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An Improved Method for Numerical
Conformal Mapping

By John K. Hayes, David K. Kahaner and Richard G. Kellner*

Abstract. A new technique for the numerical conformal mapping of a planar region onto
the unit disk has been presented and tested by Symm. By elaborating on his methods, we
have improved the accuracy of the numerical results by up to four orders of magnitude.
For illustration, our methods have been applied to several of the same regions considered
in the literature by Symm and Rabinowitz. A flexible FORTRAN code and User’s Guide are
reproduced on the microfiche card in this issue.

1. Introduction. A new technique for the numerical conformal mapping of a
planar region onto the unit disk has been presented and tested by Symm [7], [8], [9].
By elaborating on his methods, we have improved the accuracy of the numerical
results by up to four orders of magnitude. For illustration, our methods have been
applied to several of the same regions considered in the literature by Symm [7] and
Rabinowitz [6].

In this paper, we numerically approximate the univalent function f(z) which maps
the bounded, simply-connected region D of the complex plane onto the unit disk.
Let L be the boundary of D and choose z, € D to be the point which is to be mapped
into the center of the unit disk. It is known [7] that

= f(z) = expllogz — z0) + 2(2) + ih(2)],

where g and 4 are real-valued harmonic conjugates, and g satisfies

Vigz) = 0 forz € D,
and
g(z) = —log |z — z| forz & L.

The mapping function f(z) above is determined only to within an arbitrary rotation.
This depends upon the branch of the logarithm used in the computatlon and the
additive constant chosen for the function .

Symm [7] numerically solves the integral equation of the first kind

(1) fLa(r) log |z — ¢| |d¢| = —log |z — zo, z€E L.

This may always be done, subject to a possible rescaling of the region D [3], [5].
Then, for any z € D + L, g and h have the representation
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@ 5@ = [ o) log |z — £ lax,

® W) = [ o) arete — ©) latl.
The function arg must be chosen in an appropriate manner [4].

2. Description of the Method. Our procedure for numerically mapping a region
can be divided into two operational steps:

(i) Solve Eq. (1) for the function o.

(ii) Evaluate Egs. (2) and (3) for each point z &€ D where we want to find f(2).

Let the curve L have the parametric representation {(o(?), w(?)) | € (0, d]} with
respect to arc length z. Here, d is the length of L. Define {(f) = o(t) + iw(r). With
this notation, Egs. (2) and (3) become

d .
@) 8(2) = f c@log |z — {@)| dr,  zE€ D+ L,

) hz) = f o) argz — £ dt, z€ D+ L,

where we have used o(?) for a(£(2)). -

Now, we will sketch how we compute the function o(f) numerically. A detailed
development is contained in [1]. Since o(7) is a function of arc length, we extend it
continuously as a periodic function on (— «, 4 ). For ease of explanation, assume
o(t) € C¥(— », +») and that L has no corners. Place on L a uniform mesh of n
points (n even), each & = d/n units apart. (In actual practice, one might wish to
divide L into several sections. The mesh points on each section would then be uniform
with respect to arc length on that section. See the user’s guide in the microfiche
portion of this issue and also Example 2 of this paper.) Define a set of piecewise

polynomial functions p,(¢), p(2), - -+ , pa(2) by
pi() = (¢ — W)@ — 2h)/2°, 0 =t £ 2h,
= (t + (@t + 2h)/21, —2n<t£0,
= 0, otherwise,
pa() = —1(t — 2h)/R, T 0SSt = 2h
= 0, otherwise,
Dpaiai() = pi(t — 2ih), i=1,2,--+,n/2—1,
and

p2o‘(t) = p2(t - 2(’ - l)h)’ i= 2: 3D DY n/2~
Define also 6(f) = 2", o(ih)p.(¥). It is true that
(i) #(2) is a polynomial of degree two on [ih, (i + 2)h], fori =0,2,4,---,n — 2.
(i) 6(f) = o) at t = ih,fori=0,1,2, --- ,n.
(6) (iii) o) = 30 + o) = Z; a.pi() + OWY),

where o; = o(ih)fori = 1,2, .-+,
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Using the approximation Eq. (6) in Eq. (4), we get

n

d
@ > f pt) log |z — £()] dt = g(z) + OK).

k=1

The function g(z) = —In |z — z,| for z € L. Thus, we can evaluate Eq. (7) at the
points z = ¢(ih) fori = 1,2, - - , n, and we will get n linear equations with constant
coefficients for the variables ¢y, 05, - -+ , 0,. Set A = (a;:) and B = (b,), where

d
A = f () log |E(in) — ¢(@®)| dt, for i,k =1,2,---,n,
0

b;

With this notation, Eq. (7) leads to the linear system 4é = B + O(k®), where O(h®)
is a vector, with each component bounded by O(4%), and é = (01, 03, * -+ , 0,)",
The matrix equation we actually solve is

—log |¢(ih) — zo], fori=1,2,:--,n.

® Ax = B, ‘
where the elements of 4 are approximations to those of A. Using our representation

for the p.(?), it is evident that to compute A it is sufficient to evaluate integrals of
the form

ik .
©) [ regl = rwlar
(i—1)h

fori =1,2,---,nand j = 0, 1, 2. The @,; are the result of approximating the in-
tegrals (9). For each fixed x, y and i, we approximate |z — {(?)| by a polynomial
q(¢) of degree two on ((i — 1)h, ih). We choose g(f) so that

qt) = |z — ¢ fort = (i — )k, (i — DA, ih.
Then

th ih
f ' log |z — ()| dt = 1 f t' loglq(r)] dt.
( 2 Ji-in

i-1)h
The integrals on the right-hand side above can be evaluated explicitly. For certain
special cases, for instance when |z — ¢(?)] = 0 on [(i — 1)A, ih), the treatment is
slightly different in that a higher order polynomial is used. -
We then solve the matrix equation A= = B for the vector = = (r1, 73, *** , 7a)"
and use this as an approximation to é. Then

|6 — =|| = [[(47" — AHB|| + [|47']] o).

We have found by experience on numerous problems that the error due to
A™' — A" seldom if ever dominates the ||A7'||O(h®) term. Another analysis [2]
strongly indicates that ||47}|| < O(1/A). '

Once o(f) has been computed, we may calculate g(z) and A(z).

8(z) = f o(t) log |z — )| dt

n d
Y[ niog |z — )] dr.
k=1 1]
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These integrals are approximated as described above. The calculation of h(2) is
more difficult. Using integration by parts, and approximations similar to those
above, we are led to integrals of the form

ih
f ¢ arg(z — t(0)) at,
(

i—=1)h
wherei=1,2,--- ,nand j = 0, 1, 2, 3. The evaluation of these integrals is discussed
in detail in [1].
The method set forth by Symm in [7] uses piecewise constant functions in Eq.
(6) and evaluates the integrals in Eq. (7) by using Simpson’s rule of integration.

3. Tests. A FORTRAN IV version of the algorithm described has been coded
to run on our CDC 6600 and CDC 7600. This program is more or less machine
independent, has flexible input, and is general enough to handle a large class of
problems. It is a modification of a program described in [1] which has been in use
for a few years. A limited number of copies of this deck and a user’s guide are avail-
able from the authors. Using this code, we have computed some approximate con-
formal maps for several regions, including some used in [7]. Since our technique is
an extension of the method used there, it is appropriate to compare our results with
those. All of the regions selected for test have substantial symmetry. We have elected
to ignore this symmetry in our code in order to give utmost flexibility. Taking
advantage of symmetry ought to enhance the accuracy by reducing the volume of
computation.

Symm has pointed out [8] that the maximum errors occur on the boundary of
the region being mapped. Since points on the boundary have image points on the
unit circle, it is easy to check the error in the modulus of an arbitrary boundary
point. The data points themselves are constrained by the defining equations to be
mapped onto |w| = 1, hence we check for modulus error at points midway between
each of the data points. The columns labeled ERR-MOD contain the maxima of the
quantities ||w| — 1| at these intermediate points. Computing the error in the argument
is more difficult. Symm provides an estimate of this in [8], denoted E,. Our experience
has indicated that as the region becomes less circular and more elongated, errors,
particularly those in the argument, increase in a monotonic way. Since the numbers
E, provided by Symm did not have this property, we considered them somewhat
unreliable and decided to use an alternative technique. The columns labeled ERR-
ARG represent the maximum difference in the argument at the data points between
two computations, the second corresponding to the largest number of data points
used for the domain in question. It is reasonable to examine the argument at the
data points rather than the intermediate points, since the argument is not constrained
in any way by Eq. (1). This procedure does yield the monotonicity we expect. In
certain cases, analytic expressions for the conformal maps are available. It is then
possible to compute the absolute errors in the argument exactly. These numbers
compare extremely well with the approximate errors ERR-ARG described above,
and constitute our main justification for this approach.

Each of our test regions has its center point mapped into the origin. In what
follows, 4 and n will have the same meaning as in Section 2.

Example 1. Oval of Cassini. This curve is defined by
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(x+ D'+ )l = 1 +y1=a", a>1.

For a near 1, the curve is elongated and nonconvex, becoming more circular as
a increases. For a = 1.06, the width to height ratio is about 5. Points are distributed
uniformly on the entire boundary. The exact mapping is given by

f(z) = az/(a4 _ l + 22)1/2,

and we use this to compute errors in the argument.

TABLE |
Oval of Cassini
a n h ERR-MOD ERR-ARG
1.06 65 1 2x 1078 2 X 107°
1.06 129 .06 1 x 107" 2 X 107
1.8 33 .34 1 x107* 1 X 10™*
1.8 65 .18 1X107° 1 X 10°°
1.8 129 .09 6 X 1077 7 X 1077

The maximum error occurs at or near x = 0. The errors near y = 0 are smaller
by a factor of 1/100. The comparison with Symm must be made carefully, since his
data points are for the most part distributed uniformly with respect to x rather than ¢.
As far as we can determine, errors in the modulus are from one to four orders of
magnitude better than those in [7]. We should emphasize that our distribution of
points is poor.

For @ = 1.06, n = 65, Table II indicates errors for points inside the curve.

TABLE 11
Oval of Cassini
.a = 1.06 n==65 ERRORS IN
X y MODULUS ARGUMENT
1.4 0. 6 X 1077 3x107°
1.26 0. 6 X 1077 3 X 107°
1.12 0. 1 X 10°° 3x 107°
0.98 0. 2% 107° 3 x107°
0.34 0. 2 X 107° 3 X 107°
0.7 0. 4 x 10°° 3x107°
0.56 0. 7 X 107° 3 X 107°
0.42 0. 2% 107° 4% 10°°
0.28 0. 5X107° 4% 10°°
0.14 0. 1x 10" 4 X 107°
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Example 2. Rectangle. —1 = x £ +1, —a £y £ a.

