For many purposes, it is convenient to label trees with some standard type of 
symbol. Thus, we introduce the set S defined as the union, for n = 1, 2, 3, * , of 
the sets of n-tuples of positive integers. That is, 

S = f(l), (2), * ,(1, 1), (1, 2), * ,(2, 1), * ,(1, 1, 1), (1, 1, 2), * * * 

If x E S is an n-tuple, then we define x- as the (n - 1)-tuple formed by omitting 
the final integer from x. Conventionally, we write x = ( ) X S if x is a 1-tuple. 
Let F denote the set of finite subsets of S. 

If a EE F, then we can associate with a the labelled graph (a, p) where 

p= {(x,x):x,x a Go. 

We define a labelled forest as a labelled graph (oa, p) such that (a-, p) can be discon- 
nected into (al, pl), - . - , (a,., pm) (with m possibly equal to 1) where each of (al, p1), 
. .. , (o-,, Pm) is a labelled tree or such that (a, p) (0, 0). The following lemma is 
stated without proof. 

LEMMA 2.3. Anyfinite subset of Srepresents forest and anyforest can be represented 
by a finite subset of S. 

Now, consider the set M of real-valued functions on F. We will define a binary 
operation on M. However, we first define a partial ordering < on F by writing 
ol ? 02 if al C 2and x E al, x a2 C X_ E a,. If a, C E M we define the product 
a$ by 

(2.2) (a/3)(c) = a(oa\o')3(o1) 

for all a E F and the summation is over all members at' of F such that at' < a.. 
If we write al + a.2 + * = a to indicate that a1, a.2, * are disjoint sets whose 

union is a. then we may rewrite (2.2) as 

(a/3)(a) = E3 (a.)13(a.2) 
Al + 2 -zr;a, 
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We now show that the operation we have just defined is associative. 
LEMMA 2.4. For a, 3, -y E M, (aoe)y = a(fy). 
Proof. We have, for all ao E F, 

(2.3) ((a/3)ay)(a) , 

VA.) (of(ly)3(a) = E: ta)(Tf2>(TOT(3) 

?I+ C +v,-? s : r o Jo . 

To show that the right-hand sides of (2.3) and (2.4) are identical, it is sufficient to 
show that if l1, 0r2, a, are disjoint then 

(2.5) 03 <l U 2 U 03 

and 

(2.6) Oa2 ! al U a2 

if and only if 

(2.7) 0'2 U a3 al 0 2 0 3 

and 

(2.8) Oa3 a2 Oa3 

The relations (2.5)-(2.8) with ? replaced by C are automatically true. Hence, we 
may write the following equivalent form of these four statements. 

(2.9) XECa34 X (TlJc2, 

(2.10) Cr2 X_ 

(2.11) x E a2 U J3 x E al, 

(2.12) xEc3 X_>E (ca2 

That (2.9), (2.10) are equivalent to (2.11), (2.12) is immediately clear. 
With the operation defined by (2.2), M is a semigroup with identity e defined by 

e(0) = 1, e(a) = 0 if a E F\ {0 } . The subset M= { a: a E M, a(0) 54 0} with the 
operation is a group. To show this, we see that if a, E3 E M, then (ajX0) = a(0)13(0) 

$ 0 so that af3 E M, and we show how to construct an element &a- EE Mo so that 
aa-1 = e. We do this by defining a`l(of) recursively on the number of elements in a. 
We have 

(2.13) a -1(0) = 0- 

(2.14) a1(a) = - E 

for a F\{0}. 
We consider further the subset M1 of M, defined so that a E M1 if and only if, 

whenever or and 2 correspond to the same forest, then a(cor) = a(cr2). It is easy to 
see that M, is a subgroup of M,. However, our main concern will be with a subgroup 
M2 of M1 which we now describe. 

An element a E M, is said to be multiplicative if a(0) = 1 and if, whenever 
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(C01, U2) is a disconnection of a (that is oa + a2 = a, a- I a, < 2 :!9 a), then a(r) = 

a(c1)a(o2). We define M2 as the set of multiplicative elements of M,. This means 
in effect that members of M2 can be represented by functions on T to R. That M2 
is a subgroup is shown by the following lemma. 

LEMMA 2.5. If a, / E M, are, multiplicative then ao8 and a-' are multiplicative. 
Proof. Suppose (v,, cr2) is a disconnection of a then there is a bijection between 

the set of pairs (a , -oa) such that al < al 4 < 0' and the set {r' e F: o' _ or. In 
fact, the bijection is such that a', = a' at corresponds to (al, o). In the inverse 
relation, (al', a>) = (a1 n a', u2 n u') is a disconnection of the corresponding a' 
and (aj\a', 2\a') is a disconnection of o\a'. 

We now have 

(a/)(uf) = E (a\>'Wa1 

- E E ta(,,\l)a(Of2\f2')/3(cr)/(32) 
al ' Ad aX 2' 2er 

(a/3)(o,)* (a/3)(o2) 

so that af is multiplicative. 
To prove a-' is multiplicative, we proceed by induction. Thus, we suppose 

a '(u') = a '(u-)a-'(o-') whenever (al, a') is a disconnection of the forest a' with 
fewer elements than a. We now have 

-)= - E a(o\o-')-1((') 

= a'()(\2) - E ? a(0\)a(f2\a)a 
al ' S~l nO2 

' :iSS 

= a' l(cr)a' (o,). 

We now observe that if a E F is a labelled tree and a.' < a-, then either a' is a 
labelled tree or a' # F0. Hence, in this case, (2.2) takes the form 

(a3(cr) = E a(A\o')/3(a') 
(2.15) or 

= a(cr) + > a(a.\o')O(a') 
a' #0 

where the summation involves values of /3 evaluated only at trees. 
Let a, b be functions on T to R corresponding to a, /8 E M2. That is, if p is a 

function on the nonempty connected members of F to T defined so that for each a., 
p(a) is the tree corresponding to a., then a = a o sp-% b = /3o -f'. If t E T is given 
by t = so(a), then (2.15) becomes 

(2.16) (ab)(t) = a(t) + Ma, t)(b) 

where for a given a and t, X(a, t) is a certain linear functional on the set of functions 
on T to R. 

In later sections of this paper, the function X will assume some prominence so 
we now consider its main properties. First, however, we make some definitions. 

We define G as the set of functions on T to R with the composition rule given by 
(2.16) so that G is a group isomorphic to M2. The identity of G maps all t E T to 0. 
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We also define for t E T, the linear functional I (or t ̂ ) on G defined by 1(a) = a(t) 
for all a E G. P will denote the set { t: t E T} and G* will denote the set of linear 
functionals on G spanned by P. That is, if p E G* then there is a function c, on T 
to R such that {t E T: c,(t) # 0 } is finite and so that for all a E G, 

p(a) = Ej cO(t)a(t). 
tET 

For 1, *2 E P we define the product I. u* by I. u* = (tu)^ and if p, q E G* we define 
p q E G* in such a way that it is a bilinear extension of the product defined for T. 
That is, if p = Et ET Cp(t) , q = StET Cq(t)? then we define pq as 

pq = c (t)sc (U)l. 
t uE T 

We note that X is a mapping on G X T to G*. The following result enables us 
to determine X using the induction principle for T given by Lemma 2.2. 

THEOREM 2.6. For a E G, and u, v E T we have 

(2.17) X(a, r) = 

(2.18) X(a, uv) X(a, u)X(a, v) + a(v)X(a, u). 

Proof. (2.17) is equivalent to (aj3)(a) = a(oa) + p3(a) in the case when of E F 
has exactly one member. This is clear because if a' < a then a' = 0 or a' = a. 

