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On the Gaussian Integration of Chebyshev Polynomials
By A. R. Curtis and P. Rabinowitz

Abstract. It is shown that as m tends to infinity, the error in the integration of the Cheby-
shev polynomial of the first kind, T(m42)is2:(x), by an m-point Gauss integration rule
approaches (—1) . 2/(42 — 1),/ = 0,1, --- ,m — 1,and (—1) - #/2,] = m, for all j.

1. Knowledge of the errors in the numerical integration of Chebyshev poly-
nomials of the first kind, T,(x), by given integration rules has proved to be useful in
various situations. On the one hand, they can be used in estimating the error in
integrating functions of low-order continuity [4] or with branch-point singularities
[5]. On the other hand, they are needed in computing the norm of the error functional
of the given rule in a certain family of Hilbert spaces of analytic functions [7]. For
certain rules, namely for Gauss, Lobatto and Radau rules, asymptotic, and in some
cases exact, values of these errors for certain values of the parameters involved were
given in [3]. In this paper, we give further asymptotic results for the case of Gauss
integration which are valid for all values of the parameters, thus completing the
picture in this particular but very important case. These asymptotic results, which
agree with the true computed results quite early, have been used to explain why the
use of a Gauss rule with an even number of points, say 2a, is superior to one with an
odd number of points, 27 + 1, in integrating a function which is not analytic at the
midpoint of the integration interval [6]. Numerical evidence suggests that similar
results hold for a second family of important rules, the Lobatto rules, but the tools at
our disposal in this case are not as powerful as in the well-investigated Gauss case
and, hence, we were unable to prove these results.

2. The Chebyshev polynomials of the first kind, T,(x), are defined in I = [—1, 1]
by T.(x) = cos nf, where x = cos §, 0 < 6 < =. We shall denote the error in in-
tegrating T,(x), using a Gauss m-point rule, by

1 m
ET) = [ T ax = 3 w0

-1 -
where x; = X;m, i = 1, -+, m, are the zeros of the Legendre polynomial of degree
mand w; = w; ., i = 1, --+ , m, are the corresponding weights which are all positive
with > ™., w; = 2. Since T,(x) is odd for n odd and since the Gauss rules are sym-
metric about the origin, it follows that E,(Ta.;) = O for all k. Furthermore, an
m-point Gauss rule is exact for all polynomials of degree <2m — 1. Hence, we shall
only consider E,(T%), where k = m. In this case, we have
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2 ”
Ei(Ta) = T2 — ‘Z‘{ Wi Tax(x,).

For k = m + j, it has been shown in [3] that, as m — o,

Enm(Tomezs) = /2 + O(m™), j=0,
= —r/24+0(m™), j=1,
= o(m™), i>1,

and, in fact, exact expressions have been given there for E,(Tyn+2i), j = 0, 1, 2, and
it has been indicated how to obtain exact expressions for larger values of j. In Section
3, we shall derive an asymptotic expression for E,(T) for the case k = 2m + 1 which
generalizes easily to k = 2m + 1)j, j = 2, 3, --- . In Section 4, we do the same for
thecasek =2m+ 1241, 1= 1, ., m. This again generalizestok = 2m + 1)j = [,
j=2,3,---,1=1,---,m Hence, we shall have obtained the asymptotic behavior
of E,(Ty) for all k.

3. In the Gauss m-point rule, the abscissas x;, i = 1, - - - , m, have the following
asymptotic behavior [1, p. 787]:
Let x; = cos 6;, then

4i — 4i — -
=4m+2 +°°t(4 +2 )/Sm +0(m™)

¢.‘ + cot ¢./8m + O(m-a)’

where ¢; = ¢, = m4i — 1)/(4m + 2).
It follows that

Tams2(x:)

cos((4m + 2)6,)

cos((41 - I + +

cot ¢; + O(m '2))

= cos((4i - Dr + .Z_in_ cot ¢; + O(m"l)>
= cos((4i — r + h,),
where h; = (1/2m) cot ¢, + O(m™"). By Taylor’s theorem,
cos((4i — Iyr + b)) = =1 — % cos((4i — Dmw + t:h)

with 0 < ¢; < 1. Hence,

ZwT4,.+2(X)— —Z w; — Zw‘ cos((4i — Drmr + th)

il tml

= -2 - Z w; cos((4i — ) + t‘h)

1=l

so that
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Zm: WiTymsa(x:) + 2| = Zm: wihi/2.

t=] =1

We now show that D™, w2 = O(m™") which will imply that

1 m
Ep(Tims2) = -/‘—1 Tyms2(x) dx — 21 W; Tam2(x;)

-2 -y _ -1
=T Gmyap T2H0m)=2+00m).

