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Miniaturized Tables of Bessel Functions. IIT*
By Yudell L. Luke

Abstract. After the manner of our previous studies, coefficients for the expansion of
J,(z) and Y,(z) in double series of Chebyshev polynomials are presented. For J,(z), the
ranges are (1) 0 < z £ 8,0 S v £ 4,(20<z=8,4=<v < 8. ForJ,(2) + iY,(2), the
rangesare z = 5and 0 < v < 1. The coefficients are given with sufficient accuracy to enable
the evaluation of the Bessel functions to at least 20 decimals.

1. Introduction. In previous studies [1], [2], we considered the expansion of two
parameter functions in a double series of Chebyshev polynomials and developed
coefficients for the evaluation of K,(z) and I,(z) over a large part of the real z and
» lines. In the present paper, we give similar type coefficients for the evaluation of
J,(2) and Y,(2).

2. Chebyshev Expansion for J,(z). From [3, Vol. 1, p. 212 and Vol. 2, p. 35],

a1 J,@) =2 i A0, NTu(z/N), 0<z =\,
k=0
) A, N) = G, V)/2’T@ + 1),
&= + 1) ( }+k ‘ 2 )
3) Gk(v’)\)—Z“k!I'(k—l-v-l-l)lel+2k2,y+l+k —\/4),

26,0, 0 _ &k + 1) 16(k + ”;’; T+ Do N
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@ T *k+2

+ {1 — LG + 1);’2 2= ")}Gm(v, N,
where
o) =1, =2 fork>0.

It is readily shown that

Ek(—')kAZ,‘k—, .
©6) Gy, \) = SRR [1 + O™ 1,
and for v and \ fixed,
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™ lim G,(», \) = 0.

ko

Thus, the expansion (1) converges and by letting z — 0, we have the useful normaliza-
tion relation

® § (=) 40, N = 1.

Further, after the manner of the discussion presented in [3, Vol. 2, pp. 159-166],
we can show that use of the recursion formula (4) in the backward direction is con-
vergent. Thus, for a fixed \, we can generate the coefficients 4,(», M) for any given
value of ». Then, following the discussion given in [1], we can develop coefficients
D, (M) such that

© a6 = 3 paori(PE),  ssrsite

r=0

We remark that 20 decimal values of 4,(v, \) are given in [3, pp. 331, 332, 352-356}
for A = 8and» = 0, 3%, -1, 41, +3, +3, 1. Coefficients for the evaluation of

Yo(2) and Y,(2) for 0 < z < 8 are also given in [3, pp. 331, 332].
We next present a descending type expansion in series of Chebyshev polynomials
for the evaluation of J,(z) and Y,(2) in the vicinity of z = + . Now,

(10) H:l)(z) _ _%ie—i:r/zK'(ze_.‘,/z),

and from [1], we have

a1 K,(2) = (x/22)%" 3 Gi(v, NT¥(\/2), M fixed, \/z < 1, |argz| < 3x/2.
k=0

The recursion formula for G,(», \) and other properties of these coefficients are given
in [1]. If we write

H @) = J,2) + iY,02)

(12) .
= /r2)/%' "7 3 B, NTEVD, 2 2 ),
k=0

then the recurrence formula and other properties of the coefficients Hy(», \) follow
from those for G,(», \) upon replacing A by Ae **/?. We have the normalization

relation

(13) > (= H, N =1

k=0

and from [1], use of the backward recurrence relation for H,(», \) is convergent pro-
vided |arg A| < 7/ 2.

3. Numerical Results. From (1) and (9) with a slight change of notation, we
have

(14) @) =2 ; AW Tuz/8), 0<z=8,
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as) 40) = 2 D,,,Tt(”——j—f) , sSvEstu
r=0
In Tables 1 and 2, in the microfiche section of this issue, we present values of D,
which were computed by the technique depicted in [1]for s = 0, = 4ands =t = 4,
respectively. Values of I'(» + 1) required in the numerics were obtained by use of the
schema of my previous paper [4]. Numerous checks were made on the coefficients.
They are of the type previously discussed in [1], [2] and we dispense with further
details. The computations were designed so that the coefficients for 0 < » < 4 are
accurate to about 25D while those for 4 < v < 8 are accurate toabout 27D. To evaluate
J,(2), we must incorporate the value of z’. As 0 £ z = 8, we see that the coefficients
are sufficiently accurate to produce J,(z) to about 20 decimals at least.
Now,

(16) Y,(z) = (cscm)[(cos »r)J,(z) — J-,(2)]
and both J,(z) and Y,(z) satisfy the same recurrence formula
an Jy1@2) + J,1(2) = (2/2)J,(2).