The proof of (2.18) is more involved. Let a Ez F correspond to t = uv and let 
01, a2 correspond to u and v, respectively. Without loss of generality, we may suppose 
that the root of a- is (1) and the root of a2 is (1, 1). The only connection between 
O1 and -2 is ((1), (1, 1)) so any subset of 01 not containing (1) is not connected to 
any subset of 0-2 and any subset of a2 not containing (1, 1) is not connected to any 
subset of 01. Furthermore, if al < al, a0- < 0-2 and a-' = only if a-' = 0 
then a' U a2 < a. Also we observe that the relationship between such pairs (a', a-) as 
have these properties and a' U a' is a bijection. Hence, we have 

(cxI3)(a-) = E at(a-\a')fla-') 

= a(a-) + a(a0-1\0)(a-2)f3(a0-) 

+ E (a-1\a)a(a-2\u2)3(al 'U a-J 
0sfol'~r ;S25*.'0ra,' ;a 

and this is equivalent to (2.18). 
A final property of X we will consider is 
LEMMA 2.7. If a, b, c E G and t C T then 

(2.19) X(ab, t)(c) + X(a, t)(b) = X(a, t)(bc). 

Proof. This result is simply a reformulation of the associative law for G. We have 

((ab)c)(t) = X(ab, t)(c) + (ab)(t) 

-= (ab, t)(c) + X(a, t)(b) + a(t), 

(a(bc))(t) = X(a, t)(bc) + a(t), 

and (2.19) follows by equating these expressions. 
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3. The General Integration Method. Let H denote an arbitrary set and B(H) the 
set of bounded real-valued functions on H. A(H) will denote the set of bounded 
linear operators on B(H) to B(HI). If we are given H and a E A(H), then we can 
consider an "initial-value problem" defined by a Lipschitz-continuous function f 
with sufficiently small Lipschitz constant on a Banach space X to X and by a fixed 
element 7, E X. The problem is to evaluate 77 = y(h1) for hl a fixed point in H and 
y a bounded function on H to X (we write Y for the set of such functions) which 
satisfies 

(3.1) y = Noe + a X (f o Y). 

Here, e denotes the unit in B(H) so that toe will be defined by (7oe)(h) = flo for all 
h G H. The notation a X denotes a linear operator on Yto Ydefined byp o (a X y) = 
a(p o y) for all p E X* (the dual space of X). In order to ensure that a X is defined, 
we will assume that X is reflexive. For a given h E H, the mapping that takes p to 
a(p o y)(h) is linear and continuous and is thus equal to x E X** for some x E X. 
(a X y)(h) is thus defined as x. In later sections of the paper, we shall, in fact, suppose 
that X is finite dimensional. 

To illustrate the type of initial-value problem covered by our general method, 
we point out that if His a finite set, then the procedure for evaluating sq is just that of a 
Runge-Kutta method. On the other hand, if H = [0, 1] and a is defined by 

(3.2) a(x)(h)-] x(t) dt 

for h E H then y(h) defined by (3.1) is the solution at t = h to the Cauchy problem 

(3.3) dy = f(y(t)), y(0) = no 
dt 

It is of interest to consider then a subset of B(H) containing e, the (pointwise) 
product of any two members and a(x) for any member x. Thus, such a subset would 
contain e, a(e), a(a(e)), a(e)2, a(e)* a(a(e)), - . . We will be interested later in a Banach 
algebra containing such elements but for the present, we concern ourselves only 
with the smallest subset of B(H) with the properties described. It is convenient, for a 
fixed a to relate the various members of this subset to T and, in fact, the subset is 
the range of the function all now to be defined. 

For a given a ? A(H), we define the mapping Ma on T to B(H) such that 

(3.4) /~A.(r) = e, 
(3.5) IA(t1t2) = pa(t1)a(A(t2)), 

for t1, t2 E T where the multiplication on the right of (3.5) is pointwise. It is typical 
of this type of recursive definition of functions on T that it is necessary to verify that 
the definition of the image of tht2 is such that the images of tlt2 t3 and tht3 t2 should 
be equal. In the present case, we have 

Ma(tlt2- t3) = MA(tl) a(A(t2)) a(Aa(t3)) = Aa(t t30 t2). 

It is also convenient to introduce a mapping Va = Ma o (p where so is the mapping on 
T to T defined by Sp(t) = Tt. Thus, 
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(3.6) Va(t) = a(GAa(t)) 

and the elements in the range of va can be regarded as generators of the range of yam 
To illustrate the notation introduced so far, the eight trees of Table 2.1 are listed 

in Table 3.1 with the expressions for Aa and va in each case. The range of .o will be 

TABLE 3.1 

t I-a(t) Va(t) 

r e a(e) 
rr - a(e) a(a(e)) 
'r* rr a(a(e)) a(a(a(e))) 
rr r a(e)2 a(a(e)2) 
T(T *rr) a(a(a(e))) a(a(a(a(e)))) 
rrb Ir a(e)a(a(e)) a(a(e)a(a(e))) 
T(TT * r) a(a(e)2) a(a(a(e)2)) 

(T7 . r)T a(e)3 a(a(e)3) 

denoted by U so that U C T. We now define for each a E A(H) an equivalence 
relation on H. h1, h2 will be equivalent if and only if, for all t E T, ,a(t)(hi) = /Aa(tXh2)- 
It is clear that in this definition we could replace u by v or, what is equivalent, we 
could replace T by U. Let Pa be the partition of H corresponding to this equivalence 
relation. Thus, there is a function Ta mapping H onto P. such that ira(h) = ir.(h2) 
if and only if hl, h2 are equivalent and for all h E H, h E 1ra(h). 

In Section 5, we will show that, under certain conditions, the solutions to (3.1) 
have the same values for all equivalent members of H. In this sense, we may identify 
these members and this result will have important consequences in the rest of the paper. 

However, it is first necessary to make a closer study of the operator a and this 
we do in the next section. 

4. Analytical Preliminaries. In this section, we will be concerned with a fixed 
member a of A(H) so, without risk of confusion, we will omit the subscript in lata 
va, 7ra and Pa. 

Since for all t E T, v(t) maps equivalent elements to the same image, the relation 
v(t) o 7r-' is a function on P. We now impose on P the weak topology generated by 
the family { v(t) o 7ra': t E T}. That is, P will have the weakest topology for which 
all functions in this family are continuous. With this topology, P has the following 
property: 

LEMMA 4.1. P is a Tychonoff space (that is, P is a completely regular T, space). 
Proof. Consider the family of closed bounded subsets of R, { Q(t): t E T} where 

Q(t) is defined as the closure of the range of v(t). Let Q denote the product space of 
this family, so that Q is compact and Hausdorff and hence Tychonoff. 

We write q(t) for the projection of Q to Q(t) and define a function r from P to Q by 

(4.1) q(t) o r o ir = v(t) 

for all t E T. Let the range of r be Q, so that Q. is Tychonoff since Qo C Q. r is 
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invective since if h1, h2 E H are such that 7r(hi) 5 7r(h2) then there is a t ? T such that 
v(t)(h) 5 v(t)(h). Hence, we find 

(q(t) o r)(7r(hj)) $ (q(t) o r)(7r(h2)) 

so that r(r(hj)) p4 r(ir(h2)). 
Since r is a bijection from P to the Tychonoff space Qo, it will follow that P is 

Tychonoff when we have shown that r is, in fact, a homeomorphism. This follows 
since for t E T, v(t) o = q(t) o r is continuous and thus r is continuous. Moreover, 
by the definition of the weak topology on P, r is open. The proof of Lemma 4.1 is 
now complete. Let p3(P) denote the Stone-Cech compactification of P. We extend in 
the usual way functions in C(P) to functions in C(3(P)) and the extension of x ? C(P) 
will be denoted (in this section only) by x or by x . In particular, for t ? T. (,(t) o 7r- ) 
is defined. Let V denote the set of real-valued functions on T such that all but a 
finite number of members of T map to zero. We now consider the set D defined as 
the closure in C(3(P)) of functions of the form 

(4.2) Ij c(t)(U(t) 0 7r ), 
t E T 

where c E V and the summation is defined in the obvious way as the sum of the 
nonzero terms. We have the following result. 