The case o = 1 was computed exactly by the use of elliptic integrals. In the other
cases, we use a comparison with the most accurate computed values. Points are
uniformly spaced on each side, with n/4 points per side. See Table III.

TasLE 111
Rectangle
a n ERR-MOD ERR-ARG
0.1 516 4% 10°° —_
260 6 X 107! 7% 107*
132 5% 1072 6 X 10°®
68 1 X102 1 X 10°?
36 6 X 107? 5% 1072
0.2 516 3% 107°¢ —
260 4 %X 107° 4 X 10°°
132 5% 107t 6 X 107*
68 5% 1072 7 X 1072
36 1 X 1072 2 X 1072
0.4 260 3 X 107° —
132 4% 10°° 4 x107°
68 6 X 107* 7% 1074
36 5% 107 1 X 1072
0.5 260 1X10°° —
132 2 X 107° 2 X 1078
68 2 X 107t 2 X 107
36 2% 1072 3% 1073
0.8 260 2% 1077 —
132 3% 107° 5% 10°°
68 4 x 107° 8 X 107°
36 6 X 107* 3 X 1073
1.0 260 9% 1078 —
132 1 X 10°° 1 X 10°°
68 2 X 107° 3 X 10°°
36 2 X 107 1 X 107?

Both ERR-MOD and ERR-ARG are monotonic with respect to n and a for
a = 1. Errors in the modulus are from one to two orders of magnitude better than in
[7]. It should be noted that for small « the distribution of boundary points is poor.
This is true for most of the examples. The only reason for using the given distribution
of points is to compare with [7]. Our experience shows that a good rule of thumb
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for the distribution of boundary points is to keep the distance between successive
boundary points and the distance from the boundary points to the center in a nearly
constant ratio. Thus, for a small, we want more points near the centers of the longer
two sides and fewer points on the shorter two sides. This can be done by dividing
the boundary into sections as mentioned in the paragraph following Eq. (5). We ran
the problem with o = 0.1 again, using a particularly simple redistribution of the
boundary points. For a fixed number of points, the errors decreased by about 1/50.
Using an optimal distribution of points, one would get more accuracy.

Example 3. Ellipse. x*/a” + y* = 1. The data points are uniformly distributed
on the boundary of the ellipse. See Table IV.

TABLE 1V
Ellipse

a n ERR-MOD ERR-ARG

1.25 257 3 X 1078 —
129 3 X 1077 2% 1077
65 4 x 10°° 4 %X 107°
33 5% 107° 4x10°°

2.5 257 3 X 1077 —
129 4 X 10°° 5% 10°°
65 5% 107° 6 X 107°
33 7 X 107* 9x 107*

5.0 257 4% 10°° —
129 4 X 107° 5% 10°°
65 7 X 107* 2x 1078
33 6 X 10°° 5% 1072

10 257 4x107° —
129 6 X 107* 6 x 107*
65 5% 1073 6 X 1072
33 1 X 1072 -6 X 1072

20 257 5x107* —
129 5% 107® 6 X 1073
65 1 X 107? 3x 107®
33 7 X 1072 5% 107*

Again, we note monotonicity with respect to n and « for « = 1, with maximum
error near the center of the side intersected by the minor axis. Improvements over
[7] are from one to three orders of magnitude, with the least improvement for a = 20.

Example 4. Isosceles Triangle. The corners of the triangle are at (0, 1), (2, —1),
(=2, —1), and (0, 0) is mapped into the origin of the unit circle. There are equal
numbers of points on each side.
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TABLE V

Triangle
n ERR-MOD ERR-ARG
65 1X10°° —
33 2x107° 6 X 10°°
17 2X 107t 9% 107*

4. Timing. There are three operations that are important as far as timing is
concerned: (i) generating the matrix 4 of Eq. (8), (ii) solving the matrix Eq. (8), and
(iii) evaluating the function f(z) at a given point. The time required for (i) is propor-
tional to n* and is about 0.85 sec** for n = 200. The time required for (ii) is propor-
tional to n® and is about 2 sec for n = 200. The time required for (iii) is proportional
to n and is 0.016 sec for n = 200.
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to go to a more exsct representation of this gection of LY
Thus, 'the.re are three vays to approximete 2 toundety section.
’

ii. Hov aerny mesh points are to te required on this gection?t See

!‘i.g. 1.

[-cos(15°) , -sin(15°)) [cos(25°) , _--sn(xs.‘))

- Mg. 1. Bxewple



in the exh:np]:e there ara t('nx;ee sections naturally mpésed by é’ne ge-
ometry. Sections Ingnd ITI »re exnctly represen‘téd by line segments and
Section II by » cl:cular arc.

On tht;e deta cards o line segoent is defined by giving lt.s- tvo end-~
points. A circuler aré {8 defired by giving its tvo endpoints and any in-
terior. point on the arc. This derines‘the type of epproxjmation used for
that boundsry section.

‘The deta caxrd is seven fields lgng. . Each of the first sig: fields is
ten characters .in length and is read with an E10.0 'qorut. If a crrd is
uged to descrite a line segnent, the first four fields are used for the
{x,y) coordinates of the beginning and end of the segment. The fifth and
sixtk fields must be blank. If a card is used to describe a circular erc,
the first six fields uxﬁ used to give the @g,y) coordinates ; the beginning,
integior, end endpoint of the arc. T'he\\e‘ndpoint of section Xk (corresponding
to 4 card k) must sgree with t&.initial point of section k¢l {data carti
x+1), end the endpoint of the last boundsry seétion mst agree with t.he initia}
point ;r.th:tirst boundary section.

"rhc imput for the curve 1 mst &ve & positive (eopuurclockvise)
orientetion." The same orientation suffices for interior or exterior problen.‘
.'rhe direction of the turve L 1is determined $y the order of the points on the
data cards. The difei:tion for a line segment or circulsr arc is froa the
initiel point t.o. the endpoi‘nt. It has been cur experience that errors in thc
orientstion of L' are difficult to detect.

The seventh field on the data card determines the musber q'r mefh: points

n, per section. These points are uniformly distribtuted vith tnpoct to arc



length along the’ noproximating curve. This nusber is read with on ) &)
.ﬁrorpnt in colums 61-63. .It must be odd and ;qual to three or more.-

- . N
One possible set of data cards for the curve given im\pig. 1 is

80 COLUMN ENTRY <
. - 281
b e . <
U R PO 7YY T SR | TY TV DR (N a1
CALLL mald RPOLT NS IR ¥ S !‘A’! ¥5'" L X I (S DY B g
- U e Lt N O ¥ N LU SOU DTS T SO U % W D NS
- . R PN R . PPN PN FUUDR SIS B e

. Note the positive, count.erciockvise orientation.

#s & convenience, one cm; leave the nrst tvo fields blenk on s dats
card used to descrlbe a line sesment or circu.lar arc 1if the previous cerd
vas either a line segunt or circular arc. in equivalent set ‘of data cards

for Fig. 1 is then

-
J
- N S LR 4
Yol PETY a3 .|, - .~
aferan pAR Ll
JURNS DRI S8 i S

The mxt.' two sets of dats cards- represent input Yor the recthngle given.
in Pig. 2. 'Here the natursl sections are line segments, but in the second
data set bclov,vthe. long sides of the rectapsie have t‘heme‘l'vec been Adivided
into three sections. This ellows r';x- s different mesh spacing, if desired,

on eath section.
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dok N N N TP PITTE JI.L T I bo-A:,vA’»ohll-AAAl ‘lc;. PRI SR A PR S0 DU
PPN FS PSS PUVTY FIUIN W WY SO PN DU SUPALA ST N PR

"N P " " s A Ack—ad 4 - .




b=

Occesicnelly, it isznot' satisfactory to represent a section of L by
either a Tine ;egmt or a cix-cula.; arc. In that case “gen@ralized“ bi\mndu:{-
mpnt for ..hat section is availatle {n the .form of a user Kovided subroutine
EDRY. %When line seguents and eircular arcsg are the only-type of .nput. used,
BDRY appeus a3 a progran that is rcfcrccced, but rot 1?aded. This 1:_ normal
and will cause no difficulty.

Suppose that the user decides to use "generalized” buundarj data on the
IQ and Jth section. He rust then write a subroutine of the fora

SUBROUTINE BDRY(X,T,X,Y,XP,YF,V).
Input to this subroutine will be X and T . Dq;mdins on whea it is called
¥ will take on the value I o‘r_J . T vinbcarea.lmnbu‘rangmgﬁ'on
2eo to the Yength of the Kth subigterval, The pair of mhsbers K, T then
uniquely defines a point. T units in the positive direction along the Kth
subinterval. If we demote that point by (X(T),Y(T)), the cutput of BIRY is
: X(7)

x

.
Y : ¥(7)
2 D
YP :

a7

@

Ho S0 g

To keep the oriemtatior correct (YP, - XF) must be thé exterior normal at (X,Y),
To define the Kth section as being given by “generalized® boundary data,
m_x_g‘num&zmmem 51-60 the arc length & of that section,
Coltans 1-50 must be blank and the mumber of mesh points appears as before in
. cohamms 61-63.
It is always possible to spproximate sections of L by curves other than
lines or circular arcs. Io that case, the sbroutine MIRY would output the
parsmeters of the spproxinating curve, sod d would be its length.
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Ly way of illustration we give the input data and BDRY for the example

of Fig. 1.

DaTR

SUTROUTINE SEY(),T. 2.V 59 VP V)

FORTRAN STATEMENT

‘| . 73 /3.1419006535000/

. O990(1,2,3),1

| X e3 0 00s(rL/12.)

{
i T g o pesmeri/A2.)
N 2 .Ut

we 37

b -4 —

— -

3 « 008(2-#1/12)

T = SIN(T - P2/12.)

2 e -y

ve.3

ixTow

3 ., 8= -08(r1/12.) * Q1.-N

‘ Ve -4380M/12.) ¢ Q.1

P -20.-1

- I e -5/(0.-F)

TT17

. —

60 COLUNN DiTRY

e et S aep .

cep

* . sma s - .,‘,‘.__.T-. - -

RN

T |

+

o -a

) . 3. . i3

} SUUNSE W 'Y SUT TSV Y W

e e a

S . USS e

|

g eana

. ......,.--,,.--4

It is, of course, necessary for the User to separstely campute the-lengths of

the “generalized" boundary “cti;l..
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Storrge Re uirements:

Tae px-'esent CMP reguires about 570008 vords of central eencry. This
. inéludes all the ;ubgoutines, associatoed s?gtcm progrezs, and internsl
dioensioned variadbles, tut c¢oes rot ‘;nclude the major storrge needed for
the zatrix A of Eq. (E).* If there ere s total of n mesh poin‘ts on the
boundary then n° + 1500, vords ddditional are needed. The CMP hes been
vritten to sllov utacst flex{bllit}y in selecting the site for this storage.
All the references to this data are through a subroutiue ECRD ‘.:dth'

foruel psrrmeters

EORD{A,N,L,X)

and edditional entry point ECWR .