Further, the recurrence formula for J,(2) is always stable in the backward direction,
but only conditionally stable in the forward direction. On the other hand, the recur-
rence formula for Y,(z) is always stable in the forward direction. Thus, with the
aid of the coefficients just described and the recurrence formulas, we can evaluate
Y,(2) for all z such that 0 < z < 8 and all » > 0, » an integer excepted. We have
already referred to the availability of coefficients to compute Yy(z) and Y;(z). These
together with the recurrence formula for Y,(z) can be used to generate values of
Y(2),n = 2,3, --- . As use of the recurrence formula in the forward direction for
J,(2) is limited, we leave for a future paper the development of Chebyshev coefficients
for0<z=<8andv > 8.
Using (12) with a slight change of notation, we write

18) L) + iY,(2) = (2/nz) %A/ 7:‘, H,0)T¥5/z2), z25.
k=0
Let
(19) H) = E E..T*y), O0sv=s1.
r=0

Table 3, also in the microfiche section of this issue, lists values of the real and imag-
inary parts of E,,. These were obtained and checked by the methods previously
described and we omit further details. The coefficients are sufficiently accurate to
produce values of J,(z) and Y,(z) for » and z as noted to about 25 decimals. Since

(20) Y_,(2) = (cos vm) Y,(2) + (sinvm)J,(2),
(21 J-»(2) = (cos»m)J,(2) — (sinvm) Y,(2),

the coefficients E,,, together with the recurrence formula for Y,(z) enable the evalua-
tion of Y,(2) for all » > 0 and z = 5. A like statement cannot be made for J,(z) as
use of the recurrence formula in the forward direction for J,(2) is limited. We defer
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the development of coefficients to facilitate the evaluation of J,(z) when both » and
z are large to a later paper.
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CORRIGENDA

Yudell L. Luke, "Miniaturized Tables of Bessel Punctions.
II," Math, Comp. 25(1971), 789-795 and the accompanying
microfiche.

This concerns only the coefficients in the expansion of

1

I (z) = (272) o" 2 M) T (8/2), 2 28,
=0
M) = ) BT G, 05 v,
=0

In the above paper, I gave the Er,k's )ror k =0(1) 20 and
all r which do not vanish)to 22 decimals, Por k = 21, only
the coefficients for r = 0(1)5 were given. It was stated
that the coefficients are sufficiently accurate to enable the
computation of e~ 2 (an)* Iv(z) to about 22 decimals. Un-
fortunately, as the paper stands,only about 15 decimal
&ccuracy is possible because inadvertently the pertinent

E for k = 20(1)40 were omitted. The missing coeffioients

x',k's
are supplied here.
Actually,all the coefficients for the above expansion are

given for the sake of completeness.
Yudell L. Luke

University of Missouri
Kansas City, Missouri 64110
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0.99601
=0.01629
=0.00398

0.0000S

0.00000
-0.00000
=0.,00000

0.00000

0.00000
=0.00000
=0.00000

0.00000

0.00000
-9.00000
=0.00000

0.00000

=0.00002
=0.00024
«0.00002
0.00001
0.00000
=0.00000
=0.00000
%.00000
64,00000
=0.00000
-0.00000
0.00000
0.00000
-0.00000
-0.80000
0.00000

TABLE 3

Coefficients in the Rxpansion of

*»
102) = (2m)de® D m(WTh(B/2) , 120,

k=0

K(v) = 2 B, yTp(v) , 085 vE1
=0

Bk K =0

36885 05338
18723 83299
00326 49983
26713 0814)
625857 24366
01006 36595
00076 95123
00001 45705
00000 07922
00000 001A0
00000 00007
00000 00000
00000 00000
00000 00000
00000 00000
00000 00000

Brx» k=2
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22450 65467
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00000 00007
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L kot
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00000 00031
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00000 00000
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32062
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99358
15847
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$T176
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20817
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00022
00000
00000

55270
44712
a2
12387
74328
71437
31089
19933
59728
71869
23110
257159
onsre
00030
00000
00000

85093
39048
95620
26021
14738
86403
0842)
78762
65913
61364
79874
06130
00069
00008
00000
00000
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00
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=0.00401
=0.01632
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0.00007
0.00000
=0.00000
«0.00000
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BEx k=1
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E gt k=5
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33701
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00000
00000
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TABLE 3 (Continued)
Coefficients in the Expansion of
’ -
Ty(2) = (2re)7%e D M (VITH(8/) , 128
X=C