LEMMA 4.2. D = C(3(P)). 
Proof. We first show that D is an algebra. It will be sufficient to show that if 

C1, c2 E V then there is a c C V such that 

(a ClONAWt)* C2ty') = EAIA C(01A(t). 
tET tET tET 

However, this follows by noting that if t,, t2 C T then there is a t E T such that 
40t) = ,u(t1),u(t2) and this is clear because I.(tj), I.(t2) can be written as products of 

factors of the form v(t'). 
We next note that D separates points of P since if hl, h2 E H are such that 7r(h1) # 

7r(h2) then there is a t ? T such that 1A(t)(h,) ! IA(t)(h2). Thus (IA(t) o 7r-1)^ E D 
takes on different values at ir(h,) and ir(h2). 

We note also that p3(P) is Hausdorff and compact and that D contains the unit 
(the unit is in fact (,t(r) o ir ')%. We can now make use of the Stone-Weierstrass 
theorem to obtain the result of the lemma. 

We now define Ca(H) as the subset of B(H) such that its elements are of the form 
(x I P) o 7r where x ? C(3(P)). [The notation (x I P) denotes the restriction of x 
to P.] Using the previous lemma we see that elements of Ca(H) can be approximated 
in the sense of the norm-topology by functions of the form 

(4.3) E c(t),ut) 
t E T 

where c E V. We now have a basic result. 
LEMMA 4.3. If x ? Ca(H) then a(x) ? Ca(H). 
Proof. We must show that for each x ? Ca(H) and positive number 62, there 

exists X2 of the form (4.3) such that I Ia(x) - X211 < 62. Let e, > 0 be such that eI I jajI < 
62 and let 

x= - c(OX0, 
tET 
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where cl E V, be such that I1x, - xiI < el. We now define 

X2= ? ci(t)a(Au(t)) = j ci(t),4((P(t)) 
tET tET 

= S (CI o f-1 xowt) 
teU 

Let C, E V be defined by c2 I U = cl op-' landc2(t) = O if t I U. We now see that 

X2= c2(t),(t) 
tET 

and, since x2 = a(xl) we have 

I1X2 - a(x)j -< I jaji fx, - xij ? Jaji I1 < E2. 

5. The Main Results. We now return to Eq. (3.1) with the assumption that X 
is finite dimensional. This ensures that X is reflexive as was assumed in Section 3 
and also ensures that the weak and strong topologies for X are identical. As was 
stated in Section 3, we suppose that f is Lipschitz-continuous. (Throughout the rest 
of this paper, X, f and i7, will have the significance they had in Section 3.) Suppose 
the Lipschitz constant is L where Li jai I < 1. We may now regard the space Y as a 
metric space with metric d given by 

d(y, z) = sup I y(h) - z(h)jI 
hEH 

so that the mapping which takes y C Y to 'qoe + a X (f o y) is a contraction. 
We write Ca(H, X) for the subset of Y such that y ? Ca(H, X) if and only if 

for all p C X*, p o y C Ca(IH). Our first main result will be stated as Theorem 5.4 but 
we precede this by three lemmas necessary for its proof. 

LEMMA 5.1. 70e C Ca(H, X). 
Proof. For p E X* we have p o (Joe) = p(-q.)e C C,,(H). 
LEMMA 5.2. If y C Ca(H, X) then f o y E CG(H, X). 
Proof. Since f satisfies a Lipschitz condition, p o f is continuous in the norm 

topology. Hence, it is continuous in the weak topology. Hence, p of o y is continuous 
in the topology of H. Hence f o y C C4(H, X). 

LEMMA 5.3. If y C Ca(H, X), then a X y C Ca(H, X). 
Proof. p o (a X y) = a(p o y) = a(x) where x C Ca(H). But, by Lemma 4.3, 

a(x) C Ca(H). Hence, a X y & Ca(H, X). 
THEOREM 5.4. y satisfying (3.1) is a member of Ca(H, X). 
Proof. If y is evaluated as the limit of the sequence (yO, Y1, Y2, ** ) where yo = ?Toe 

and, for n = 1, 2, 

(5.1) yn = roe + a X (f Yn-1) 

then, using Lemmas 5.1, 5.2, 5.3, we see that yo C CQ(H, X) and that, if ynl C 
Ca(H, X) then y EC C4(H, X). Hence, by induction, for all n, Yn C Ca(H, X). Since 
Ca(H, X) is a closed subspace of Y, it follows that y Ca(H, X). 

As a consequence of this theorem, we have 
COROLLARY 5.5. If y satisfies (3.1) and if h, h2 C H are such that ira(hi) = ira(h2) 

then y(h,) = y(h2), 
Proof. Since y C Ca(H, X), then, for all p E X*, p o y C Ca(H). Let x E Ca(1(Pa)) 
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be such that p o y = (x I Pa) o ra then (p o y)(h) - (p o yXh2) = (x I PaXira(h,)) - 
(x I Pa)(7ra(h2)) = 0. Hence, p(y(h,) - y(h2)) = 0 for all p G X* and the result follows. 

The theorem which next follows expresses our second main result that in a certain 
sense a method (H, a, h,) is characterised by the function which takes t E Tto va(t)(h,). 

THEOREM 5.6. Let (H, a, h1), (K, b, k,) be two methods such that for all t E T. 
Va(tXhi) = vb(tXkl). Let y, z be the solutions of 

(5.2) y = foeH + a X (f oy), 

(5.3) z = 7oeK + b X (f o z), 

where f is Lipschitz-continuous with constant L such that Li alj < 1, Li jbj I < 1 and 
eH, eK denote the units in B(H), B(K) respectively. Then y(h,) = z(k1). 

Proof. Without loss of generality, we suppose that H n K = 0. We now consider 
c G A(H U K) (we recall that A(H) is defined for a set H in Section 3) defined by 

(5.4) c(v)(h) = a(v H)(h), 

(5.5) c(v)(k) = b(v K)(k), 

for v C B(H U K), h C H and k C K. It is found that 

I Ic(v)I I = max(I Ia(v I H)jj, I I b(v I K)I I) 

< max(lial I, I Ib~l )-1 v~l , 

so that IIcII < max(IlaIl, lIbli). (In fact, it is easy to see that l cIl = max( lall, jibjl).) 
Hence, Li Icl I < 1. 

If w is defined as the bounded function on H U K to X satisfying 

(5.6) w = ?1OeHUK + c X ( o w), 

then w is given by 

(5.7) w I H = y, w I K = z. 

To see this, we evaluate the right-hand side of (5.6) at h e H with w satisfying (5,7) 
(the similar calculation for k E K will be omitted). We have 

(flOeHUK + c X (f o w))(h) = flo + (a X ((f o w) I H))(h) 

- flO + (a X (f o (w I H)))(h) 

= (floeH + a X (f o y))(h). 

This shows in particular that w(h1) = y(h,) and, similarly, that w(k,) = z(k,). 
We also see that if t E T, h E H, k E K then sA,(t)(h) = i4a(tXh) and pt"(t)(k) 

IAb(t)(k). We verify this in the case of h C H using the induction principle for T. 
Thus, for t = r we have 1A,?(t)(h) = eHUK(h) = 1 = eH(h) = Ia(tXh). To complete the 
induction argument, we write t = uv and assume that ,.c(uXh) = wIa(uXh), P,(v)(h) = 

i.a(v)(h) for all h E H. We now have 

?(t)(h)= AL(uv)(h)= (= u(u,(v)))(h) 

= i.a(u)(h)-a(u,(v) I H)(h) = ,u(u)(h). a(Aa(v))(h) 

= Pa(t)(h). 
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It now follows that for all t & T, vC(t)(hj) = va(t)(hj) = vb(t)(kl) = vc(t)(k1) so that 
lrc(h,) = 7r,(ki). Hence, by Corollary 5.5, w(h,) = w(k,). That is, y(h,) = z(k,). 