If ike user operstes om the LASL systea vith Extended Core Storage.
(ECS) available, this: subroutine is generated by the systea and he need not
be concerned vith it. His Snly requiresent is to request u2 * 15;)010 vords
of ECS and observe the restriction that n < 630 unless present dtenuqn.
statements ere chenged. .

" If b ¢'200, the entire problea cen be run in 2000005 vords of central
seacry. This. is essily done by inserting into the deck the subroutine ECRD,
"a copy of which 1s included L the listings. In that subroutine the dioension
of the 1.oca1 varisblé A must be at.least n° » 1500, ,. Proleas vith
snucr n vul run in even less centrsl aemory after the sppropriete

‘-dqutm have been énde to this dimensicn statesent.
P . Users vhose facilities probidit the use of BCS or even 200000, vards

$211 referenced equations sre in "pn Improved Method for Fumgrical Conforsml
Mepping.
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of centrel mesory will find 1t pecsible te rewrite trelr own version of
Mne ECRD to store ¥ on tape or disk. To-run a gtvt.an Froblea

the ro_u_t.i:er.r ECRD will need n2 * 1$ooi° vords of some type of avallable
storage. The entry point BcaR(I-,H,L,I_\‘)_ should store L words from central
‘mezory starting at locetlon A ‘“in evallable storage starting at location
K . The entry point -ECRD(A,K,L,K) should resd L vords from svailable
storege starting at location M and store them stariing at location 4 .
The verisble X 1s only used to mske the subroutine compatible with the
LASL system. K 3hould merely be'set. equel to 0 on eecn entry. '

To effect the cdhtormi wepping it 1s necessery to cell SUEROUIIRE
CONFORM(X0,Y0,K). The paremsters (XO,YO) define tne point that we wish to
asp into the origin of the unit.'c_i.rcle. The input 'pareneter K cen take on
“values 0 or 1l,.em dege'rqiues vh;ther an interior or exterior problea is
to te solved. For K=} , en extertor problen, X0 and YO are mot used
in the cauuluu)a\ The call to thiz subroutine triggers the coding that
vill read in t;hc data cards descriding D (dinmsgd above) and'pertou
the calculetions necesnry’u'»'solve the integral equetion of the first kind
for the potential function o{t). The input date wil) be printed so that
visual wéu‘cm be made. The only other printed ocutput is a few possidle
eITor mesteges buet-l on soaw Eouilteacy checks thet are asde on the data. .
311 the other imasdfately available output, of which there is a great desl,
resides in a COMMONM tlock thet the user must refer to (see delow).

Ammcmwmmmmnmug. the iaage of any desired

‘points cen be obtained by calling

SUEROUTINE FR(X,Y,R,T)
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vith input X,Y . The output, R,T contnins the lsage of point (X,Y)
under the conformal mep just executed. The- ungé polnt is given in poler
coordinntes (R,8). This su'broutine oay ey caned as mn/ tines =s necesanry.

"~

Tvo restrictions on the use of Fi are ™ ,

(1) Por igseriar probless, points (X,Y) outside D + L should not be’
&lven as infn;t.. For exterior problems points inaide D + I, should not dbe
given. o ‘ - '

(ii) Becruse of codihg peculisrities, ot all points 60 L can be

. glven as input. The only completely accepteble 1nput. points on L are
dhose appeering se mesh points on the boundary. Points halfvey (in are
length) between the nesh points are slso scceptsblc, but the‘vclue of T
returped will b-lvnlmg. It is suggosted thet users wishing the ianges of
\boundary peints other than mesh points perfora quadratic interpoletioca
through the u;esh points. Brrors in. R end T are usually greatost fo:
points vear the boundary cuTvERad 1m£ for points near the center of D.
Exceptions to thio are mesh points. Unless the nearest boundery section
is a smwn lim, velues of R and T obteined within h/4 of the boundary
should. not be trusted. '

'l‘ubm are four labelled common blocks used to store intermgPlate dsta
by the CONP. They ere called CON?, MOOE, ZLAP, end .INP. The cerd

images are in Pig. 3.

COMMON AODE/ _
COMMON /CONP/ |, X0,.Y0,COMIN CIIBINXVITIN MOLIW,ONIN,
' xtunm VIR, VHEI, YINEINN0

. em nars V.GWMM
BOZENN .
COMMON A.TT/ BCIZTWN

PFig. 3. Card Immges of Common santc
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MODE contains only the variable IN v};er; the thir‘d parwete’r in the .can
st.ategem. to CONFORM is stored. Thus m = O for interior probleas, and

IN = 1 for exterior pm’bler The 1abell.cd colnon . ZL!P i3 used to trsnsatt
informotion betveeﬁ'?ubrwt;nes. 2 user vould probably never necd to intersct
‘with these variabdles. "he labelled comaon CONP contoins the veriebles of
mwst interest to the user. The verlsble NIC is used to store the nuamber

of boundary 'sections for : gh/en ‘provlea, For instence, for the example in
Pig. 1 -uDC ;,5. The dizmensioned voriable KV 15 used té give a runfing -
totel of the nunber of approzl;:wtion voints on the t;oundary sections. We

have xv( 1) = 0 and KV(J*I) - KV(J) 1s equal to the number of apb{oxlmtion
points oo the Jth boundery section. -For the input given for the exemple

in Pig. 1 we have KV(1) = 0, XV¥(2) = 31, )&V()) = 1i6 end Kv(h) = lk:l .

The miable H is the total wuaber of approximation points for & given wvbl.el.
Obviously K = n(uncu) . The \iimensioned verisble HD 4s used to store the
distance bewm approxineuon pointa along the curve L ?r esch of the
bmm;zrymuomamumput. Furt)zcmqileinng. lvaha;e

HD(1) = HDU) = 1/30 end HDE2) = n(1l + 1/6)/8%. The mia‘bxu X0 end -
axd f.hc cooi-dxmte. of the mveru ge of t.ho owigin for an 1nu!-1qr mblca..
_For an cxt.ortor problea these two mmbgrs are set eqnal %0 zero. The dix
sioned. variables X(1), ¥Y(I), I =1, 2, ..., B are coordimtes of the spproxi-
antion points. For sny given bpund_ary section tmc ars two sppraximation
Points at the ends of the boundary sectlon and the ot.he.r spproximetion points
.for f.h.t boundary are equally spaced vith mmt. to arc ength along m uctioa.
Receuse ve Aefine our poiots this vay, it 1- true that [x(m(.m)), r(xv(:n))]
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= [X(K0(T + 1) ¢ 1), X{XV(J 1) + 1)) for J = a, 3¢ +ee s EC-1 and

{x(0), (1)) = {x{x) YN 1t w seex wvastetul v.o the .user to have two et

of eoordimtes for the same poin b(:’ it mkes the programing logic =much

:upm for ccrtas.n cases. For exa=pl ¢, ve mzt. allow “%or dism*i.n;:.i“u in

the .mi't nomal tar L at corners and ve —ust allow !'ar discontizuities in the

values of o at corners, By deﬁn.ns ouxr amtion points in the ebove
- mammer, it pakes the indexirg much easier in these cases.

Por 1 =1, 2, .., ¥, ve have that {XX(I), > ¥i1)] is tbe wnlt norrq
vector for L at the point [X(I), X(I)]. 7he spproxizate value of & at the
poist (X(1), £(1)) 1s stored in the dimenstoned twrisdle ¥(I) for I = X5
€ ..oy B. For exterior problens P{§ + 1) ca:ta..nstheloprithnofthc
mutmmnem P i3 also used for intermediste corprta~
tions in mom.

For I+1, & ..., K the variable G{I) coutains ite valde of
the poizt {X(2), 3(1)] . ‘Betveen each eonsocm.ive

‘pair of yointlméadzbemﬂnysw:mwmmmmnof
an int . m%n.-mm@mamm
poiat are "fn the mz&\-rmno in.n] and sfe corresponding
mtmxsmmim,ml Dms the ﬂd:wan»hcml

mmym (1(1), (1)) -us “x(2), r(a)l has'\(ts coordinates stored
1 [X1(2), ¥1({2)] and the umit morsal st that yom is (x3m(e}, -113(2)).
mdmmmmaﬁ\mmmmms,mm
{xx(xv(3) » 1), YI(EV(I) + D) tor 321, 2, ..., mlm not defined evem
meww s [X(EV(3}-» lJ. x(xv(.:) . 1)] au-m.dcamd.
\! two dimensioned varisdles)CB sod D mu-ntotnn-st inforestios
mibrogtines, The frerent integruls thet sppeer i By. (7) are
stored in a; e carresponding ¥ M!‘u.h(t) are stored jn CP.



oo nrlnblu cx ang- D arc equ!.vale* ced 2o the »r.nblc: # &nd A2

.respu lvply m oTe :ho used tor umm mm solvmg xq. (8),
)?' nbollul coamon  LIT - &m-xu oaly t.}.o dlaensicasd varietle nc a

-

'nc({) for. :-1, 2, ..., BBC mmmmur@u«m.mw
_seetion,
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'COMMON /CONF! F{830),X0,YO.CDI830).CN(830). KV(

LCONFORMAL MAPPING
HAYES, KAHANER; KELLNER

PROGRAM NEME (INPUT OUTPUT)
TEST FOR CONFORMAL MAPPING PACKAGE
COMMON CONF IS NEEDED TO COMMUNICATE FOR

L CALCULATIONS
HD{2100,G(630),
X16300, XN (6300, Y (630), YN(630), X1 {830} JUN(S30).Y, .YIN{S30),ND
CN i
DEFINE POINTS JO BE MAPPED INTO THE CENTER OF THE CIRCLE
XO=Y0=0.
SOLVF THE INTEGRAL EQUATION FOR SIGMA. FOR THIS PROBLEM, THE
BOUNDARY OF THE ELLIPSE IS DEFINED BY A USER SUPPLIED SUBROUTINE
CALL CONFORM (X0.YO,1)
PRINT SIGMA .
PRINT &
PRINT 6. (F (M) M=1.N)
O=EXPIEIN+1))
PRINT TRANSFINITE DIAMFTER. STORED IN F(N+lj.
THIS IS AN EXTERIOR PROBLEM .
PRINT 4, O
PRINT
FIND THE IMAGES OF VARIOUS BOUNDARY POINTS
DO 1 M=1NDC
M1=KV(M)+2
M2oKV M+ 1)
FIND THE IMACES OF BOUNDARY MFSH POINTS
CALL FN (X(M1. 1),Y®1. 1).R,TH)
CALL OUTP {R.TH)
00 1 K=M1M2
FIND THE IMAGES OF POINTS INTERMEDIATE TO MESH POINTS
CALL FN (XIK) YIK) R.TH)
TH=12345.
CALL OUTP (R,TH)
CALL FN (X(K),Y{K} R, TH) °
CALL OUTP (R.TH
THE FOLLOWING CALL x;us,m:; THE OUTPUT BUFFER
CALL OUTC (R,TH)
THE FOLIL.OWING DO LOOP COMPUTES THE CONFORMAL MAP OF THREE
SEPARATE PROBLEMS.
! A RECTANGLE WITH THE SAME NUMBER OF POINTS PER SIDE.
2. SAME RECTANGLE WITH A DIFFERENT DISTRIBUTION OF BOUNDARY
POINTS
3 A CIRCLE WITH A 160 DEGREE SECTOR CUT OUT. .
THE FIRST TWO USE STRAIGHT LINE BOUNDARIES. THE LAST USES
STRAIGHT LINE AND CIRCULAR ARC BOUNDARIES
00 3 1-13
IF (LEQ.3) YO=4
CALL CONFORM (XO.YD.0)
PRINT §
PRINT 6, (FIMIM=1,N)
PRINT & ;
00 2 M=1NDC
M1=KViM)+2
M2-KVIM4 1)
CALL FN (X(M1. 1).Y(M1. 1),R.TH)
CALL OUTP (R.TH)
DO 2 K=MI1M2 #
CALL FN (XIKLYIK) A TH)
TH=12345,
CALL OUTP {R.TH)
CALL FN (X({K).Y{K)R,.TH)
CALL DUTP (R.TH)
CALL OUTC (R,TH)
CONTINUE

FORMAT (*0° *TRANSFINITE DIAMETER = ° E158)
FORMAT (°0°*) .