K(vi = 2 B ,THW ,0 vzl
rul

Ex k6 r By, k=7
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6,00000
0.00000
-0.00000
«0.00000
0.00000
0.00000
-0.,00000
-0.00000
0.00000
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TABLE 3 (Continued)

Coefficients in the Rxpansion of

10 = 2y her S w8/ , 128,

k=0

&(V)-ik,,.t:(v).o-vn .
re0

Loy k=12

00000 01202 47474
00000 02020 10084
00000 01269 13318
00000 00226 65057
00000 00065 53275
00000 00006 74293
00000 00001 19434
00000 00000 09413
00000 00000 01052
00000 00000 00075
00000 00000 0000S
00000 00000 00000
60000 00000 00000

Koy k=24

00000 00160 7AS26
00000 00052 16605
00000 00161 99991
00000 00006 69416
00000 00008 43079
00000 00000 17039
00000 00000 16088
00000 00000 00123
00000 00000 0015S
00000 00000 000AQ
00000 00000 00000
00000 00000 00000

E x> Xx=16

00000 noolS 71000
00000 00028 24021
00000 00015 420SS
00000 00003 32009
00000 00000 81110
00000 0nNOO0 09615
00000 00000 01606
00000 00000 00118
00000 00000 00016
00000 00000 00000
00000 00000 00000
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0l
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S3
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00000
00000
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k=13
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00092 S1424
00129 25357
00004 83236
00003 7687132
00000 10936
00000 04887
00000 00139
00000 00033
00000 00001
00000 00000
00000 00000

k=15

00021 02319
00118 79215
00023 75611
00013 62902
00001 22668
00000 4091S
00000 02)3s
00000 00SSS
00000 00016
0Nn000 00006
90000 80000
00000 00000

k =17

00005 16156
00010 75033
00005 44377
00001 22978
00000 28402
00000 03786
00000 00528
00000 000354
00000 00006
00000 00000
00000 00000

1s
69
40
13
a7
17
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[ 1]
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(1]
16
[}
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S8

[ 1]
(24
14
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~0.00000
~0.00000
0.00000
0.00000
~0.00000
-0.00000
0.00000
0.00000
-0.00000

E.x

00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000

Ex

00000
00000
00000
00000
00000
00000
00000
00000
00000
00000

TAKLE 3 Qontinued)

Cosfficients in the Expansion of

() = (zm)het S (W(8/2) , 128 ,
k=0

RO =2 BT 0 svel .
r=0

k = 18

00001
00005
00001
00000
00000
00000
00000
00000
00000
00000
00000

k=20

00000
00000
00000
00000
00000
00000
00000
00000
00000
00000

41637
16350
35183
60287
07203
01784
00148
00023
00001
00000
00000

13296
81839
12253
09552
00663
00286
00014
00003
00000
00000

gr,k’ k=22

00000
00000
00000
00000
00000
00000
00000
00000
00000

00000
00000
00000

00000
00000
00000
00000
00000

00000.

015

12886
01385
01506
00076
00oys
00001
00000
00000

33
90
84
46
72
S2
78
13
63
16
01

15
70
81
00
96
16
42
80

03

L
32
17
oL
51
Ly
73
61
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0.00000
=0.00000
=0.00000
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0.00000
=0.00000
=0.00000

0.00000

0.00000
=0.00000

=0.00000
0.00000

0.00000
-~0.00000
=0.00000

0.00000

0.00000
=0.00000
=0.00000

E,x

Ex

00000
00000
00000
00000
00000
00000
00000
00000
00000
00000

k=19

k=21

00000
00000
00000
00000
00000
00000
00000
00000
00000
00000

86469
94870
89618
10814
04707
00343
00089
00005
00000
00000

13621
09393
14033
01067
00740
00035
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00014 33

00000
00000

63

6%
39
93
60
79
21
86
0s

70
28
00
32
9%
1

57
1k

00000 01

B,y k=23

00000
00000
00000
00000
00000
00000
00000

00000
00000

00000
00000

00000
00000
00000
00000
00000
00000
00000

6534

3

02238 56
0018 L8
00118 62
00004 ©7
00002 31
00000 08
00000 02
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0.00000
0.00000
-0.00000
-0.00000
0.00000
0.00000
<0.00000
=0.00000