Definition 5.7. Methods such as (H, a, hl), (K, b, k,) related as in Theorem 5.6 
will be called equivalent methods. 

If the methods (H, a, hl), (K, b, k,) are so related that there exists a bijection 
Vp: H -- K such that Vo(h1) = k, and such that whenever x E B(K), k E K 
then a(x o )(V-1(k)) = b(x)(k), then it is easy to verify that the two methods are 
equivalent. However, this special type of relationship is a much closer one than 
equivalence. For example, it can be verified that sp is a homeomorphism between Hand 
K when the topologies of Section 4 are imposed and we have for all h E H, t & T the 
relationship ,uA(t)(h) = Pb(tX)(h)). Methods related in this special way will be regarded 
as identical. This means that whenever we have two different methods (H, a, h1), (H', 
a', h') to consider together for any purpose we can suppose (by replacing one of them 
by an identical method) that H and H' are disjoint. 

6. The Group of Integration Methods. For two integration methods (H, a, hl), 
(K, b, k,), where H n K = 0, we define the product as the method (H U K, c, k1) 
where c E A(H kJ K) is defined for x E B(H 'U K), h E H and k E K by 

(6.1) c(x)(h) = a(x I H)(h), c(x)(k) = a(x I H)(hl) + b(x I K)(k), 

that is, by 

(6.2) c(x) I H = a(x I H), c(x) I K = a(x | H)(hl)eK + b(x I K). 

The significance of this definition is that the product of the two methods is the method 
that results by applying each of the given methods in order. This result is stated more 
precisely in the following. 

THEOREM 6.1. Let (H U K, c, k,) be the product of (H, a, hl) and (K, b, k1) and let 
f satisfy a Lipschitz condition with constant L such that LUjcjj < 1. If 771, 772, 773 are 
defined by 

(6.3) Yi = 77oeH + a X (f o y), X1 = yl(hl), 

(6.4) Y2 = 771eK + b X (f ? Y2), 772 = YADI 

(6.5) Y3 = t7neHUK + C X (f 0 Y3, ) n3 = Y3 (k1), 

then 772 = 7734 

Proof. We first show that IJail < IIcl and Ijbjj < IIcII so that Y1, Y2 are well defined. 
If x E B(H) and x' is an extension of x to HU Ksuch that Ijx'jI = lIx!! then Ila(x)jl 1- 
Iic(x')lI < IIcl I* I xi . Hence, IJalI < IIclj. Now, let x E B(K) and let x' be the extension 
of x such that x' IH is the zero function. We have c(x') I K = b(x) so that I ib(x)l I < 

lic(x')il ? licli iixii and jjbjj ? 1Ic!l. 
We now show that if y3 satisfies (6.5), then y3 I H = yl and y3 I K = Y2 are the 

solutions of (6.3) and (6.4) respectively. We have 

Y3 I H = 7oeH+ (c X (f 0 Y3)) I H 

- DoeH + a X ((f 0 Y3) I H) 

- -loeH+ a X (f o (y. I H)). 
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Note that in this computation we made use of the result that (c X y) I H = a X (y I H) 
where y is a bounded function on H U K to X. This is easily verified by noting that, 
for anyp E X*, 

p o ((c X y) I H) = (c(p o y)) I H a(p oy I H) 

= a(p o (y I H)) p o (a X (y I H)). 

We now perform a similar calculation with K taking the place of H, 

Y3 I K = tloeK+ (c X (fo Y3)) I K 

= 77oeK + a X (f o?3 j H)(hl)eK + b X ((f o y3) I K) 

= t7leK + b X (f ? (Y3 | K)), 

where we have used that fact that Y3 I H and Y1 are identical. 
For a method m = (H, a, hj), we may form the numbers v.(tXh,) for t C T. 
Definition 6.2. We define a function w on the class of all integration methods to 

the set G defined in Section 2 by v.(t)(h,) = w(m)(t) for all t C T. We denote by Go, 
the range of w. 

THEOREM 6.3. If mi, m2 are integration methods, then 

(6.6) W(m1m2) = W(m1)W(m2). 

Proof. The multiplication on the right of (6.6) is, of course, that of the group 
G in Section 2. We will write ml = (H, a, hl), m2 = (K, b, k1) so that mIm2 = (H 'U K, 
c, k,) where c is given by (6.1) or (6.2). 

The proof will require a use of the function X defined in Section 2. We recall 
that for a given g C G and t C T, X(g, t) is a member of G*. That is, X(g, t) = 

57'ET it, (t') where for each t, only a finite number of t' C Tare such that Otto $ 0. 
We write g = w(m,) so that the numbers 1,,' for t, t' E T take on definite values. 

We will now show by induction that, for all t C T, 

(6.7) ii(t) | H = 

(6.8) ij(t) I K = E lt,.b(t4), 

(6.9) v (t) | H = v.(t), 

(6.10) v'(t) | K = I 1t Vb(t) + w(ml)(t)eK 

For t = 7', we have by (3.4), ;i,(t) eHuK, ,ua(t) = eH, Aub(t) = eK and from (2.17) 
we see that It, 1 if t' = r and It,, = 0 otherwise. Thus, (6.7), (6.8) are easy to 
verify in this case. 

For any t C T, if (6.7), (6.8) are known to hold then (6.9) and (6.10) follow by 
a calculation (which we will omit) based on (3.6) which gives in this case v,(t) = 

To complete the proof of (6.7), (6.8), (6.9), (6.10) we will prove (6.7), (6.8) for 
t = uv on the assumption that the four equations hold for t = u and for t = v where 
u, v C T. From (3.5) we have Mu(uv) = jz,(u)v#(v) (with pointwise multiplication 
on the right-hand side) so that 
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A, (uv) I H = (ju0(u)v,(v)) I H = (A.t(u) I H)(v,(v) I H) 

= 4a(U)V.(v) = ,(aJUV) 

which is (6.7). 
For k E K and for g' ? G defined by g'(t') = sAb(t')(k) for all t' E T, we also have 

/, (uv)(k) = (X E L'b(u)(Z 1E Iv Vb(V) + w(ml)(v)eK))(k) 

= (i EUU'1,,'Mb(U'V') + w(mD)(V) E luu'2b(U'))(k) 

= (X(w(ml), u)X(w(ml), v) + w(m1)(v)X(w(mD, u))(g') 

-X(w(m1), uv)(g') 

= 1 fu.. 9'Ab(t')(k), 

so that (6.8) follows. Now, evaluating (6.10) at k, we have 

w(mlm2)(t) = w(mI)(t) + X(w(ml), t)(W(m2)) = (W(m1)w(m2))(t) 

by (2.16). 
Since w(mlm2) can be determined just from w(ml) and w(m2) and making use 

of no other property of ml or m2, we have the following theorem which we state 
without detailed proof. 

THEOREM 6.4. If M1, M2 are equivalent classes of integration methods then {MlM2: 
ml E Ml, M2 E M2 } is an equivalent class of integration methods. 

We now see fairly precisely the sense in which w(m) characterises m. If w(m) is 
given, m is specified up to an equivalence class. Furthermore, the numerical result 
produced by a method is determined by w(m) (for f with small enough Lipschitz 
constant). We also have the convenient results of Theorem 6.3 that the products 
in Go correspond to successive applications of different numerical methods. 

We might ask the questions: are there methods corresponding to the identity 
elements of G. and to w(m)i1 where m is a given method? The answers to both these 
questions are in the affirmative as shown by Lemma 6.5 below. 

Suppose m = (H, a, hi) and ho <E H then we will be concerned with two methods. 
The first is 

(6.11) MO = ({0}, b, 0) 

where b E A( { 0}) is defined for x E B({ } ) by b(x)(0) = 0 and the second is 

(6.12) ml = (HJU {ho} c, ho) 

where c E A(HYU {ho}) is defined for x E B(HkU {ho}) by 

c(x)(ho) = -a(x I H)(hl), 

c(x) I H = a(x I H) - a(x I H)(hl)eH. 