FORMAT (1M 1P9E15.7)

END

NeMmE
NEME
NEME
NEME
NEME
NEME
NEMF
NEME
NEME
NEME
NEME
NEME

NEME
NEME
NEME
NEMF
NEME
NEME

NEME

NEME
NEME
NeME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEME
NEmE
NEME
NEME
NEME

NEME
NEME
NEME
NEME
NEME

- NEME

NEME
NEME
NEME
NEME
NEME
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NEME -
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10
120

170
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CONFORMAL MAPPING 2
HAYES, KAHANER, KELLNER

SUBROUTINE OUTP (R, TH} ouTP 10
OUTPUT SUBROUTINE FOR TEST PROGRAM QPurr 20
DIMENSION DAT(10), BCDDAT(10) ouTPr
DATA NUMB/O/ ouTP @
DAT(NUMB+1}=R ouTP 50
DATINUMB+2)=TH ouTP &80
NUMB=NUMB+2 ouTP 70
IF (NUMB.NE.10) RETURN ouUTP 80
NUMB=0 ouTP 90

DO 2 1=1,10 ouUTP 100

ENCOOE (10,5, BCODATINIOAT(I) OuUTP 110

IF (DAT(1).EQ.12346.) BCODAT{l)=1H OUTP 120

CONTINUE OoUTP 130
PRINT 4, {BCOOATI(I),I1=1,10} OUTP 140
RETURN ouTP 150
ENTRY DUTC OUTP 180
IF (NUMB.EQ.10) GO TO 1 ouTP 170
DATINUMB+ 1)=12345, ouUTP 180
DAT(NUMB+2)=12345. OUTP 180
NUMB=NUMS +2 OUTP 200
GO TO 3 ouTP 210
N oUTP 220
FORMAT (10{2XA10)) OUTP 230
FOBMAT (F10.7) OUTP 240
EN : OUTP 250
SUBROUTINE BORY (M5 X Y XP YP V) BORY 10
GENERALIZED BOUNDARY ROUTINE FOR CONFORMAL MAP OF ELLIPSE BDRY 20
DIFFERENT SUBSECTIONS ARE TO UTILIZF SYMMETRY ON CURVE TO BDRY 30
AVOID REPEATING CALCUILATIONS BDRY 30
ELLI IS AN ELLIPTIC INTEGRAL SUBROUTINE NEEDED IN THE CALCULATIONS BDRY 50
FOR THE BOUNDARY OF THE ELLIPSE BDRY 60
ODATA IFLAG/YY BORY 70
IF (IFLAG.EQ1) GO TO 1 BORY 80
AA=S, BORY 90
EX-SQRT(24.1/5. BDRY 100
CALL ELLI (1570796328 EK.21.22) BOARY 110
8LO4~6.22 BORY 120
IFLAG=1 BORY 130
IF ($.GT.BLO4°1.00000001) GO TO 2 BORY 140
S1e82=1, SORY 150
T8 BDRY 180
GO TO S BORY 170
IF {$.GT.BLO4°2.00000002) GO TO 3 BORY 180
S1=1, BORY 190
$2=. 1, . BORY 200
T=2.00000002°8LO4- S BDRY 210
GO YO S ~ BORY -220
IF {8.GT.BLO4°3.00000003) GO TD ¢ BORY 20
Sl=.1, : BORY 240
82=. 1, BORY 250
T=S. 2.00000003°8LO4 BDRY 260
GO TO S BDRY 270
Si=. 1, BORY 280
$2=1, BORY 290
T=4,00000004°*BLO4- S BDRY 300
T™I=0, BORY 310
TMA=1.570796328 BORY 320

DO & J)=1,40 BORY 330

Z1=.5° (TMA +TIMI) BORY 340

CALL ELLI {ZL,EXZS1) BORY 360

IF {SI*AA.GE.T) TMA=Z) BDRY 380

IF (SIAA.LE.T) TMI=2Z) BDRY 370

CONTINUE BORY 380
Xe=. AA°SIN(ZI)*S BORY 390
Y=SORAT(1.- (X/AA)**2)°§2 BDRY 400
A2=Y*AA®*2 BORY 410
XPe. A2/SORT{A2°°2+X**2) BDRY 420
YPeX/SQRT(A2°°2+X**2) BDRY 430
Ve SCAACCH/{X *2¢A2°°2)*° 1.5 BORY 440
F=Q. . BORY 450
RETURN BORY 480
END BDRY 470
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CONFORMAL MAPPING 3
HAYES, KAHANER, KELLNER

SUBROUTINE ELLI {CHICAY F E) . ELLI 10
THE FOLLOWING ROUTINE IS AN ELLIPTIC INTEGRAL ROUTINE USED ONLY IN ELLI 20
THE CALCULATION OF THE BOUNDARY OF THE ELLIPSE ELLI 30
DIMENSION MESG1{10), MESG2(10} ©ELLY 40
OATA MESGI/BOHELLI - KO.GT. ONE F=E=PHI 5 ELLI SO
OHCELL! - KO.GT. ONE FeEaPHI ] ELL! 80
DATA MESG2/SOMELL)- K=1PHI.GEPI/230 F SET TD saonm«m E+2948 ELLI 70
OMCELLY - K=1, SO F SET TO 1.E+294 . ELLY 80
DATA P12P1,TOP/1720822077325042085 18,314 156285358979, mmoo ELLI 90
3334471048/ ELLI 100
DATA EPS.EPS2/1.E 13.2.641¥ ELLI 110
PHI=CHI ELLI 120
IND=1 ELLY 130
F=PH * ELLY 140
E=F ELLI 150
PSI=ABSIPHI) ELLI 100
IF ((PSI.LT.EPS).OR.(CAY.EQ0.)) RETURN ELLY 170
S1=CAY*CAY ELL) 180
RAOD=1..S1 ELL) 190
IF (RAD) 1092 ELLI 200
ALPHA=1. ELLY 210
BETA=SORT(RAD) ELLI 220
82«0 ELL! 230
PR2=1. ELLI 240
PWR2-1, ELLI 250
FINT=PS|*TOP ELLI 280
NOUAD=INT(FINT) ELLI 270
FINT=FINT. FLDAT(NOUAD) ) : ELL) 280
IF (AMINFINT, 1. FINT).LT.SE- 13 op YO 6 ELLI 290
TANPSI=TAN(PSI) ) ELLI 300
NQUAD=NQUAD*1 ELLI 310
IF (ABS{ALPHA. BETA).LE.EPS) GO TO 7 ELL! 320
PWR2+2.*PWR2 . ELL) 330
PR2=PWR2 ELLI 340
DENOM=ALPHA. BETA*TANPS|**2 ELLI 360
TOP={ALPHA+BETA)* TANPS) ELL! 380
CN=S5°(ALPHA. BETA) : ELLI 370
S1=81+PWR2°CNCN ELL) 380
TEMP=SOART(ALPHABETA) ELLI 390
ALPHA=(ALPHA+BETA)®.S ELL! 400
BETA=TEMP ELLI 410
IF (DENOM.EQ.0.) GO TO 4 ELLI 420
TANPSI=TOP/DENOM ELL) 430
IF {ABS{TANPS1).GE.EPS2) GO TO 4 ELLI 440
NQUAD=2*NOUAD ELL! 480
IF (TANPSI.GT.0.) NQUAD=NQUAD- 1 ELLY 460
IF (ABS{TANPSI).LE.EPS) GO TO 6 ELLY 470
MQUAD=MOOINQUAD 4) ELLI 480
SINP=TANPSI/SORT{1.+TANPSI *TANPSI) ’ ELLI 490
IF {{(MQUAD.EQ.3).0R (MQUAD.EQL2)) SINP=. SINP ELLI 500
S2=82+CN SINP ELLY 510
GO TO 3 ELLY 520
FINT=2*NOUAD- 1 ELLI 530
PSI=FINT*P12 ELLI 540
SINP=1. ELLI 850
IF (AMODI(FINT 4.).GT.2.) SINP=. 1, ELL) 560
S2E24CN SINP ELLI 570
GO TO & ELL! 580
FINT=NQUAD/2 . ELLY 590
PSI=FINT *P1 ELLY 600
IF (ABS(ALPHA- BETA). LT EPS) GO TO 8 ELL) 810
PR2=2.°PR2 ELLY 620
CN=5°(ALPHA- BETA) ELLI 830
S1+S14PR2°CN°CN ELL! 640
TEMP-SQRT(ALPHA®BETA) ELL) 650
ALPHA-(ALPHA+SETA)® S ELL! 680
BETA-TEMP . ELL! 870
GO TO 6 ELLI 680
FINT=NOUAD/2 ELL! 880
PSI=ATAN(TANPSI)+EINT *PI ELL! 700
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CONFORMAL MAPPING 4
HAYES, KAHANER, KELLNER

FePSI/{ALPHA®PWR2)
S1=L 05°S1

E=52451°F

F=SIGN(F PHI)

E~SIGNIE PHI)

RETURN

FINT=AINT(TDP*PS1)
E=FINT+ABSISINIPSI)- SIN(FINT*P12))
E=SIGN(E PHI)

IF (PS1.GEP12) GO TO N
DENOM=1.. SINIPHI)