-0 . 00000
-0.00000
0.00000
0.00000
=0.00000
-0 .00000
0.00000
0.00000

0.00000
0.00000
-0.00000
<0.00000
0.00000
0.00000
<0.00000

TAELE 3 (Continued)

Coefficients in the Expansion of

I(s) = () het S MITRE/E) L w28,

k=0

M (2) = 2 Er,kT:(‘) » 0 <
r=0

Er,k’k =2

00000
00000
00000
00000
00000
00000
00000
00000

Er.k’

00000
00000
00000
00000
00000
00000
00000
00000

Er.k’

00000
00000
00000
00000
00000
00000
00000

00000
00000
00000
00000
00000
00000
00000
00000

00263 37
02085 63
00240 75
oo2ul, g
00013 2
00007 40

00000 30
00000 10

k=26

00000
00000
00000
00000
00000
00000
00000
00000

00060
00

00057
00040 43
00003
00001
00000
00000

k = 28

00000
00000
00000
00000
00000
00000
00000

00015 56
00056 10
00015 27
00006 60
00000 83
00000 20
00000 02
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0.00000
~0.00000
<0.00000

0.00000

0.00000
<0.00000
-0.00000

0.00000

<0 .00000
0.00000
0.00000
-0.00000
-0.00000
0.00000
0.00000

0.00000
=0.00000
<0.00000

0,00000

0.00000
<0.00000
=0.00000

<
"
]

r,k’

00000
00000
00000
00000

00000
00000
00000

r,k’

00000
00000

00000
00000
00000

r,k’
00000

00000
00000
00000
00000
00000

k = 25

00000 00355 89
00000 00271 33

00000 00 00031 g%

00000

00000 00019 S1

00000 00001 O
00000 3

00000
00000 00000 02

k=27

00000 00058 2ﬁ
00000 00069

00000 00060 72
00000 00008 0S
00000 00003 23
00000 00000 26
00000 00000 06

k=29

00009 18
00018 15
00009 62
00002 12
00000 51
00000 07
00000 01

00000
00000
00000
00000
00000
00000
00000
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~0.00000
-0.00000
0.00000
0.00000
«0.00000
=0.00000

0.00000
0.00000
<0.00000
=0 .00000
0.00000

=0.00000
-0,00000
0.00000
0.00000
«0.00000

0.00000
«0.00000
-0.00000

-0.00000
0.00000
0.00000

0.00000
-0.00000

TABLE 3 (Conoluded)
Coefficients in the Expansion of

I (2) = (2x2) Ho? :Zo M ()Th(8/s) , 828,

Bx

00000

00000
00000

00000

gr.k’

00000
00000
00000
00000
00000

r,k’

00000
00000
00000
00000
00000

r,k’

00000
00000
00000

r,k’
00000
00000
00000
Er.k’
00000

M (z) = z B,.kl':(:) »0<cysT
r=0

k= 30

00000 0000
00000 0000
00000 00003
00000 00000
00000 00000
00000 00000

95
95
9
21
03

k=32

00000 00000
00000 00000
00000 00000 96
00000 00000
00000 00P00

k=34

00000 00000
00000 00000
00000 00000
00000 00000
00000 00000

0l

00
01

k = 36

00000 00000
00000 00000
00000 00000

oy
oy

k = 38

00000 00000
00000 00000
00000 00000

k= 40

00000 00000 00
00000 00000 01

ol
02
0l

" FWNFEO 4 \MEWNHO g

wh+ O

MO

-0.00000
0.00000
0.00000

=0 .00000

~«0.00000
0.00000

0.00000
-0.00000
«0.00000

0.00000

0.00000

0.00000
0.00000
<0.00000
-0.00000

«0.00000
=0.00000
0.00000

Bk’

00000
00000
00000
00000
00000
00000

Br,k’

00000
00000
00000
00000
00000

Bk’

00000
00000
00000
00000

gr.k’
00000

00000
00000

nr.k’

k=31

00000 00001 24
00000 00004 55
00000 00001 32
00000 00000 53
00000 00000 07
00000 00000 02

k=33

00000 00000
00000 00001
00000 00000
00000 00000
00000 00000

09

11
12
ol

k = 35

02
22
02
03

00000 00000
00000 00000
00000 00000
00000 00000

k = 37

00000 00000
00000 00000
00000 00000

01

ol
01

k=39

The coefficients for k = 39
are all zeroc to 22 decimals.
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