LEMMA 6.5. If mo is given by (6.11), then w(mo) is the identity of G. If ml is given 
by (6.12) then w(m,) = w(m)-1. 
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Proof. It is trivial that w(mj)(t) = 0 for all t E T. Hence, w(m0) is the identity of G. 
We now form the product of m amd mi. However, it is necessary to replace ml 

by an identical method, say (H' U) {ho }, c, ho), where H' is a copy of H which we 
regard as disjoint from it. If h E H, we write h' E H' for its partner in a bijection 
between H and H'. The product method is (H U H' 'U { ho }, d, ho) where d is defined. 
for x E B(H U H'k {ho }) by 

d(x) [ H = a(x [ H), 

d(x) H H' = a(x | H)(hl)eH' + a'(x I H') - a'(x I Hl)(hl)el, 

d(x)(ho) = a(x l H)(hl) - a'(x I H')(h'), 

and a' corresponds to a in the identification of (H, a, hi) and (H', a', hl). 
Let B' C B(H U H' 'U {ho}) and B" C B' be the sets defined so that if x E B' 

then for all h E H, x(h) = x(h') and if x G B" we have the additional property that 
x(ho) = 0, then it is easy to verify that if x G B' then d(x) G B". We also see that 
B' is a subalgebra of B(H 'U H' U { ho }) (regarded as a Banach algebra with point- 
wise multiplication) and B" is an ideal of B'. We shall prove by induction that /Id(t) E 
B' and vd(t) E B" for all t G T. In fact, since eHUH'U ( ho) C B' we have that Ud(T) G B'. 
Hence, Vd(T) = d(Md(r)) E B". If t = uv, where /Id(U) E B', Vd(V) E B" then /ud(UV) = 
ILd(U)Vd(V) E B' and hence, Vd(UV) E B". Evaluating Vd(t) at ho for any t E T gives. 
the result 0. Hence, w(mmj) = i (the identity for G). Hence, w(mi) = w(m)`t. 

The following theorem will be stated without proof. It is a corollary to Lemma 6.5. 
THEOREM 6.6. Go is a subgroup of G. 
It is clear that Go is not identical with G since an element of Go satisfies the condi- 

tion of Theorem 6.8 below. In this result and in Lemma 6.7, r will denote the function 
on T which assigns to t E T the order of t. Thus, r will satisfy the recursive definition 

r(r)= 1, 

(6.13) r(uv) = r(u) + r(v), for all u, v G T. 

LEMMA 6.7. If m = (H, a, hl) then for all t G T, 

(6.14) 1 w(m)(t) I<z' I a I t"' . 

Proof. In fact, we will prove that, for all t E T, 

(6.15) llka-t)|l <-~ [ a rt- 

(6.16) l |v,(t)| | < Ila Ia I"~) 

where, if tall = 0 and t = r, then the right-hand side of (6.15) is replaced by 1. 
For t = r, (6.15) is trivial since each side equals 1; for all t G T, (6.16) follows. 

from (6.15) since 

I lva(t)I = I Ia(I a(t))I I ? I I la I I* I MA(t) I I 

Furthermore, if t = uv then 

I IWa(U0) | = I I hIa((U)V(V) I I < I Ia(U) I I a I v(v) I I 

and an inductive argument completes the proof of (6.15) and (6.16). Equation (6.14) 
now follows since w(m)(t) = va(t)(hi). 
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The theorem which now follows restates this result without making explicit 
reference to m. 

THEOREM 6.8. If a E Go, then the set {Ia(t)Il/r(t) t E T} is bounded. 
Proof. Write a = w(m) where m is as in Lemma 6.7. The result holds with an 

upper bound hail. 
Although G. 5 G, there is a sense in which elements of G can be approximated 

by elements of Go. The result is as follows. 
THEOREM 6.9. If a G G and To is any finite subset of T, then there is fB E Go such 

that a I To = I 1 TO. 
Proof. It is sufficient to prove the result in each of the cases To = T1, T2, *- 

where for n = 1, 2, * * * , To is the set of trees of order < n. We will prove this result 
(which is trivial for n = 1) by induction on n. 

We first define a function a on T X T by the formulae 

6(rt)= 0, foralltC T, 

(6.17) 5(uv, t) = 6(u, t), where u, v, t E T and v $ t' 

5(uv, t) = 8(u, t) + 1, where u, v, t E T and v = t. 

If r(t) ? r(u), we see that 8(t, u) = 0 and if for all u E T, 6(tI, u) = 6(t2, u), then 
tl = t2. Also, it can be verified that, for a method ml = (H, al, hi), if t E TR (where 
n > 1), then 

(6.18) I~a,(t) = II va(u) XU) 

From the method ml, we can form a new method M2 = (H U {h2}, a2, h2) where 
h2 X H and a2 is defined by 

a2(x) { H = a,(x I H), a2(x)(h2) = x(h1). 

It can be verified that for all t G T we have 

v42(t) | H = va.(t), Vaa(t)(h2) = Aljt)(hj). 

Hence, using (6.18) we see that, for t (E Tn 
(6.19) w(m2)(t) = IT (w(m1)(u))8(t'u) 

uCETn-, 

By the induction hypothesis, a method ml exists so that w(mi) takes on any re- 
quired values on T,,1 Let Si denote the set of all real-valued functions on T1 which 
satisfy (6.19) for some w(mi) ITn_1. Also let S2 denote the linear span of S1, let S3 
denote the set of all real-valued functions which are restrictions to Tn of members of 
Go and let S4 denote the set of all real-valued functions on Tn. By definition, S3 5 S, 
and we have already shown that S1 C S3. 

We now see that S3 is a linear subspace of S4,. This follows by observing that if 
Ic G R, a, = w(Mi1), a2 = w(M2), mI = (Hi, al, hi) andM2 = (H2, a2, h2) where Hi () 
H2 = 0 then cal = w(m3) and a, + a2 = w(m4) where 

m3 = (H1i {h3}, a3, h3), m4 = (H1i t H2YU {h4}, a4, h4), 

1h3 H1, h4 t H1 U H2, and a3, a4 are defined by 

a3(x) I H1 = a,(x I H1), a3(x)(h3) = ca1(x I Hj)(hj), 
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a4(x) I H1 = al(x H H1), a4(x) I H4 = a2(X I H2), 

a4(x)(h4) = ai(x I H1)(h1) + a2(x I H2)(h2). 

Thus, we see that S2 5 S3 5 &4 so that S3 = S4 will follow when we have shown 
that S2 S4. 

We first show that S2 is a subalgebra of S4 in the sense of pointwise multiplication. 
Let i, ti E S2 be defined by 

E(t) = EjCi T Ci(u)8(.), 
(6.20) iEI uETn-i 

X(t) = E di 11 D,(u)8(t ,u) 
jEJ uETn-1 

for all t E Tn where I, J are finite index sets and for i C I and j C J, c; and di are 
real coefficients and Ci, Di are real-valued functions on Tn..1. 

The (pointwise) product t-q is now defined by 

(Q)(t) = = ( ci di T (Ci(u)D,(u))'(t'u) 
(iI i) EIXJ uE Tn- 

so that 477 C S2. 
We next observe that the subalgebra S2 distinguishes points of Tn. That is, for 

tl, t2 C T, with t1 0 t2 there is t C S2 such that t(t1) W(t2). If u E T"_1 is such 
that 6(t1, u) 0 6(t2, u), then we can, for example, define t by (6.20) with I = { 1}, 
ci = 1, C1(v) = 1 for v 0 u and C,(u) = 2. Furthermore, S2 contains the unit function 
since this is just t defined in (6.20) with I = { 1}, c1 = 1 and C1(u) = 1 for all u. 