IF ({DENOM_EO.0.].ORIDENOM.€Q.2.)) GO TO 11
F=.5*ALOG((2.- DENOM)/DENOM)
RETURN

ENTRY CELLI

PHI=P12

INDvS

GO TO 1

sTOP

RETURN

FSIGN{1.€4284 PH1)

STOP

RETURN -

END

SUBROUTINE CONFORM_{XP.YP IP)
XX XL AR Y] ('()\". R" A "A,’,I,\‘(; PA(‘A‘(;'."..........................
¢ SUBROUTINES REQUIRED **%0*e eeessscee
CONFORM
. CATANZ .
N .
BDRZ
ov
ECSW
FCRD, IFF ALL CALCULATIONS ARF ARE DONE IN CORF
BDRY. IFF GENERALIZED BOUNDARY DATA ARE USED
PIVOTL, IFF THE DO LOOP IN CONFORM ENDING AT
STATEMENT 28 IS LEFT OUT

0000000000000 00000000000000000000000000000000000000000000000000000

VARIABIES USED - -« - oo i

X.Y  VECTORS OF BOUNDARY POINTS

(XN(l).- YNd))  UNIT NORMAL VECTOR AT (X(1).Y(l))

G(l) CURVATURE AT (X(1).Y(l})

XLYI VECTORS OF POINTS ON BOUNDARY INTERMEDIATE TO XY
(XIN{L;.- YIN{D))  UNIT NORMAL AT | TH INTERMEDIATE BOUNDARY POINT

Kvil) IS THE NUMBER OF BOUNDARY POINTS ON THE FIRST THROUGH I IST

BOUNDARY SECTION
NDC TOTAL NUMBER OF BOUNDARY SECTIONS
DCM) LENGTII OF M Tl BOUNDARY SECTION SET IN SUBROUTINE BDRZ

HDIM)  ARCLENGTH SPACING BETWEEN BOUNDARY POINTS ON M TH SECTION

N=KVINDC+1) TOTAI’ NUMBER OF BOUNDARY POINTS

F 1. AT EXIT FROM LAPLACE F STORES SIGMA AT BOUNDARY POINTS
(X(). Y{) 151N

2 DURING COMPUTATIONS F STORES RIGHT HAND SIDE OF MATRIX

LQUATION

IP EQUALS 1 FOR INTERIOR PROBLEM. I FOR EXTERIOR PROBLEM

DIMENSION A(630), AA(S300

COMMON MODE/ IN

COMMON /CONF/ F(630,XO,Y0.CO{630},CNIB30),KV(210) HD{2100.G630),

X(630).XN(6301.Y(630), YN{E30). X1(630). XIN(6301, Y1(630). Y IN{630).ND

CN

COMMON /ZLAP/ V.Q(12)H HS HSO2,HCO3 HI HI5,2Z BZ DP AR ME 1) HEM FB

BQ.ZE.RIW

COMMON /LTT/ DC(210)

LOGICAL BZ,IT.TVT2

EQUIVALENCE (A.CN). (AA CD)

THE 1LOGICAL VARIABLE BZ=F MEANS THE PROBLEM 1IAS BEEN

RUN TO COMPLITIQA

ELLI 710
ELL)
ELLI
ELLY
ELLY
ELL!
ELLS
ELLY
ELL)
ELLI
ELLI
ELLI
ELLY
ELL
ELLI
ELLY
ELLY
ELL)
ELLI
ELLS
ELL)
ELLS
ELLY
ELLI

£33

388323E88384833%

©
-
(-]

CONF 10
CONE 20
CONF 30
CONF 40
CONF 50
CONF 60
CONF 70
CONF 80
CONF 90
CONE 100
CONF 110
CONF I
CONF 130
CONF 140
CONF 150
CONF 160
CONF 170
CONF 150
CONF 190
CONF 200
CONF 210
CONF 220
CONF 230
CONF 240
CONF 250
CONF 200
CONF 27
CONF 280
CONF 290
CONF 300
CONF 310
CONF 320
CONF 330
CONF 340
CONF
CONF
CONF 370
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF

2848

§3848



NN -

[a3a]

NwN ~

~

e AN AN

[t ]

L AaliaRat

CONFORMAL MAPPING 5
HAYES, KAHANER, KELLNER

Voo,
IF (IP.NE.V.AND.IP.NE.O} STOP
XO=XP
YO=vYP
IN=iP
KV{1}=0
=1
IF (IP.NE.1) GO TO 1
X0=0.
YO=0.
CALL BDRX (MS.21,2223,24.25)
READ BOUNDARY DATA CARD CORRESPONDING TO SECTION M.
21=0. IMPLIES A BILANK CARD
IF (Z1.€0.0) GO TO 3
NDC=™m
KVIM+ )= KV M)+ IFIX(Z2)
HD{M) =DC{MY/FLOAT(KV(M+1). KVIM). 1}
MI=KVIMI¢1
N-KV(MO“
THE FOLLOWING DO LOOP GENERATES BOUNDARY AND INTERMEDIATE POINTS
FOR SECTION M
DO 2 L=MIN
Z=AMIN {DCIM) . FLOATIL: M1)*HD{M)
IF (L.LNEMIY) CALL BDRZ (M,. G.S*HDIM) XIL), YIIL),YIN{L) XIN(L),
A)
CALL BDRZ (M.ZXI(LLYILLYNILLXNIL)LGILY
CONTINUE
M=pte Y
GO TO 1 N
IAST DATA CARD FOR THIS COMPUTATION HAS BEEN READ
CONTINUE
ALL DATA READ, START LENERATING EQUATIONS
DO 4 XO=1.N
COMPUTF AND STORE EACIH -ROW OF THE MATRIX A AND VECTOR E.
CALL FN (X(KO) Y(KD} BC}
EACH CAlLL TO FN GENERATES THE LEFT HAND SIDE OF THE KD TH EQUATION
AND STORES IT IN CN
FIKD)=.S°ALOG((XIKD}- XP}**2+({V(KD}- YP}**2)
ECSW TRANSFERS ROW OF MATRIX TO SUPPLEMENTAl. STORAGE.
DISK. CORE. TAPE. ECS. AT USERS OPTION
CN(N+1}=Y, .
CALL ECSW (CN.KD,IN+IN)
INSERT THIE. CORNER CONDITIONS
DO 10 M=I1NDC
Mi=VM+1)
DO : L=1NDC
M2=KV(LI+Y |
IF (ABS(X{M2). X(MHABSIYM2)- YIMI)LLT.HOMMI*.E- 4)
GO 10 6
CONTINUE
PRINT 1. M
RETURN
AT THIS POINT IT MUST Bt TRUFE THAT THE END OF M-TH BOUNDARY
SECTION JOINS THE START OF THE L- TH BOUNDARY SECTION
ANSPL IS THE ANGLE AT WHICH THE CURVE M INTERSECTS THE CURVE L.
AN=ATAN2(YNIM1)°XN{M2)- XNIM1)*YNIM2),XNM1)* XNIM2)+ YRIM 1) * YN(M2

n
IF (ABSIANLLT.1.E- 4. ORABS(1.6707963- ABSIAN}).LT.1.E. 4 OR.IN.E
a1 .
) GO TO ?
CALL FN (XI{M2+1),YH{M2+1),8.C)
AlN+1)=1,
CALL ECSW (A M2 1,N*IN}
FIM21= S ALOGIXI{M2+1)- XP}**24{VI(M2+ 1) YP}**2)
CALL FN (XItM1),YIIM1),8.C)
AN+ )=,
CALL ECSW (AM1, ) N+IN}
FiM1)=5°ALOG((XIM1). XP)**2+(YI{M1)- YP)**2)
GO 7O 10
DO 8 L1=IN
A(L1)~0.
AlN+1)=0.
CALL ECSW (AM1,1.N+IN)
F(M1)=0.
IF (ABSIAN)LT.V.E. 4.0R.INEQ.Y} GO TO §

s
-

CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF
CONF

S3BBER3BEEIRRRELI R

333388

CONF
CONF 740
CONF 750
CONF 760
CONF 770
CONF 780
CONF 790
CONF 800
CONF 810
CONF 820
CONF 830

g
:

CONF 1010
CONF 1020
CONF 1030

CONF1110
CONF1120
CONF 1130
CONF1140
CONF1150
CONF 1180
LONF1170
CONF1180
CONF 1130
CONF 1200
CONF1210
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CALL ECSW (A M2, N+IN)
FiM2)=0.
CALL ECSW (Y. MIM1Y)
CALL ECSW (1.M2M2.1)
GO TO 10
CONTINUE
ANGLE BETWEEN TWO BOUNDARY SECTIONS IS ZERO, HENCE SIGMA IS
THE SAME AT BOTH ENDFPOINTS :
1IN AMIMS)
1IN AMI ML)
CALL ECOW (- 1. MIM21)
CALL ECBW (1. MIM1Y)
CONTINUE
DO 12 M=INDC
MI=KViM)+2
M2=KV(Me 1)
DO 11 J=M1.M22
CN{J)}=4.°HOM)
CNU+ 1}=2.°HDIM}
CN{MY- 1)=44D(M)
CNIM2)=HO{M)
CN(N+1)=D,
IF (IN.EQ.V) CALL ECSW (CN.N+1,1 N+IN}
F(N+1)=0.
L=N+IN
SOLVE THE MATRIX EQUATION AF=D USING GAUSSIAN ELIMINATION.
NM=L-1 4
DO 17 J=1.NM
M=)+ 1
THE FOLLOWING 14 STATEMENTS ARE FOR ROW PIVOTING ON THE LARGEST
ELEMENT OF THE J. TH COLUMN.
CALL ECSR (T,J4.9)
T=ABS(T)
M=)
DO 13 1=M2.L
CALL ECSR (Z,14.1)
Z=ABS(Z) i
« ° IF (ZLE.T) GOTO 13
T=2
M=l
CONTINUE
CALL ECSR (AAlJIMIIL*Y-J)
IF (M1L.EQ.J) GO TO
CALL ECSR (A(J) 3L+ )
CALL ECSW (A MI1IL+Y.I)

. T=FQ)

FUI=FMY)

FiM1)-T

FUI=FIN/AAN
DO 15 I=J,L
K=LeJ- 1
AA(KI=AAIKVAA(N

CALL ECSW (AAWNJIIL+Y- N
DO 18 1=M2.L
CALL ECSR (A(J),1,L+1.J)
CALL PIVOTL (A AAM2L)

'MACHINE LANGUAGE REPLACEMENT®®®®®o2000000000
THF PREVIOUS CALL. IS TO A MACHINE LANGUAGE CODE TO REPLACE
THE 1.**3 DO LOOP BFLOW. IF THIS CALL IS REMOVED, AND THE-
COMMENTS REMOVED FROM THE DO. THE CODE WiLL BE ALL FORTRAN
DO28K-M2. 1
28 A(K}-

esvccoee

! AA(K]*A(J}
oM ACHINE LANGUAGE REPLACEMENT bdd
F(il=F(1)- F*AL)