Since i = cot® ¢,/4m* + O(m™"), it suffices to show that D ™, w; cot® ¢; = O(m).
This we do by showing that
[(m+1)/2] /2

w; cot’ ¢; < K cot® ¢ do

t=] */(4m+2)

= (—cot¢ — ¢) :5?4,”2) = O(m),
since, by symmetry,
[(m+1)/2] m
2 Z w; Cot2 ¢,‘ g Z W C0t2 ¢.‘.
i=1

t=1

Now, by [8, p. 351], w; = O(m™ ") uniformly in i, i = 1, - --, [(m + 1)/2], so that
we < K(ps — i), i =1, -+« , [(m + 1)/2], where ¢, = x/(4m + 2). Since cot® ¢ is
monotonically decreasing in (0, w/2], we have that

LY

w; cot’ ¢; < K(d; — ¢i-y) cot’ ¢p; < K cot?’ pdp, i=1,---,[(m+ 1)/2],
$i—1

which proves our result.
Similar reasoning leads us to conclude that, for any fixed positive integer j,

E(Tumsni) = (—1)*" .2 4+ 0(m™).
4. Let us now consider
Tim+2221(x:), Il=1,---,m.
This is equal to
cos((4m + 2 =+ 21)8,) = cos((4m + 2)8;) cos 218,
F sin((4m 4+ 2)6;) sin 214,
so that

Z WiTumsaze2i(x;) = Z w; cos((4m + 2)8,) cos 210,
=1

i=1

- f: w; sin((4m + 2)6,) sin 216,.

1=l

Now
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> wi cos((4m + 2)6,) cos 216,

im]

2
= Z w;(—l - cos((4i — D + t;h,) %) cos 210,

t=]

= —Z w; cos 210, — E wi cos((4i — D + ¢, h) £ cos 216;

i=1 i=1

Il

- Z wiToi(x;) + O(m™),

fm]
since
n h2 m
> wi |cos((4i — r + t:h;) = cos 216, < > wiki = o(m™).
Tl fwm]
On the other hand,
sin((4i — 1)yr 4 h;) = cos((4i — Dr + w;h,)-h,
where 0 < u; < 1, so that
|2 w; sin((4m + 2)6,)sin 216;| < X wi|h,],
and we can show, as previously, that
[(m+1)/2)
w|h|S—f cotxdx—O(logm)
i=1 x/(4m+2) m
Hence, we have that
1
Z Wi Timizeni(x:) = —'z w;To(x;) + 0( 08 m) s l=1,--,m,

i=]1 i=1

But

> wTute) = [ Tuedr = 12,

t=1

for/ =1, .-, m — 1, since Gauss integration is exact for all polynomials of degree
<2m, while

m 1
> WiTon) = [ Toulw) dx = EuTa) = =% 4 O(n™),

=1

Hence, we have finally

En(Tims2s21) = — Z WiTimszs21(x;) + O(m_l)
i=1
_ 2 l_oz_m) 1 e om—
- 1 — 412 —F ()( m ’ I - 1’ , m l’
—-’5'+o(l°g'"), I=m

Similarly, for n = (2m + 1)j, we have
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E(Tumsnisz) = (— 1)’ 412 + 0(10g m) , I=1,---,m-—1,

= (- 1)”"+o(‘°g"’) I = m.

We can combine the results of Sections 3 and 4 in the following theorem:
THEOREM. As m — o, the error in the m-point Gaussian integration of T sm+ay ;23:(X)
approaches (—1)'-2/@4F — 1),1=0,1, --- ,m — l,and (—1)-x/2, 1 = m.
Remark. Chawla [2] states that lim, o E(T2n+a+3) = O for k = 1, where k may
vary with n. This has been shown to be incorrect by our results. A possible source of
error in [2] is the use of Eq. (10) there
£2k+2 + Ez _ Ezh -1

i
Eq,(T}) =~ _Z o E2n+k+3 d§

‘which is valid for a fixed T,(x), in the derivation of (11):
Eg(T) ~=/2 ifk = 2n,
~ —x/2 ifk =2n+ 2,
~0 ifk > 2n 4 2.
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