Hence, S2 = S4 and the proof of Theorem 6.9 is complete. 

7. Some Properties of G0 and G. In this section, we will develop some prop- 
ties of some special elements of G,, some of its subgroups that have a numerical 
significance and factor groups corresponding to some important normal subgroups. 
Since G is, in some ways, simpler than Go it will be convenient to study properties 
of Go in terms of the corresponding properties of G. 

For example, if K is an invariant subgroup of G such that every element of G can 
be written as the product of an element in K and an element in G, then the factor 
group GO/K n G, is isomorphic to G/K. Thus, we can avoid explicit consideration 
of the group GO/K n Go by considering G/K instead. 

It was mentioned in Section 3 that if H is a finite set then the integration method 
m = (H, a, hJ) is simply a Runge-Kutta method. Write H = {1, 2, *., n + 1 
and define a as the linear operator represented by the matrix 

all a12 ... aln 0 

a2l a22 ... a2n 0 

an1 an2 . . . ann 0 

Lb, b2 * bn 0_ 

and write h, = n + 1. This leads to the integration method represented by the equa- 
tions 
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y(l) = fO + E a, f(y(j)), 

y(2) = no + Z a2if(y(M)), 

y(n) = no + Z anf(yU)), 

w7 = lo + E bif(y(j)). 

It is easy to see that w(m) maps a given tree t onto the corresponding polynomial 
'I as defined and used in [1], [2]. 

The special method m = ([O, 1], a, 1), where a is given by (3.2), will be referred 
to as the Picard method and we will write p = w(m) in this case. Let r: T -+ R be 
defined by (6.13) so that r(t) is the order of t. We then see that, according to [1] in 
which for a given t, p(t) was written as 1/7y, p would satisfy the recursion given by 
(7.3), (7.4) below. More detailed information is given in the following theorem. 

THEOREM 7.1. For the Picard method we have 

(7.1) Ha(t)(h) = p(t)r(t)hr(t)-1, 

(7.2) vj~t)(h) = p(t)hr() 

for h E [0, 1], t E T where p is defined by 

(7.3) p(r) = 1, 

(7.4) p(uv) = p(u)p(v)r(u)/r(uv) for a, v E T. 

Proof. We shall verify (7.1) and (7.2) when t = r and when t = uv given that 
they hold for t = u and t = v. For any t, (7.2) follows from (7.1) by the formula 

rh 

va(t)(h) = ia(t)(k) dk. 

For t = r, we have ,i.(t)(h)= 1 which is the correct result. We also have, for 
t = uv, 

/A(uv)(h) = /a(u)(h)va(v)(h) 

- p(u)r(u)hr(u) -1p(v)hr(`) 

- p(u)p(v)r(u)r(uv)h1 ("" '-/r(uv) 

-p(uv)r(uv)hr(Is) - 

so that (7.1) is proved in this case. 
For a real number A, we define, for a E G, the element a (A) E G such that, 

for t E T, 

(7.5) a (A (t) = Ar(t)a(t). 

This definition is motivated by the observation that if a = w(m) for m = (H, a, hi) 
then a (A) = w(m') where m' is the same as m except that a is replaced by Aa. This 
corresponds to a change in step size by a factor A. 
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The next result is concerned with a special property possessed by p. 
THwEOm 7.2. For A, B E R, we have 

(7.6) p~~~~~~~(A) p(B) = p (A +B) 

Proof. 

p(A) = W(([O, I], a, 1)), p(B) = w(([2, 3], b, 3)), 

where for x C B[O, 1], y C B[2, 3], a and b are defined by 

rh rk 

a(x)(h) = A f x() di, b(y)(k) = B f y() dt, 

for h C [0, 1], k C [2, 3]. 
Hence, p (A)p((B) - w(([O, 1] U [2, 3], c, 3)) where c is defined for x E 

B([O, 1] U [2, 3D by 

rh r k 
c(x)(h) = A f x(t) dt, c(x)(k) = A f x(t) dt + B f x(t) dt 

for h E [0, 1] and k [2, 3]. 
As for the proof of Theorem 7.1, it can be verified that for all t C T, h C [0, 1] 

and k C [2, 3] that 

,(t)(h) = p(t)r(t)(Ah)r(t)1, 

v (t)(h) = p(t)(Ah)trt), 

At)(k) = p(t)r(t)(A + B(k -2)) 

(7.7) v,(t)(k) = p(t)(A + B(k - 2))t). 

Setting k = 3 in (7.7) we obtain the result. 
This result is characteristic of p. For example, we have 
THEORM 7.3. If a C G is such that a2 = a(2) and a(r) = 1, then a = p. 
Proof. The expression for a2(t) is 2a(t) plus terms involving trees of lower order. 

On the other hand, a (2)(t) equals 2r(')a(t) so that for r(t) > 1 there is only one pos- 
sible value for a(t) so that the two expressions are equal. For r(t) = 1, we have only 
t = T. 

At this point, we introduce a certain type of subgroup of G. 
Definition 7.4. For n a positive integer, we define Kn as the subset of G such that 

for a E K, and any t E T such that r(t) < n we have a(t) = 0. 
THEOREM 7.5. K, is an invariant subgroup of G. 
Proof. If a E Kn we have, for all t such that r(t) ? n, X(a, t) = ?. This follows 

since X(a, r) = T and if r(u), r(v) ? n then 

X(a, uv) = a(v)X(a, u) + X(a, u)X(a, v)= (uv) 

(Note that X(a, t) = I also for r(t) = n + 1.) 
Hence, if a EC K, and r(t) < n then 

(af)(t) = a(t) + 1(3) = (t) 
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so that (ar3) (t) = 0 if and only if f3(t) = 0. Thus, if a EE K then af3 E K& if and only 
if 3 E& K". Thus Kn is a subgroup. 

To show that K& is a normal subgroup, we will prove that if f3 C G then the sets 

{Iaf3: a EC K"} and {13a: a C KI} 

are identical. We shall show, in fact, that each of these sets is the subset of G con- 
taining EC G if and only if for all t C T such that r(t) ? n we have y(t) = ,8(t). Call 
this set S. We must show that 

(i) a EC K. =af Cl E S, 
(ii) a EC K, Ofa EC S, 

(iii) y E S=> (3 a CE K,)(ai3 = 09 
(iv) y E S 3 (3 a EC K.)(fla = y). 
Proof of (i). We have already seen that if a E K& then (af3)(t) = fl(t). 
Proof of (ii). For fixed f3, we have 

X@j3, t) = E C(t')(t')^ + A 
a. ( SI ) <r ( a ) 

where c is some real-valued function on T. Hence, if a EC K& and r(t) ? n then 
X(f3, t)(a) = 0. Hence, (f3a)(t) = f3(t). 

Proof of (iii). This is equivalent to (i) since '3 = a y and a-'1 E K". 
Proof of (iv). Similarly, this is equivalent to (ii). 
The factor group G/KI (= Go/(Kn C\ Go)) will be denoted by G,. We use the 

usual group-theoretic convention of writing aKn where a EC G for the coset con- 
taining a. 

Definition 7.6. If a EC pKn, then we say that a is of order n. The greatest number n 
such that a is of order n is called the order of a. 

Note that we will use the word "order" as applying to a method m such that 
w(m) = a in the same way as it would apply to a. Sometimes it is convenient to 
generalise the concept of order and we say that a method m or a = w(m) is of gen- 
eralised order n if a E p (at ) & and we call the greatest such n the generalised order 
of a (or of m). 

Definition 7.7. Let Jo denote the set of elements of G of generalised order n. That is 

J. = U {p") K: a Ez R}. 

We have the following property of generalised order, which is not possessed by order. 
THEOREM 7.8. J, is a subgroup of G. 
Proof. Suppose a E p(A )Kn, 3 E p(B )Kn = Kp (B ) for real numbers A and B. 