CALL ECSW (A(M21,1M2,L+1. M2}
CONTINUE
THE FOLILOWING TEN STATEMENTS ARE FOR BACA‘@IBSTITUTION
CALL ECSR (ZS,L.L.Y)

CONF 1220
CONF1230
CONF 1240
CONF 1280
CONF 1260
CONF 1270
CONF1280
CONF 1290
CONF 1300
CONFI310
CONF1320
CONF 1330
CONF 1340
CONF 1350
CONF1380
CONF1370
CONF 1320
CONF1390
CONF 1400
CONF 1410
CONF 1420
CONF 1430
CONF 1440
CONF 1460
CONF 1480
CONF1470
CONF 1480
CONF-1480
CONF 1500
CONFISIO
CONF1520
CONF 1530
CONF 1540
CONF 1550
CONF 1560
CONF 1570
CONF 1580
CONF1500
CONF 1800
CONF 1610
CONF 1620
CONF 1630
CONF 1640

" CONF 1850

CONF 1680
CONF 1870
CONF 1680
CONF 1880
CONF 1700
CONF 1710
CONF 1720
CONF 1730
CONF1740
CONF 1750
CONF 1780
CONF1770
CONF 1780
CONF1790
CONF 1800
CONF 1810
CONF 1820
CONF1830
CONF 1840
CONFI850
CONF 1890
CONF 1870
CONF 1890
CONF 1590
CONF 1900
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FiLI=F(L)/ZS
CALL ECSW (1.L.L,0)
DO 18 1=2,L
Ni=L+1-1
CALL ECSR (A(NVNINIL*1. NY)
Nep
% =101
Li=L+V. 3 .
FINV=F(N1). FiLY)*A(LY)
82=F,
RETURN

FORMAT (50H THE BOUNDARY IS NOT CLOSED AT THE END OF SECTION ,12)
ENO

REAL FUNCTIONATANS3(Y X)

ATAN3I=ATAN2{Y X}

THIS ROUTINE COMPUTES THE ARCTAN OF Y/X . THE COMPLICATED LOGIC
INSURES THAT THIS FUNCTION IS ALWAYS INCRFASING AS THE CURVE
IS TRAVERSED IN POSITIVE SENSE IF THE DOMAIN IS CONVEX

IF THE SITUATION 0./0. OCCURS WE FORCE THE ANGLE TO INCREASE
IF (ABS(ATAN3- ANGPRE).LT.3.1416) GO TO 3
ATAN3IATAN3+2.°3.14150206 36000

GO TO 1

ENTRY ATANS

ATVAN3~0.

ANGPRE=ATANZNY X!

IF (ANGPRE.LE.V.E. 12) ANGPRE~ANGPRE +2.°3. 1415020636008

RETURN

ENTRY ATANS

ATANI=ATANZ{Y X}

IF (ATAN3.GT.ANGPRE+.05) GO TO 3

ATANIATAN3+2.°3.1415026536008

GOTO2 .

ANGPRE=ATAN3

RETURN

END

SUBROUTINE FN (S,T,R,TH)

FN SERVES DUAL FUNCTION

1. GENERATE ONE ROW OF MATRIX, AND RETURN

2. COMPUTES (R.TH) CORRESPONDING TO INPUT (5.T}

LOGICAL BZ,RI BQ -

COMMON /ZLAP! V,Q{12),H H8 HS02 HCO3 HI HIS.ZZ 82.0P AR ME | HSM FB
BQZE AW

COMMON /CONF! F(830),X0,YO,CD{830) CN(630),KV{210),.HD{210),G(630),
x(um,xmm.v«m).vmm.mm,:‘amm.vum.vummmo

CN

COMP.EX GP ’

IF (ABS(X{1)- S}+ABS(Y{1). T).GE.1.E- 3°HO( 1)} GM=ATANA(Y(1). T.X{1)-8

) . .
IF (ABSIX(1)- S)+ABS(V(1). TLLV.1.E- 3°HO{ 1)} GM=ATANAL. XN(1),- YN}
)
GM=HM=0.
PUT THE VARIABLES IN COMMON.
Vg
w=T
DO 1 MEO=1,NOC
INITIALIZE VARIABLES FOR THE ROUTINE QV.
MO=KVIMEO)+ 1
ME 1=KV(MEO* 1). 2
H=HDIMEO)
22=ALOG(H)
HEO2=H*22/2.
HCO3=H**3/3.
TPIM2=_25/(3.1415826536808°HS02)
TPIH=S°TPIH2
HE=H502°2, ,
HS2=2 *HS
H2=2.*H
H3=3*H

7

CONF 1910

CONF
CONF

CONP Y
CONF1860"
CONF 1980
CONF 1970
CONF 1900
CONF 1980
CONF 2000
CONF2010
CONF2020
CONF2030
CONF2040

ATN3
ATN3
ATN3
ATNZ
ATNI
ATN3

ATNS

ATN3
ATN3
ATN3
ATNI
ATNI
ATN3
ATN3
ATN3
ATN3
ATN3
ATN3
ATN3
ATN3
ATN3
ATN3

FN
FN
FN
FN
FN
FN
FN
FN
FN

FN
FN
FN

2

FN

2

~
388388

N

2223222

FN

P
gREIPURPY

FN
FN
FN
FN

FN

10
20
30
40
50
60
70
80
0
100
"o
120
130
140
150
160
170
180
190
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-
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Hi=1./H
08°HS
I1S=1/HSO2
ZE=H/(45.°3.1415028535898)
CN{MO0}=CD{MO}=0.
THE ENTRY POINT QVF INITIALIZES VARIABLES USED BY QV.
CALL QVF (MO0+1)
STORES MATRIX ROW IN CN
BQ FAISE .. COMPUTE INTEGRAI THE LONG WAY .. POLYNOMIAL REPLACEMENT
BQ TRUE -- COMPUTE INTEGRAL THE SHORT WAY ..SIMPSONS RULF
8Q=.F.
DO 1 M1=MOME12
CALL QVS (M1+1)
IF {8Q) GO TO 1
QK+l . K=0.1,.2 CONTAIN INTEGRALS OF T**K*THETA FOR 2. ABOVE
Q(K+4) . K-0.1.2 CONTAIN INTEGRALS OF T**K*LOGIR} FOR > ABOVE,
OR R SMALIL RELATIVE TO H - .
CNIKj INTEGRAL OF PIECEWISE POLYNOMIAL OF DEGREE 2. TIMES LOG
CD(K] INTEGRAL OF PIECEWISE POLYNOMIAL OF DEGREE 2, TIMES ARCTAN
TT=Q(3)- H3°Q{2)+HS2°Q(1)
TS=Q(6)- H3*Q(5)+HS2°O{4)
. COIM1+1)=H2°Q12)- Q(3)
CNIM 1+ 1}=H2°Ql5)- Q(6)
COMM1+2)=Q(3). H*Q(2) o
CN(M12)=Q(8). H*Q{5)
CALL OV (M1+2)
COIM1)=COIM1)+(TT+Q{3) H*Q(2))*TPIH2
CN(M1)=CN(M1)+{TS+Q(6)- H*QI(S))* TPIH
CDIM1¢1)={CDIM1+1)+Q(1)*HS- Q(3))*TPIH2°2.
CN(M1+1)=({CN{M1+1)+O{4) *HS- OQ{8)) *TPIH®2.
CO{M142)=(CDIM 1+ 2)+Q{3)+ H*Q{2))* TPIH2
CN(M1+2)=({CNIM1+42)+Q(E)*H*Q(5)) * TPIH
CONTINUE
IF (82) RETURN !
COMPUTE APPROXIMATION OF G AND H BY COMPLUTING DOT PRODUCT OF
SIGMA WITH CN AND CD
DO 2 M-I N
GM=GM. CN(M)*F (M)
HM=HM+CD (M) * F(M}

CONT €
- XO.T- YO) *CEXPICMPLX(GM- FIN+ 1) HM))
R=CABSI(GP)

TH=ATAN2(AIMAG(GP) REALIGP))
RETURN
END

SUBROUTINE BDRZ (M.S.XX.YY.XP,YP.G)
GIVEN INPUT -M-BOUNDARY SECTION. S=ARCLENGTH ALONG THAT SECTION
OUTPUT XX.YY.XP.YP.G. =COORDINATES OF POINT . DXDS. DYDS. AND
CURVATURF

BDRZ ENTRY SETS UP DATA POINTS ON BOUNDARY CURVE AFTER BDRX PICKS
TYPE OF SECTION ' :
COMMON /LTT/ DC(210)

THE FUNCTION ABE IS USED TO DETERMINE IF A CARD FIELD IS BLANK
ABE=-[ IF AND ONLY IF X-.0.

ABE(X)=ABS(X)+SIGN(1.,X)

DIMENSION A(7)

COMPLEX 2223

EQUIVALENCE (A(1).GM), (A(3)AL], (A(4)BE), LA(S),R). (A(6).D), (

A(7),GA1)

CALL ECSRA7W (AM.0.7)

IF (GM.NE.O) GO TO 1

IF (SIGN(1..GM).NE.- 1) GO TO 2

CALIL BDRY IF THE BOUNDARY DATA IS GENERALIZED

CALL BORY (MSXX.YY XP.YPG)

RETURN

GENELRATE BOUNDARY INFORMATION YOR CIRCULAR ARC
XX-R*COSID*S/R+GA 1)¢AL

YY«R*SIN(O*S/R+GA 1)+BE

XP=. (YY. BE)*D/R /'

FN
FN
FN
FN
FN
N
FN
N
FN
FN

FN
FN
(2}
N
N

.o B33

8

§388%

390

S8
s
<

420
430

34

-
3

450

SEEBIBEER LSS

3334

620
680
490

8

70

g3

740

20
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YP=(XX. AL)*O/R BDRZ 250
GO TO 3 BORZ 280
GENERATE BOUNDARY INFORMATION FOR A LINE SEGMENT BDRZ 270
XX=AL"S+D BDAZ 280
YY=BE*S+R BORZ 290
XP=AL BDAZ 00
YP=BE BDAZ 310
G=GM BORZ 320
RETURN BDRZ 330
ENTRY BORX BDR2Z 340 -
ENTRY BDRX READS DATA CARDS AND DECIDES [F BOUNDARY SECTION IS . BDRZ 350
LINE, CIRCULAR ARC. OR GIVEN EXPLICITLY BY USER SUBROUTINE BDRZ 360
XX=0. . BDRZ 370
READ BOUNDARY DATA CARD BDRZ 3850
READ 11, X1,Y1.X2,Y2X3,Y3 KV BDAZ 390
IF (ABE(X1)+ABE(Y 1)+ABE(X2)*ABE(Y2)+ABE(X3)+ABE(Y3I).NE.. &) GO TO BDRZ 400
S : B8DRZ 410
IF (M.NE.1) RETURN . BORZ 420
IF ANY CARD IS BLANK EXCEPT THE FIRST ONE. RETURN WITH XX=0. BDRZ. 430
GO T -