Then a3 C p(A)KnKPB Since KnKn = K& and Knp(B) = p(B)j we have 

af Ce (A)P ) Kn. 

However, by Theorem 7.2, p(A)p(B) = p(A+B) and it follows that af3 E J,. To prove 
that a-' C J,, where a C p(A)K, we will show that a-' E p(-A)K. Let a = p(A)k 
where k E K& then 

ap(-A) K. = p(A)kp(-A) Kn = p(A)kKnp(A) 

= P(A)Knp(-A) = p(A)p(-A Kn = Kn 

and this last set contains the identity of G. 
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We now introduce some other subgroups of G that will be useful in the search 
for special numerical methods. First, however, we introduce some notational devices. 
For t E T, we will, in this section, define to, t1, t2, ... by 

(7.8) 
to= t, 

A, = t,,-l (r O = 1, 2, *) 

We recall that X: G X T -- G* was defined in Section 2. We now define A: G X 
G* G* in such a way that A is linear over G* and such that A(a, I) = X(a, t) 
whenever t E T. 

Definition 7.9. The function A: G X G* -+ G* is defined by 

(7.9) Ada, 2 c(t)t) = E c(t)X(a, t) 
tET tET 

where a E G and c: T -* R takes all but a finite subset of T to zero. 
The following properties of A that will be stated without proof are easily verified 

by substituting A in terms of X in each formula. 
THEOREM 7.10. If U C G* and a, 13 ? G then 

(7.10) U(aj) = U(a) + A(a, U)(0). 

Furthermore, if U, V E G*, a ? G and c E R then 

(7.11) A(a , $) = Ts 

(7.12) A(a, U + V) = A(a, U) + A(a, V), 

(7.13) A(a,c U) = cA(a, U), 

(7.14) A(a, UV) = A(a, U)A(a, V) + V(a)A(a, U). 

Let L4 (n = 1, 2, * *) denote the subset of G defined as that a E L. if and only 
if, for m = O.1, * *,n - 1, it holds that 

(7.15) a(rm) = a(7r)m+/(m + 1). 

Since To = r, L1 is identical to G. 
Definition 7.11. A subgroup H of G is said to be homogeneous if a E H and 

A ? R imply that a(A) ? H. 
It is easy to see that GoKn (n = 1, 2, * )and Jo (n = 1, 2, * )are all homo- 

geneous. 
We also have 
THEOREM 7.12. For n = 1, 2, * * L,% is a homogeneous subgroup of G andp L4. 

Proof. From its definition, it is easy to see that L. is homogeneous and, from the 
definition of p we see that p satisfies (7.15). It remains to prove that L4 is a subgroup. 

We first show that, for m = . 1, 2,* anda C G, 

(7.16) X(a, Tm) = E ( )a(T) em-i. 

For m = 0, both sides of (7.16) reduce to r. To complete the inductive argument we 
assume the result for numbers lower than m. We have 



AN ALGEBRAIC THEORY OF INTEGRATION METHODS 101 

X(a, 7m) - X(a, Tm-1T) = X(a, Tm-)X(a, r) + a(T)X(a, Tm-1) 

= E ( . )a(T) 
Trnl-iT 

+ a(T) 
E ( 7 )a(T)ym-i-I 

= I - . I)a~ Tm-ai. 

Hence, if a, C8 C G, 

(al3)(rm) = a(Tr) + E (.)a(T) I(Tmi) 

so that 

(af3)(r m) - ((a,1)(T))m +l 
M+l 

= (a(Trn) m + 1 a(T)rn+l) + E (7)a(T) (Trn--i)- 7+? i) 

Hence, if . C 4 it follows that a3 C L,, if and only if a C LC,. Thus, L4 is a sub- 
group. 

The next subgroup to be defined is actually a subgroup of Ln. Let U1, U2, **, 
Un ? G* be defined by 

(7.17) Um =mrn -I fAm 

so that a brief calculation gives for a C G, m 1, 2, *.* , 

A(a, Un) = 1 (,)a(1T)' Un-i + (mat(Tr-ln) -a(r) )T v 

If a C Ln we have 

(7.18) A(a, Urn) = E K'.)a(T)t Urn i. 
i-OI 

Definition 7.13. We define S?= {U1, U2, *i, U,,} and Sn, S., ***, recursively 
by the formula 

(7.19) S ={: t C T, V CS S} U I{ Vt: t C T, V C S,'-} 

and we define S,, as the linear subspace of G* spanned by the union of Sn S* , 
Finally, we define L,,, as the subset of Ln containing a CE L4 if and only if 

U(a) = 0 for all U C Sn, and Lrn,n = Lm n L4,, for m 2 n. The next two lemmas 
establish properties of Lnn that will enable us to prove it is a subgroup. 

LIMMA 7.14. If a C Ln,,, and V C Sn then 

(7.20) A(a, V) C S,. 

Proof. By the linearity of A, it is necessary to prove (7.20) only when V C S, for 
some i. We prove this by induction on i. For i = 0, the result follows from (7.18). 
For i > 0, we assume the result has been proved for V C Sn,`. Let V = UW where 
U C S,- or W C S7'. We have 
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(7.21) A(a, V) = A(a, U)A(a, W) + W(a)A(a, U). 

If U C S7-1, then both terms on the right of (7.21) are members of S,. If W C S."l, 
then W(a) = 0 so that again we see that A(a, V) E S,, 

LEMMA 7.15. If a C- L4, and 3 EC L,, are such that for all, V E S,,, 

(7.22) A(a, V)(8) = 0, 

then A C L ,,. 
Proof. By the construction of U, S,, its elements are of the form ma - 0 where 

u, v are of the same order (say k) and m is an integer such that m < n. Suppose that 
for all m'a' - 0' EC- UJ S, such that r(u') = r(v') < k it holds that (m'a' - 'X)1) = 0. 
Then, we will prove that (ma - 1)(fl) = 0. 

Let 0% be defined so that 13o(t) = 13(t) when r(t) < k and 13o(t) = 0 when r(t) _ k. 
Thus, to CE L,, ,, so that, by Lemma 7.14, 

A(a, ma - 03X1%) = 0 = A(a, maf- 

By writing X(a, u) = u + Er(t)< k c(t)?, X(a, v) = 0 + Zct)<k d(t)I and e(t) = 

mc(t) - d(t) we see that 

A(a, mu -vA) mu 
M + e(t)l, 

r(t)<k 

so that 

(mu- B)(3) = A(a, mu - )(1)- E e(t)01(f) 
r ( t <k 

= A(a, ma - )(1o)- E e(t)130Q) 
r(t) <k 

- (ma - 00)) = 0. 

THEOREM 7.16. L4 is a homogeneous subgroup of L,, andp C 4. 
Proof. If a CL L,,,, U C S. and 1 C L, we have 

U(a13) = U(a) + A(a, U)() = A(a, U)(3). 

By Lemmas 7.14, 7.15, a3 CE L,,,,, if and only if 13 C LC ". Hence, L,,, is a sub- 
group. 

The proof that L,,, is homogeneous is trivial and will be omitted. We will now 
show that p C 4,,n That is, for all U C S,,, U(p) = 0. This is readily verified for the 
case of U1, U2, ..., U,, defined in the proof of Theorem 7.12. In fact, using (7.3), 
(7.4) and the fact that r(rT)=m+l for m=0, 1, * *, we find that p(,r)= I/(m+ 1), 
p(rr.m-) = l/m(m + 1) so that Um&) = (m1rT9i - ~M)(p) = 0. Thus, we have 
proved that U E S,, implies U(p) = 0 in the case i = 0. We now proceed by induction 
on i. Suppose mau- 0 C S.'J- is such that (ma - 0)(p) = 0 and we wish to prove the 
corresponding result in the case of (ma - 0)? and 1(ma - 0). Since mp(u) = p(v), 
r(u) = r(v) and r(tu) = r(tv) = r(ut) = r(vt) we are in a position to evaluate 
((ma - 0) t)(p) and ( 1(ma - 0))(p) making use of (7.4). In each case the result is zero. 

In order to introduce our final subgroup, it is convenient to extend the notation 
given by (7.8) to elements of G*. If U C G* we will, for the remainder of this section, 
write U0 = U, U1 U0 A, U2 = U1, . 

Let Ln be the subset of G containing a if and only if for m = 1, 2, * *, n - 1 and 
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for all U E G* we have 

(7.23) (mA._1 U - A(a)m U + Um)(a) = 0. 

Note that Ln C Ln since, if U = T, (7.23) reduces to (7.15). 
THEOREM 7.17. LV is a homogeneous subgroup of L4 andp ? Ln. 
Proof. We will omit the trivial verification that LV is homogeneous. To prove 

that p E L' it is sufficient to verify (7.23) with a = p (so that 9(a)- 1) and U f 
for all t E T. It is found that 

Urn(a) = r(t)p(t)/(m + r(t)), (9lr. U)(a) = p(t)/(m + r(t)) 

so that (7.23) can easily be verified. 
Since U, = Ui_1, we can easily show, inductively, that 

A(a, Urn) g (.)a(T)'A(a, U)m-i 

so that 

+ U(a) ' (m - l)()i A 

A straightforward calculation, making use of these results gives, for m = 1, 2, ..., 

n - 1, 

(m m_ U - q(afyn U + Um)(ai3) 

-(m UU- _(a) U + Um)(a) 

+ E (' ")airj(m - i)rTnjiA(a, U)- f(J3Yi'A(a, U) + A(a, U)=ji}(O) 

+ U(a) E2 (.)a(r){(m - i)WM 1 .((f) - Mf3)m-i} 
i-o I 

- (A,._m U - (a)"a U + Um)(a) 

if , f V. Hence, a5 
n 

V if and only if a - L". Thus, LV is a subgroup. 
Definition 7.18. LI n = LI C\ Lm n. 

Note that, as the intersection of homogeneous subgroups, L, is a homogeneous 
subgroup. Also L',n contains p. We also see, since L1 C LI, that we can assume with- 
out loss of generality that m > 1. In fact we can take m as I + n - I as the next 
theorem shows. 

THEOREM 7.19. If? 2 2, then L',, C LIn-1. 
Proof. Replace m by i in (7.23) and write U = 9 j where j _ n. We then have, 

for i < 1, 

(7.24) (i0,9j~i - 9(a)'9s.i + 9,+.l)(a) = 0 

for all a E L? 
Since i-=ri-I = (Trj-),j-j and since a((rri-,)i-,) = a(rj+-,)/j because 
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krlri-ji-i ?- Se, we deduce from (7.24) 

(7.25) (i + (a) r() -(a). 

Since (7.25) holds for i < I and j _ n, it follows that kft-l(a) = s(a)c for all k < 
I+ n. 

8. Applications and Extensions. In this paper, the concept of order has been 
introduced in a purely algebraic way although its true significance is analytical. It is 
the author's intention to present in a later paper an error analysis for Runge-Kutta 
methods that will fit very much into the spirit of the present paper and in which the 
concept of order will play an important part. 

In another proposed contribution, a characterization will be given for Runge- 
Kutta methods which, for appropriately smooth functions, have a global truncation 
error with an asymptotic expansion in even powers of the step size. Such methods 
will yield generalizations of the Romberg quadrature method. In particular, the 
implicit methods based on Gauss-Legendre quadrature have this property. 

Again, the author intends to introduce a type of explicit method which, though 
of low order, may be made use of in a way which makes it effectively of higher order. 
In particular, a five stage method will be presented which can be used in a special 
way to yield answers that have the properties of answers produced by a fifth order 
method. 

Finally, it is the author's hope that the results in Section 5 can be generalised 
by relaxing the assumption that X is finite dimensional. 

9. Appendix. In Table 9.1 are listed trees of order up to 5. Also for given t ET 
the corresponding values of r(t) and X(a, t) for a E G are given. 

In Table 9.2, the expressions for (a13)(t) are given for t ? T of order up to 5. To 
simplify the notation, the various t are numbered serially t, = r, t1 = rr, t2 
= -rg a-, .. * and (a3), as, fi denote (aS)(t,), a(ti), 3(ti) respectively for i = 0, 1, * *, 

16. For convenience, ri = r(ti) is also listed. 
In Table 9.3 the values of p(ti)-F are given where to, t1, , t16 are the trees of 

order up to 5 numbered in the same way as in Table 9.2. 
Finally, we present Table 9.4 to enable certain computations to be conveniently 

performed in L',2. Let to, t1, * t,8 be as shown in Table 9.2 and let a be a member 
of L32 ,. Because of the relations which define this group, it can be seen that ai for 
i # 0, 4, 8 or 10 can be written in terms of ao, a4, a8, a1o. Where there are entries 
under the heading at, expressions for these quantities are given. Also in this table 
are expressions for (a1)i where 13 is also a member of L',2 and i = 0, 4, 8, 10. 
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TABLE 9.2 

i ti ri 

0 T 1 ao + o 
1 TT 2 a, + 1 + aoio 
2 TTT 3 a2 + ,2 + 2aO/16 + aOo 
3 TTT 3 as+ 63+ao/31+aa0lo 
4 (TT.T)T 4 a4 + j,4 + 3ao32 + 3aOi/l + a,3l0 
5 TTTT 4 a5 + /36 + aOj/2 + aO/33 + ao/ + alj3 + aoaio 

6 T(TT.T) 4 a6 + /66 + 2aojB3 + aO/31 + a2130 

7 T(T-TT) 4 a 7 + /37 + aO/33 + alli + a3/30 

8 (TT.T)T.T 5 as + 13s + 4ex0/34 + 6aO2 + 4a3i1 + a4% 
9 (,rr-). r 5 a9 + /3g + ao/34 + 2ao/06 + 2 O2 + aO/3 + aO31 + al2 + 2aoai/3 

+ aoai/3F 
10 TT (TT T) 5 ago + ,B10 + ao/64 + 2ao/65 + a2 2 + 2aO23 + ao/3 + a2/3 + aoa3O 
11 TT (T TT) 5 anl + /3nl + ao/37 + a0135 + a0u33 + al/32 + aoal/31 + a3/31 + aoct3IBo 
12 (T.TT).TT 5 Cr12 + /312 + 2ao/36 + aO/32 + 2a2333 + 2aoai/3i + a213o 

13 T(xTTT)T 5 CaI3 + /3i: + 3ao/36 + 3ao/33 + a/31j~ + a~no 
14 T(TTTT) 5 al4 + /314 + ao/36 + aol8i + aO/33 + a1/33 + aoal/31 + aibao 
15 TrT(TTrT) 5 al + /316 + 2ao/37 + aO/33 + a#2% + a /3o 
16 T T(TrTT) 5 al + j/16 + ao/37 + a0133 + a3183 + a7/3o 

TABLE 9.3 

i 0 1 23456789101910121213 14 15 16 

p(t,)-' 1 2 3 6 4 8 12 24 5 10 15 30 20 20 40 60 120 

TABLE 9.4 

i i (cq3) 

0 ao+/3o 
1 2 t2 
2 3 3 

3 6 V 

4 a!4 + a + ao03 + aI3Oa + ac1o 

5 2 C4 

6 13 Y40- a4 

7 6aC0 -2aC4 

8 ar8 + /38 + 4a014 + 2a613 + 2c4I3 + 041 

9 2 ! 
10 a!O# + al30 + 3aoI3f + a cf3l 3 + icai32 + c4$ 

11 2a19 

1 2 -o!8 

13 la34-a8 

14 4a0a4 - o 2 
15 la0 - a1a4 - a10 

1 6 6 LY!o - 2 (toa!4 - 2 2#3 0 

_~~~~~~~~~~~~~~~~ao+00+3 2 