XXe1,
KV=MAXO(KV,3)+*MODIMAXXKY,3),2)- 1

REQUIRES NUMBER OF POINTS ON A SECTION BE 3 OR MORE AND ODD
YY=FLOATIKV)e.1

IF (MOD(M 55).£0.1) PRINT 12 '
33 LINES PER PAGF, NEW HEADING ON EACH PAGE N

IF [ABE(X1)+ABE(Y 1)+ABE(X2)+ABE(Y 2+ ABE(X3).GT..8.) GO TO 6

THIS SECTION HAS GENERAIIZED BOUNDARY DATA

PRINT 13, M, Y3 KV . \
CALL ECSA7W (.0.M,1,1)

ECSR7W IS ENTRY POINT TO ECSW. WRITES 7 WORDS INTO ECS,

CORRESPONDING TO ONE BOUNDARY SECTION. FOR GENERALIZED BOUNDARY \
THIS IS WRITTEN AS - 0.
DC(M)=Y3
IF (DCIM).GT.0.) RETURN
PRINT 14
STOP
IF (ABE(X1)+ABE(Y 1).NE.- 20RM.EQ.1) GO TO 7
CHECK TO SFF IF aouyxmscrlo.v IS IINE OR CIRCULAR ARC
IF FIRST TWO FIELDS fLANK.BOUNDARY SECTION STARTS AT THE
END OF LAST SECTION Z
X1=X0 BORZ 680
Y1=Y0 BORZ 670
IF (ABE(X3)+ABE(Y3).EQ.-2) GO TO 8 BDRZ 680
PRINT 15, M.X1.Y1X2,Y2.X3,Y3 KV BORZ 690
GO TO 10 . BDRZ 700
PROCESS BOUNDARY DATA BDRZ 710
BDRZ 720
PRINT 16, M. X1.Y1X2Y2KV BORZ 730
THIS SECTION [S_POR PROCESSING BOUNDARY CARDS HAVING LINE SEGMENTS BDRZ 740
GM=0. d : BORZ 750
FeSORTI(XY X2)°°2¢(Y1. Y2)**2) BDRZ 760
D=X1 BDRZ 770
R=Y1 BODRZ 780
AL=(X2- X1)/F BORZ 790
BE=(Y2. Y1VF BORZ 2800
XO=X2 BDRZ 810
YDev2 ; BORZ 820
CALL ECSRIW (AM.1.7) BDRZ 830
DCIM)=F BORZ 840
RETURN : BDRZ 850
THIS SECTION IS FOR PROCESSING BOUNDARY CARDS HAVING CIRCULAR ARCS BDRZ 860
R2=(X1°92¢Y1°92). (X2°°2¢Y2°°2) BORZ 870
RI=(X1°224Y1°92). (X3°°2¢Y3"*2) BDRZ 880
DET=4.4((X1- X2)°(Y 1. Y3). (V1. Y2)*(X1. X3)) BDRZ 890
AL=2.°((R2)*(Y 1. Y3)- (R}I*{Y 1"¥Q)/DET BORZ 900
BE=2."((X1 X2)*R3- (X1. X3 TOET BORZ 910
R=SOAT((X1- AL)**2¢ (V1. 2 BORZ 820
GA1=ATAN2(Y1- BE X1- A BORZ 930
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" Z2=CMPLX(X2- AL.Y2- BE)/CMPLX(X1- ALY 1- BE)

ZI=CMPLX(X3 AL.¥3 BENCMPLX(X2. AL.Y2 BE)

D-SIGN(1. AIMAG(22))
T1=ATANMAMAG(22).REAL(ZZD

T2=ATANZ(AMAGIZ3) REAL(Z3))
IF (ABSIT1).GT.ABSIT2)) D-GIGN1. AIMAGIZS)) |
Fe(ATAN2(YZ BE,X3- AL). GA1)*R*O
IF (FAT.0) FeF+8.28318530717988°R

_XD=X3
YO-Y3
GM=D*5/R
GO TO 9

FORMAT (6£10.0,13)

FORMAT (*1SECTION®,72X.°Y3, OR SPECIAL POINTS IN

*/* NUMBER® 68X, *X1°, 12X *Y 1°,12X * X2° 12X, *Y2° 12X, 'XS' 98X, *BOUND

ARY LENGTH SECTION *)

FORMAT (1M 13,74X 1PE14.8,12X,13)

FORMAT (°0 THE NEXT BOUNDARY SECTION HAS NON-POSITIVE LENGTH.*
)

FORMAT (1M 134X 1PSE14.8,2X.10X,13)

FORMAT (1M 13.4X,1P4E 14.6,40X,13)

END

SUBROUTINE QV (1)

LOGICAL BQ

COMMON /ZLAP/ V.Q(12)H HS HSO2 HCOS HI HIS,ZZ B2 0P AR ME 1 HSM, FB
BQ.ZE RI.W

COMMON /CONF/ F(630)X0,YO,CD{630),CN(830),KVI210) HD{210),G(630),
X{(630), XNTB30),V(830) YN(830), XI{B30), XIN(630). Y 1{630), YIN(E30),ND

CcN

DIMENSION HP(13)

THE VARIABLES R3 AND AL3 ARE-STORED FROM A PREVIOUS CALL TO QV.
AL1<AL3

R1=R3

8Q-~.F.

THE VARIABLES RI.R2 AND R3 ARE USED TO CONSTRUCT THE POLYNOMIAL
OfT). FOLLOWING EQ. (9) OF THE WRITE- UP.

. RI=(XI(1)- V)**2¢(¥1(1)- W1**2

A3=(X(I) VI**26(V(1). W)**2
AL2=(XI(1)- VI*XING). (VI W) oY INQ)

AL3=(X(11- VI*XN(I). (Y{1)- WI*YN{1)

THE FOLLOWING TWO STATEMENTS ARE USED TO DETERMINE IF AND WHERE
Qrr)=0.

IF ((R1.GE.HSM) ANO.(R2.GE.HSM 1GEMSM)) GO TO 2

THE FOLLOWING TWO STATEMENTS ARE USED TO DETERMINE WHERE Q(T)=0.
IF ((RLT.HS°1.€- 6).OR.(R1.LT.HS*1.E- §)) GO TO 10

IF (R2LT.HS*1.E6) GO TO 15 ,

THIS SECTION OF THE PROGRAM I‘VALUATB THE INTEGRALS IN EQ. (9)
A=((R1+R3)- 2.°R2)*HI8

8+(4.°R2. (3.°R1+RA)*HI

AL=(AL1°ALD- 2.°AL2)°HIS

BE=(4.°AL2: (3°ALICALIN*HI

ELCEL

EL=ALOG(RY) -

IF (ABS{A)L.LT.R1°HIS*1.€. 4) GO TO 7

IF A®H**2 IS VERY SMALL COMPARED WITH R1 AND ONE USES THE EXPLICIT

EVALUATION OF THE INTEGRALS.THEN ROUND- OFF ERROR WILL BE A PROBLEM

P=4.°A%n1 B8
E=2.°R1+B°H
PS~SORT(ABS(P))

THE FOLIL.OWING TWO STATEMENTS DETERMINE WHETHER THE DISCRIMINANT OF

Q'T) IS POSITIVENEGATIVE OR APPROXIMATELY ZERO.
IF (P.GE.HS*1E-8) GO TO 4

IF (P.GE-HS*1E-8) GO TO 3
QO=ALOG{E+H*PS)/(E- H*PS)I/PS

GO TOS

Q0=2."H/E

GO TO 6

Q0=2.*ATAN2(H*PS.E)FS

E=1/A

22Z=ATANI(Y(I). W.X{1). V)

01+ 5°E*(EL- ELC-B°Q0}

Q2=E*(H. B*°01- R1°Q0)

Q3=E*(HS02- 8°Q2- R1°QY)
Q4=E*(HCO3-8°Q3- R1°Q2)

Q5=E*(H**4/4.- B°04 RI1°QY)
Q(1)=AL°QI+BE*Q2+AL1°QY- H°222
QU2)=(AL *Q4+8E *QI*AL 1°QD/2.- HSO2°222

BDRZ1100
BORZ1110
BORZ1120
BORZ1130
BDR21140
BORZ {150
*80RZ 1160

av 10
av 20
av 30
av
av 50
Qv 60
av 70
Qv  80°
oy 90
ov 100
av 110
av 120
oV 130
oV 140

Qv 250

-3 FE

§533885583
&3 3383

§88388845

22222222222222222°°2283°222228¢
3 3
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NAON

]
Qla)=EL*H. 2.°A°Q2- B*Q1 av s
Q(SI=EL*HS02- A*Q- 0.5°8°Q2 av 580
Q()=EL*HCO3- (2.°A*04+8°Q3)*.33333333333333 - av 890
RETURN av 600
IF B*H IS ALSO SMALL IN COMPARISON WITH R1 THEN ANOTHER METHOD IS oy @610
NEEDED TO EVALUATE Q0,01...Q4. of o2
IF (ABS(B).LT.R1°HI*1E- 3) GO TO 8 Qv &
ZZZATANBUY(N)- WX(1)- V) av 60
8i-1/8 av 650
QO-B1°ALOG(1.+8°H/R1) av 660
Q1=81*(H- R1°Q0) av 670
Q2-81*(HS02- R1°Q1) av 580
Q3+81°(HCO3- R1°02) av 6%
Qe=B1°(H502°*2- R1°Q3} av 700
Q8=81¢(H**6/5.- R1°Q4} av 10
GOTO 8 av 720
s . DO 9 a2 av 70
9 : HP(J+1)=H** FLOAT () av 140
W-wmn. v av 70
" av  7e0
PeA/R1 av 7m0
£-8/R1 . av 780
QB={HP(7). E*HP(8)+(E°E- P)*HPID)I+E *(2.°P- E*E)*HP{10)+P*(P- 2.°E*E)*H av %0
1 PU11)- 3oE*PoPHP(12). (P*o N HP(1]NRY av 00
Od=(HP(6). E*HP(7)+(E°E- P)*HP(B)+E *(2.°P. E*E)*HP(9)+P*(P. 3.*E*E)*HP av 810
1 (100- 3.°E *P*P*HP(11)- (P**3)*HP12))/R Y av 820
Q3~H**4/(4.°R1)- €°Q4. P*OS av %0
Q2+HCONR 1. €*Q3- P*Q4 av 840
Q1=HSOZ/RY- E*Q2-P*Q2 v 550
Q0-H/R1- E°Q1- P*Q2 Qv 880
GO TO S av &7
10 IF (R1LLT.HS*1.6.6) GO TQ 11 av 880
c IN THIS CASE R IS ZERO. ov 8w
AL=(AL1/R1+G(1)- 2.*ALZ/R2)°HIS av 900
BE=(4.°AL2/R2. 3.°ALV/R1- GI)*HI av _ 910
ALI1=ALV/RY . av 920
A=R1/HS av 30
B=(8.°R2. 2.°R1)/(H**3) av 90
zs-1. av 980
222=ATAN3(- XN(I).- YN(I)) av 90
GO TQ 12 . av 970
c IN THIS CASE RI IS ZERO Qv .980
n AL={G{l- 1)+ALVR3I 2.°AL2Z/R2)*HIS av 960
BE=(4.°AL2/R2. 3.°G(1- 1). ALYR3)*HI av 1000
AL 1=G(1- 1) av 1010
A<(6.°R2. R3VHS av 1020
B=2.°(R3. 4.°R2)/(H**3) av 1030
EL=ALOG(R3) av 100
z8=0. av 1080
: 222-ATANS(Y(1). W,X(1). V] av 1080
2 Q1=8°H/A av 1070
, PrALOG(A)¢2.°22 av 1000
R1e1. av 1080
Q2=Q1°*2 av 1100
Q3#Q2°Q1 av 1110
IF (ABS(Q1).LTS.8E-4) GO TQ 14 av 120
E=ALOG(1.+Q1) av 1130
QLOI=H*(P. 2.5({1.4Q1)*E- Q1/O1) av 1140
QUE)=HSOZ*(P- (1.42.°Z5)+((Q2- 1.)°E+Q- 0.5°Q2)/Q2 av 1150
Q(6)=HCO3I*(P- (2./3.+3.°Z8)+((Q3+1.)°E. Q1+ 5°Q2- QW3 QN Qv 1160
13 O(1)=(AL *H* *4/4.+B8E*HCOI*AL 1°HSO2)/M 1. ZZ2*H av 1170

SO{2) (AL H* *S/5.+8E *HSO2°* 2+AL1°HCOI/(2Z°R1). ZZZ°HS02
QU3)~(ALH®*6/8.+BEH* *5/S +AL 1°H* V412 *R1)- ZZZ°*HCO3
RETURN
1 Q(4)=H*(P- 2,+Q1°(.5- Q1/6.4+Q2/12- 0.06°Q3))
QIB)=HSOZ*(P- (1.+2.° Z5)+Q1°(.560000060808- 0.25°Q 1+AT/7.5- QW 12.))
Q(6)=HCO3*(P. (2/3.43.°Z8)+Q1°(.7- 0.3°Q1+Q2/8.+Q3/9. IZITXIIIIIIIR)
GO TQ 13
C IN THIS CASE R2 IS ZERO. T}IF VARIABLE G HAS BEEN COMPUTED JUST v 1250
C PREVIOUS TO THE CALL TO FN. IT IS NOT THE VALUE OF G(I) QV 1260
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CORRESPONDING TO THE POINT (X(1}.Y(1)).

AL=(ALVRI+ALI/R3- 2.°G)*HIS

BE=(4.°G- 3°ALV/R 1- ALVRIN*HI

ALY=ALV/RY

Rie1,

ELC-EL

EL=ALOG(R3}

QUalH*((ELC+ELI*S- 2)

Q(5IeHS02°({ELC- EL- 8.)* 2B+EL)

Qi)=HCOI* ((ELC- £L- 13.333333333331*.128+EL)

2ZZ=ATANSIY(I]. W X(1). V)

GO TO 13

ENTRY QVF .

THIS ENTRY POINT IS FOR INITIALIZING THE VARIABLES AL3 AND R3.

ALD=(X(1. 1). VI®XN{1- 1)-(Y(1. 1)- WI*YN{1. 1) -

R3=(X(1. 1)- VI**2+(Y(1. 1) W)**2

IF (R3.GT.0.) EL=ALOG(R3) -

RETURN :

ENTRY QVS c '

IF (R3.LT.50.°MS) GO YO 1 :

IF R30.GE.50.°HS.THEN ON THE TWO INTERVALS TO BE CONSIDERED ONE

CSNNOT GUARANTEE THAT THE D{STANCE REMAINS GREATER THAN 5°H.
1S IS NOT THE BEST POSSIBLE TEST. BUT THE LOGIC NEEDED FOR
E BEST POSSIBLE TEST IS REIATIVELY DIFFICULT.

THESE VARIABLES ARE USED IN THE CALCULATION BELOW.

IF (NOTS82) GO TO 1

R1=A3

12=(X1(1). VI**2+(YI{1)- W)* *2

(X{1)- VI®o2+(Y (1) W)**2

HI+1)- VI*o26(YI{1+1). W)**2

RI=(X{1+1)- V)**2+{Y (I+1)- W)**2

IF (8Q) GO TO 18

IN THIS CASE THE CONTRIB. FROM THE PART OF THE BOUNDARY BETWEEN

(X(1- 1).Y(1- 1)) AND (X(}+1).Y(I+1)) IS ADDED TO CD{l- 1)

AND CN(l- 1).

CN{I- 1)=CN{1- 11+ZE*ALOGIR1°({R1°RIZ**2)* *¥RI3**2)** /2.

GO TO 17

THE TWO INTEGRALS STORED IN CD(l- 1) AND CN(I- 1) EVALUATED IN ONE

STEP. THIS INVOLVES AN INTEGRATION OVER THE PART OF THE BOUNDARY

BETWEEN (X(l- 3).Y(1- 3)) AND (X(I+1).Y(i+1)).

CN(I1- 11=ZE*ALOG(R 1°({R1°RIZ°R102)* *3/ (RII°RIO)*°2)

THE TWO INTEGRALS STORED IN CD(l) AND CN(l) ARE EVAL. IN ONE STEP.

THIS ONLY INVOLVES AN INTEGRATION OVER THE PART OF THE BOUNDARY

BETWEEN (X(1-1).Y(l- 1)) AND (X(1+1).Y(1+1)).

CN{I)=ZE*6.°ALOG{{RIZ°RI3I* *2°R2) ’

THESE FOUR VARIABLES ARE STORED FOR POSSIBLE USE IN THE NEXT CALL TO

Qv. ’

RIDO3=RI2 .

RID2=RI3

BQ=.T.

THE FOLLOWING STATEMNT ASKS IF THE POINT (X(1+1).Y(1+1)) IS AT END

OF THE BOUNDARY SECTION OR IF THE POINT IS TOO CLOSE TO (V.W) FOR

SIMPSONS RULE INTEGRATION TO BE USED .

IF (R3.GT.50.°HS.AND.I- 1.NEME1) RETURN

IN THIS CASE THE CONTRIBUTNS TO THE INTEGRALS CD(i+1) AND CN(1+1)

EROM THE PART OF THE BOUNDARY BETWEEN (X(1-1).Y(I. 1)) AND (X{1+1).

Y(1+1)) MUST BE ADDED IN NOW.

EL=ALOG(R3)

CN{1+1)sZE*ALOGIRI*({R3°RIZ**2* *URIZ**2*° /2.

RETURN

END

22999829999992299299299929999299°
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SUBROUTINE (ALIL)
COMMON /MOD . .
COMMON /CONF/ ,x0,$0.CD{630r.CN(630,KVi2100. 171D (210).G (630,

X{630),XN{830),Y (630, X1{8300, XIN {8301, Y1{630),YIN{630) NO
LAR! V.ol 12),‘1.!5)‘801)003)“ M8 22.82.0P ARME1 MM kB
BHAZERIW

THIS ENTRY POINT WRITES L WORDS INTO THE I TH ROW OF THE MATRIX A
STARTING IN COLUMN J.

KN<§

Me=(i- 1)°(N+IN)+J- 141470

CALL ECWR (AM.L)

IF (J.EQ.0) RETURN

KN=KN. 1

IF (KN.GT.0) GO TO 1

PRINT 3, LM

sToP

ENTRY ECSR

THIS ENTRY POINT READS L WORDS FROM THE |- TH ROW OF THE MATRIX A
STARTING IN COLUMN J.

M={i- 1)*(N+IN)+J- 141470

KNG

CALL ECRD {A ML 13

IF (JLEQ.0) RETURN

KNeKN. 1

IF (KN.GT.0) GO TD 2

PRINT 4 LM

sTor .

ENTRY ECSR7W

THIS_ENTRY POINT IS USED JO READ AND WRITE

' SELDOM USED BOUNDARY DATA.

M=7%{(. 1)

KN=G

IF (JLEQ.1) GO TO 1
GO TO 2

FORMAT (434 ECS WRITE ERROR FLAG SET. TRYING TD WRITE 13,280 WORD
S STARTING AT LOCATION ,17,1H)

FORMAT (414 ECS READ ERROR FLAG SET. TRYING TO READ ,I328H WORDS
STARTING AT LOCATION .17,1H.) '

END -

SUBROUTINE ECRO (AA.1J.0)
THIS ROUTINE CAN BE REMOVED [F E.CS. IS AVAILABLF
LEAVING THIS SUBROUTINE IN CAUSES THE ENTIRE PRUBLEM TO
BE RUN IN CORE
IF THIS SUBROUTINE IS RETAINED THE VECTOR A BELOW MUST BE
DIMENSIONED N°N+1500 ,
IN TEST DECK 23404 = 148°148 + 1500
THIS CORRESPONDS TO THE LARGEST N FOR OUR TEST PROBLEMS
OIMENSION A(23404)
OIMENSION- AA(2)
=0
11=l+y
12=14)
M=1
DO 1 K=I1,)2
AA(M)I=A(K) ~
M=pte 1
RETURN
ENTRY ECWR
=0
M=
11efe1
12=1¢)
. DO 2 K=11,12
AlKr=AA M)
Meite 1
RETURN
END

T
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0000000606 000000000 THIS MACHINE LANGUAGE ROUTINE REPLACES THE L°°3
000000000 00000000 Lw’ IN sUBRo(mNE Co”mk”

PIVOTL

riv2

Pive

1DENT MACHLNG
ENTRY PIVOTL

vFo
OATA
sA1
sA2
s8¢
IX3
387
s88
sA2
sas™
NG
SAS
SAs
sA1
sA2
8x0
LT
sA1
sA2
Fx8
£x7
sA3
SAs
kX6
£X7
NXs
$86
NX?
sAs
sA?
GE
sA1
sA2

42/6LPIVOTL, 104
° :

X8
85,88 P1V2
A1+88
A2+2
X3*X0
X4°XS
A8
A2
Xx1. X6
X2. X7
80,X8
85- 88
872.X7
Al

A2
85B8LIVY
A1+08
A2+88
X3*X0
X4*X8
X1 X6
Xx2- X7
80.X8
Al
80,X7
A2
80,85 FIVOTL
A3+88
A1+88
X3°X0
X1- X6
80,X8
Al
PIVOTL
A2-1
X6°X3
x2- X6
B80.X6
A2
PIVOTL
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